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3N forces play a crucial role in describing nuclear properties
Even at the 2-body sector, there are tensions            2n scattering length
Traditionally, nuclear properties and nuclei formation have been described using 

phenomenological models and/or EFTs INT-PUB-24-059
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We identify a new class of three-nucleon forces that arises in the low-energy e↵ective theory of
nuclear interactions including pions. We estimate their contribution to the energy of neutron and
nuclear matter and find that it can be as important as the leading-order three-nucleon forces previ-
ously considered in the literature. The magnitude of this force is set by the strength of the coupling
of pions to two nucleons and is presently not well constrained by experiments. The implications for
nuclei, nuclear matter, and the equation of state of neutron matter are briefly discussed.

I. INTRODUCTION

The development and application of e↵ective field the-
ory (EFT) methods to low-energy nuclear processes has
had a profound impact on our understanding of nuclei
and dense nuclear matter encountered in neutron stars [1,
2]. Pioneering work by Weinberg laid the foundations for
describing interactions between nucleons in a systematic
EFT approach [3, 4] that exploits the separation of en-
ergy scales and is consistent with the symmetries of QCD.
Chiral EFT describes interactions between nucleons at
energy scales comparable to the pion mass but much
smaller than the mass of the heavier mesons such as the ⇢
meson. This theory organizes the operators involving nu-
cleon and pion fields in a momentum expansion in which
higher-order terms are suppressed by powers of (p/⇤B or
m⇡/⇤B), where p is the typical momentum scale of the
considered process, m⇡ is the pion mass, and ⇤B is the
breakdown scale associated with the EFT. The numerical
value of the coe�cients of the operators in the expansion,
called the Low Energy Constants (LECs), are fixed by
matching to experiments. A particularly attractive fea-
ture of the EFT approach to nuclear interactions is that it
includes many-body forces naturally and organizes them
in a useful hierarchy that is consistent with the momen-
tum expansion of the two-nucleon force (2NF).

The three-nucleon force (3NF) plays a critical role in
describing observables such as the nuclear binding ener-
gies and radii, and the equation of state (EOS) of dense
neutron-rich matter in neutron stars. Although the mag-
nitude of its contribution to these quantities depends on
the resolution or regularization scale of the calculation,
often defined by the momentum cut-o↵ denoted by ⇤, for
the typical values of ⇤ ' 450�500 MeV, the 3NF is essen-
tial to stabilize both nuclei and neutron stars. Without
3NFs, the nuclear binding energy and saturation density
would be too high, and the maximum mass and neutron
star radii would be too low.

The leading 3NF appears at the next-to-next-to-
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leading order (N2LO) in the EFT expansion [5, 6]. At
N2LO, the 3NF in Chiral EFT contains a long-range
contribution in which two pions are exchanged between
nucleons, an intermediate-range interaction, and a
short-range contribution. The LECs associated with
intermediate-range interaction, and short-range contri-
butions, called cD and cE , respectively, are determined
by fitting to properties of tritium and helium. Interest-
ingly, the LECs associated with the leading long-range
part of the 3NF, which is well known as the Fujita
Miyazawa force [7], can be determined by the analysis
of pion-nucleon scattering in Chiral perturbation theory
and does not rely on data from multi-nucleon systems.

In this letter, we identify new loop contributions to the
3NF, which arise from operators that involve four nu-
cleon fields and two pion fields. One of these operators is
related by chiral symmetry to the quark mass-dependent
four-nucleon contact operator, which can be interpreted
as the nuclear � term [8]. Arguments based on the renor-
malization of the nucleon-nucleon spin-singlet s-wave
scattering amplitude [9] warrant that the associated
LEC, denoted by D2, is significantly larger than what is
expected in Weinberg’s power counting [3, 4]. Two other
contributions to the 3NF arise from terms involving
derivatives of the pion fields, with couplings denoted by
E2 and F2. These LECs are not well constrained now,
but D2 can in principle be determined by performing
lattice QCD calculations of the nucleon-nucleon scatter-
ing length as a function of m⇡, while all three can be
constrained by pion scattering of two nucleons in the
spin singlet state, or the properties of light nuclei.

Based on the renormalization group scaling, we find
that the new 3NFs appear at N3LO, while they would
appear at N5LO in Weinberg’s counting. Moreover,
due to numerical enhancements the new 3NFs induce
e↵ects comparable to those of the leading N2LO 3NF.
For values of the LECs implied by our renormalization
analysis, the energy per particle in neutron and nuclear
matter is of the order of 10 MeV at nuclear saturation
density and grows rapidly with increasing density.
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Motivation: Constrain two- and three-body forces directly from Standard Model
Crucial also for probing 
BSM  physics, e.g., in 
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relativistic integral equations [4D  3D]
angular momentum projection of OPE
angular momentum projection of amplitudes
LSZ for 3Body  2Body
toy models for 3pi [including isospin in the OPE]
Numerical solutions // Unitary check
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❑ Sum over all 2      2 amputated diagrams

Two-hadron systems
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❑ Sum over all 2      2 amputated diagrams

Two-hadron systems
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❑ Sum over all 2      2 amputated diagrams

Two-hadron systems
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All 2-PI s-channel 
diagrams
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❑ The goal: Isolate all the singularities of the scattering amplitude!
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iM2 =

All 2-PI s-channel 
diagrams

}

❑ The goal: Isolate all the singularities of the scattering amplitude!
❑ Kernel is not singular in the kinematic region of interest
❑ Singularities are due to intermediate particles going on-shell
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❑ The goal: Isolate singularities from two particle on shell states in bubble diagrams
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+ “smooth”<latexit sha1_base64="dfa12l/r87/D93uS51ywGerJGEM=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRC9C0IvHBMwDkiXMTnqTMbOzy8ysEEK+wIsHRbz6Sd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDfzW0+oNI/lgxkn6Ed0IHnIGTVWqt/0iiW37M5BVomXkRJkqPWKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/mR86JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJr/0Jl0lqULLFojAVxMRk9jXpc4XMiLEllClubyVsSBVlxmZTsCF4yy+vkuZF2auUK/XLUvU2iyMPJ3AK5+DBFVThHmrQAAYIz/AKb86j8+K8Ox+L1pyTzRzDHzifP5BfjMw=</latexit>=



Two-hadron systems
❑ Isolate singularities from two particle on shell states in bubble diagrams

+ “smooth”<latexit sha1_base64="dfa12l/r87/D93uS51ywGerJGEM=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRC9C0IvHBMwDkiXMTnqTMbOzy8ysEEK+wIsHRbz6Sd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDfzW0+oNI/lgxkn6Ed0IHnIGTVWqt/0iiW37M5BVomXkRJkqPWKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/mR86JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJr/0Jl0lqULLFojAVxMRk9jXpc4XMiLEllClubyVsSBVlxmZTsCF4yy+vkuZF2auUK/XLUvU2iyMPJ3AK5+DBFVThHmrQAAYIz/AKb86j8+K8Ox+L1pyTzRzDHzifP5BfjMw=</latexit>=

<latexit sha1_base64="dfa12l/r87/D93uS51ywGerJGEM=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRC9C0IvHBMwDkiXMTnqTMbOzy8ysEEK+wIsHRbz6Sd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDfzW0+oNI/lgxkn6Ed0IHnIGTVWqt/0iiW37M5BVomXkRJkqPWKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/mR86JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJr/0Jl0lqULLFojAVxMRk9jXpc4XMiLEllClubyVsSBVlxmZTsCF4yy+vkuZF2auUK/XLUvU2iyMPJ3AK5+DBFVThHmrQAAYIz/AKb86j8+K8Ox+L1pyTzRzDHzifP5BfjMw=</latexit>=

=

Z
d4k

(2⇡)4
[iB(k, P )]2

i

k2 �m2 + i✏

i

(P � k)2 �m2 + i✏

=

Z
d3k

(2⇡)3
[iB(k, P )]2

(2!k)2
⇡�(E � 2!k) + “PV integral”

= [iBon]⇢ [iBon] + “PV integral”
<latexit sha1_base64="VUbR06QHf1jRnqM1PllaYPQpba8="></latexit><latexit sha1_base64="VUbR06QHf1jRnqM1PllaYPQpba8="></latexit><latexit sha1_base64="VUbR06QHf1jRnqM1PllaYPQpba8="></latexit><latexit sha1_base64="VUbR06QHf1jRnqM1PllaYPQpba8="></latexit>

<latexit sha1_base64="dfa12l/r87/D93uS51ywGerJGEM=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRC9C0IvHBMwDkiXMTnqTMbOzy8ysEEK+wIsHRbz6Sd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDfzW0+oNI/lgxkn6Ed0IHnIGTVWqt/0iiW37M5BVomXkRJkqPWKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/mR86JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJr/0Jl0lqULLFojAVxMRk9jXpc4XMiLEllClubyVsSBVlxmZTsCF4yy+vkuZF2auUK/XLUvU2iyMPJ3AK5+DBFVThHmrQAAYIz/AKb86j8+K8Ox+L1pyTzRzDHzifP5BfjMw=</latexit>=

⇢ ⌘ p

8⇡E
⇠

p
s� sth “Square root singularity”



<latexit sha1_base64="dfa12l/r87/D93uS51ywGerJGEM=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRC9C0IvHBMwDkiXMTnqTMbOzy8ysEEK+wIsHRbz6Sd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDfzW0+oNI/lgxkn6Ed0IHnIGTVWqt/0iiW37M5BVomXkRJkqPWKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/mR86JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJr/0Jl0lqULLFojAVxMRk9jXpc4XMiLEllClubyVsSBVlxmZTsCF4yy+vkuZF2auUK/XLUvU2iyMPJ3AK5+DBFVThHmrQAAYIz/AKb86j8+K8Ox+L1pyTzRzDHzifP5BfjMw=</latexit>= + PV



<latexit sha1_base64="dfa12l/r87/D93uS51ywGerJGEM=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRC9C0IvHBMwDkiXMTnqTMbOzy8ysEEK+wIsHRbz6Sd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDfzW0+oNI/lgxkn6Ed0IHnIGTVWqt/0iiW37M5BVomXkRJkqPWKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/mR86JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJr/0Jl0lqULLFojAVxMRk9jXpc4XMiLEllClubyVsSBVlxmZTsCF4yy+vkuZF2auUK/XLUvU2iyMPJ3AK5+DBFVThHmrQAAYIz/AKb86j8+K8Ox+L1pyTzRzDHzifP5BfjMw=</latexit>= + PV

+ + + · · ·<latexit sha1_base64="pj8rJRW/48BRp7VMMjpjtyc1E7M=">AAAB+XicbVDLSsNAFL3xWesr6tLNYBFclaRIdSMU3bgRKtgHtCFMppN26GQSZiaFEvonblwo4tY/ceffOGmz0NYDA4dz7uWeOUHCmdKO822trW9sbm2Xdsq7e/sHh/bRcVvFqSS0RWIey26AFeVM0JZmmtNuIimOAk47wfgu9zsTKhWLxZOeJtSL8FCwkBGsjeTbNutHWI8I5tnDzK+hG9+uOFVnDrRK3IJUoEDTt7/6g5ikERWacKxUz3US7WVYakY4nZX7qaIJJmM8pD1DBY6o8rJ58hk6N8oAhbE0T2g0V39vZDhSahoFZjKPqZa9XPzP66U6vPYyJpJUU0EWh8KUIx2jvAY0YJISzaeGYCKZyYrICEtMtCmrbEpwl7+8Stq1qluv1h8vK43boo4SnMIZXIALV9CAe2hCCwhM4Ble4c3KrBfr3fpYjK5Zxc4J/IH1+QPYmZMo</latexit>

iM2 =



<latexit sha1_base64="dfa12l/r87/D93uS51ywGerJGEM=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRC9C0IvHBMwDkiXMTnqTMbOzy8ysEEK+wIsHRbz6Sd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDfzW0+oNI/lgxkn6Ed0IHnIGTVWqt/0iiW37M5BVomXkRJkqPWKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/mR86JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJr/0Jl0lqULLFojAVxMRk9jXpc4XMiLEllClubyVsSBVlxmZTsCF4yy+vkuZF2auUK/XLUvU2iyMPJ3AK5+DBFVThHmrQAAYIz/AKb86j8+K8Ox+L1pyTzRzDHzifP5BfjMw=</latexit>= + PV

+ + + · · ·

+iM = + PV +

+ PV + PV + PV PV

<latexit sha1_base64="pj8rJRW/48BRp7VMMjpjtyc1E7M=">AAAB+XicbVDLSsNAFL3xWesr6tLNYBFclaRIdSMU3bgRKtgHtCFMppN26GQSZiaFEvonblwo4tY/ceffOGmz0NYDA4dz7uWeOUHCmdKO822trW9sbm2Xdsq7e/sHh/bRcVvFqSS0RWIey26AFeVM0JZmmtNuIimOAk47wfgu9zsTKhWLxZOeJtSL8FCwkBGsjeTbNutHWI8I5tnDzK+hG9+uOFVnDrRK3IJUoEDTt7/6g5ikERWacKxUz3US7WVYakY4nZX7qaIJJmM8pD1DBY6o8rJ58hk6N8oAhbE0T2g0V39vZDhSahoFZjKPqZa9XPzP66U6vPYyJpJUU0EWh8KUIx2jvAY0YJISzaeGYCKZyYrICEtMtCmrbEpwl7+8Stq1qluv1h8vK43boo4SnMIZXIALV9CAe2hCCwhM4Ble4c3KrBfr3fpYjK5Zxc4J/IH1+QPYmZMo</latexit>

iM2 =



+ PV + PV PV <latexit sha1_base64="r8W2eYnoFQcqPN4bL6QPXfDdmDA=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cK9gPaUDabTbt2sxt2J0Ip/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemApu0PO+ncLa+sbmVnG7tLO7t39QPjxqGZVpyppUCaU7ITFMcMmayFGwTqoZSULB2uHodua3n5g2XMkHHKcsSMhA8phTglZq9Wik0PTLFa/qzeGuEj8nFcjR6Je/epGiWcIkUkGM6fpeisGEaORUsGmplxmWEjoiA9a1VJKEmWAyv3bqnlklcmOlbUl05+rviQlJjBknoe1MCA7NsjcT//O6GcbXwYTLNEMm6WJRnAkXlTt73Y24ZhTF2BJCNbe3unRINKFoAyrZEPzll1dJ66Lq16q1+8tK/SaPowgncArn4MMV1OEOGtAECo/wDK/w5ijnxXl3PhatBSefOYY/cD5/ALHpjzo=</latexit>· · ·+
<latexit sha1_base64="pj8rJRW/48BRp7VMMjpjtyc1E7M=">AAAB+XicbVDLSsNAFL3xWesr6tLNYBFclaRIdSMU3bgRKtgHtCFMppN26GQSZiaFEvonblwo4tY/ceffOGmz0NYDA4dz7uWeOUHCmdKO822trW9sbm2Xdsq7e/sHh/bRcVvFqSS0RWIey26AFeVM0JZmmtNuIimOAk47wfgu9zsTKhWLxZOeJtSL8FCwkBGsjeTbNutHWI8I5tnDzK+hG9+uOFVnDrRK3IJUoEDTt7/6g5ikERWacKxUz3US7WVYakY4nZX7qaIJJmM8pD1DBY6o8rJ58hk6N8oAhbE0T2g0V39vZDhSahoFZjKPqZa9XPzP66U6vPYyJpJUU0EWh8KUIx2jvAY0YJISzaeGYCKZyYrICEtMtCmrbEpwl7+8Stq1qluv1h8vK43boo4SnMIZXIALV9CAe2hCCwhM4Ble4c3KrBfr3fpYjK5Zxc4J/IH1+QPYmZMo</latexit>

iM2 =



+ PV + PV PV <latexit sha1_base64="r8W2eYnoFQcqPN4bL6QPXfDdmDA=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cK9gPaUDabTbt2sxt2J0Ip/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemApu0PO+ncLa+sbmVnG7tLO7t39QPjxqGZVpyppUCaU7ITFMcMmayFGwTqoZSULB2uHodua3n5g2XMkHHKcsSMhA8phTglZq9Wik0PTLFa/qzeGuEj8nFcjR6Je/epGiWcIkUkGM6fpeisGEaORUsGmplxmWEjoiA9a1VJKEmWAyv3bqnlklcmOlbUl05+rviQlJjBknoe1MCA7NsjcT//O6GcbXwYTLNEMm6WJRnAkXlTt73Y24ZhTF2BJCNbe3unRINKFoAyrZEPzll1dJ66Lq16q1+8tK/SaPowgncArn4MMV1OEOGtAECo/wDK/w5ijnxXl3PhatBSefOYY/cD5/ALHpjzo=</latexit>· · ·+
<latexit sha1_base64="Noz1qMkOUyEmkhCXp7IFBrApKd8=">AAACHXicbVBJSwMxGM241rqNevQSLIKHMszULvZW9OKxgl2gM5RMmmlDM4tJplCG+SNe/CtePCjiwYv4b0w3UeuDwOO99yVfnhsxKqRpfmorq2vrG5uZrez2zu7evn5w2BRhzDFp4JCFvO0iQRgNSENSyUg74gT5LiMtd3g18VsjwgUNg1s5jojjo35APYqRVFJXLyb29JIO77tOYhpmqVqpnudNo2RahXI1bxnmFKnteolN7mI6StOunlsk4SIJF8lvkgNz1Lv6u90LceyTQGKGhOhYZiSdBHFJMSNp1o4FiRAeoj7pKBognwgnmS6WwlOl9KAXcnUCCafqz4kE+UKMfVclfSQH4q83Ef/zOrH0LpyEBlEsSYBnD3kxgzKEk6pgj3KCJRsrgjCnaleIB4gjLFWhWVXC0peXSbNgWGWjfFPM1S7ndWTAMTgBZ8ACFVAD16AOGgCDe/AInsGL9qA9aa/a2yy6os1njsAvaB9fTlOfAg==</latexit>⌘

K-matrix

<latexit sha1_base64="pj8rJRW/48BRp7VMMjpjtyc1E7M=">AAAB+XicbVDLSsNAFL3xWesr6tLNYBFclaRIdSMU3bgRKtgHtCFMppN26GQSZiaFEvonblwo4tY/ceffOGmz0NYDA4dz7uWeOUHCmdKO822trW9sbm2Xdsq7e/sHh/bRcVvFqSS0RWIey26AFeVM0JZmmtNuIimOAk47wfgu9zsTKhWLxZOeJtSL8FCwkBGsjeTbNutHWI8I5tnDzK+hG9+uOFVnDrRK3IJUoEDTt7/6g5ikERWacKxUz3US7WVYakY4nZX7qaIJJmM8pD1DBY6o8rJ58hk6N8oAhbE0T2g0V39vZDhSahoFZjKPqZa9XPzP66U6vPYyJpJUU0EWh8KUIx2jvAY0YJISzaeGYCKZyYrICEtMtCmrbEpwl7+8Stq1qluv1h8vK43boo4SnMIZXIALV9CAe2hCCwhM4Ble4c3KrBfr3fpYjK5Zxc4J/IH1+QPYmZMo</latexit>

iM2 =



+ PV +

+ PV + PV +

PV PV <latexit sha1_base64="r8W2eYnoFQcqPN4bL6QPXfDdmDA=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cK9gPaUDabTbt2sxt2J0Ip/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemApu0PO+ncLa+sbmVnG7tLO7t39QPjxqGZVpyppUCaU7ITFMcMmayFGwTqoZSULB2uHodua3n5g2XMkHHKcsSMhA8phTglZq9Wik0PTLFa/qzeGuEj8nFcjR6Je/epGiWcIkUkGM6fpeisGEaORUsGmplxmWEjoiA9a1VJKEmWAyv3bqnlklcmOlbUl05+rviQlJjBknoe1MCA7NsjcT//O6GcbXwYTLNEMm6WJRnAkXlTt73Y24ZhTF2BJCNbe3unRINKFoAyrZEPzll1dJ66Lq16q1+8tK/SaPowgncArn4MMV1OEOGtAECo/wDK/w5ijnxXl3PhatBSefOYY/cD5/ALHpjzo=</latexit>· · ·+

+

+

<latexit sha1_base64="r8W2eYnoFQcqPN4bL6QPXfDdmDA=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cK9gPaUDabTbt2sxt2J0Ip/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemApu0PO+ncLa+sbmVnG7tLO7t39QPjxqGZVpyppUCaU7ITFMcMmayFGwTqoZSULB2uHodua3n5g2XMkHHKcsSMhA8phTglZq9Wik0PTLFa/qzeGuEj8nFcjR6Je/epGiWcIkUkGM6fpeisGEaORUsGmplxmWEjoiA9a1VJKEmWAyv3bqnlklcmOlbUl05+rviQlJjBknoe1MCA7NsjcT//O6GcbXwYTLNEMm6WJRnAkXlTt73Y24ZhTF2BJCNbe3unRINKFoAyrZEPzll1dJ66Lq16q1+8tK/SaPowgncArn4MMV1OEOGtAECo/wDK/w5ijnxXl3PhatBSefOYY/cD5/ALHpjzo=</latexit>· · ·+

<latexit sha1_base64="Noz1qMkOUyEmkhCXp7IFBrApKd8=">AAACHXicbVBJSwMxGM241rqNevQSLIKHMszULvZW9OKxgl2gM5RMmmlDM4tJplCG+SNe/CtePCjiwYv4b0w3UeuDwOO99yVfnhsxKqRpfmorq2vrG5uZrez2zu7evn5w2BRhzDFp4JCFvO0iQRgNSENSyUg74gT5LiMtd3g18VsjwgUNg1s5jojjo35APYqRVFJXLyb29JIO77tOYhpmqVqpnudNo2RahXI1bxnmFKnteolN7mI6StOunlsk4SIJF8lvkgNz1Lv6u90LceyTQGKGhOhYZiSdBHFJMSNp1o4FiRAeoj7pKBognwgnmS6WwlOl9KAXcnUCCafqz4kE+UKMfVclfSQH4q83Ef/zOrH0LpyEBlEsSYBnD3kxgzKEk6pgj3KCJRsrgjCnaleIB4gjLFWhWVXC0peXSbNgWGWjfFPM1S7ndWTAMTgBZ8ACFVAD16AOGgCDe/AInsGL9qA9aa/a2yy6os1njsAvaB9fTlOfAg==</latexit>⌘
K-matrix

<latexit sha1_base64="pj8rJRW/48BRp7VMMjpjtyc1E7M=">AAAB+XicbVDLSsNAFL3xWesr6tLNYBFclaRIdSMU3bgRKtgHtCFMppN26GQSZiaFEvonblwo4tY/ceffOGmz0NYDA4dz7uWeOUHCmdKO822trW9sbm2Xdsq7e/sHh/bRcVvFqSS0RWIey26AFeVM0JZmmtNuIimOAk47wfgu9zsTKhWLxZOeJtSL8FCwkBGsjeTbNutHWI8I5tnDzK+hG9+uOFVnDrRK3IJUoEDTt7/6g5ikERWacKxUz3US7WVYakY4nZX7qaIJJmM8pD1DBY6o8rJ58hk6N8oAhbE0T2g0V39vZDhSahoFZjKPqZa9XPzP66U6vPYyJpJUU0EWh8KUIx2jvAY0YJISzaeGYCKZyYrICEtMtCmrbEpwl7+8Stq1qluv1h8vK43boo4SnMIZXIALV9CAe2hCCwhM4Ble4c3KrBfr3fpYjK5Zxc4J/IH1+QPYmZMo</latexit>

iM2 =



+ PV +

+ PV + PV +

PV PV <latexit sha1_base64="r8W2eYnoFQcqPN4bL6QPXfDdmDA=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cK9gPaUDabTbt2sxt2J0Ip/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemApu0PO+ncLa+sbmVnG7tLO7t39QPjxqGZVpyppUCaU7ITFMcMmayFGwTqoZSULB2uHodua3n5g2XMkHHKcsSMhA8phTglZq9Wik0PTLFa/qzeGuEj8nFcjR6Je/epGiWcIkUkGM6fpeisGEaORUsGmplxmWEjoiA9a1VJKEmWAyv3bqnlklcmOlbUl05+rviQlJjBknoe1MCA7NsjcT//O6GcbXwYTLNEMm6WJRnAkXlTt73Y24ZhTF2BJCNbe3unRINKFoAyrZEPzll1dJ66Lq16q1+8tK/SaPowgncArn4MMV1OEOGtAECo/wDK/w5ijnxXl3PhatBSefOYY/cD5/ALHpjzo=</latexit>· · ·+

+

+

<latexit sha1_base64="r8W2eYnoFQcqPN4bL6QPXfDdmDA=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cK9gPaUDabTbt2sxt2J0Ip/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemApu0PO+ncLa+sbmVnG7tLO7t39QPjxqGZVpyppUCaU7ITFMcMmayFGwTqoZSULB2uHodua3n5g2XMkHHKcsSMhA8phTglZq9Wik0PTLFa/qzeGuEj8nFcjR6Je/epGiWcIkUkGM6fpeisGEaORUsGmplxmWEjoiA9a1VJKEmWAyv3bqnlklcmOlbUl05+rviQlJjBknoe1MCA7NsjcT//O6GcbXwYTLNEMm6WJRnAkXlTt73Y24ZhTF2BJCNbe3unRINKFoAyrZEPzll1dJ66Lq16q1+8tK/SaPowgncArn4MMV1OEOGtAECo/wDK/w5ijnxXl3PhatBSefOYY/cD5/ALHpjzo=</latexit>· · ·+

<latexit sha1_base64="Noz1qMkOUyEmkhCXp7IFBrApKd8=">AAACHXicbVBJSwMxGM241rqNevQSLIKHMszULvZW9OKxgl2gM5RMmmlDM4tJplCG+SNe/CtePCjiwYv4b0w3UeuDwOO99yVfnhsxKqRpfmorq2vrG5uZrez2zu7evn5w2BRhzDFp4JCFvO0iQRgNSENSyUg74gT5LiMtd3g18VsjwgUNg1s5jojjo35APYqRVFJXLyb29JIO77tOYhpmqVqpnudNo2RahXI1bxnmFKnteolN7mI6StOunlsk4SIJF8lvkgNz1Lv6u90LceyTQGKGhOhYZiSdBHFJMSNp1o4FiRAeoj7pKBognwgnmS6WwlOl9KAXcnUCCafqz4kE+UKMfVclfSQH4q83Ef/zOrH0LpyEBlEsSYBnD3kxgzKEk6pgj3KCJRsrgjCnaleIB4gjLFWhWVXC0peXSbNgWGWjfFPM1S7ndWTAMTgBZ8ACFVAD16AOGgCDe/AInsGL9qA9aa/a2yy6os1njsAvaB9fTlOfAg==</latexit>⌘
K-matrix

<latexit sha1_base64="pj8rJRW/48BRp7VMMjpjtyc1E7M=">AAAB+XicbVDLSsNAFL3xWesr6tLNYBFclaRIdSMU3bgRKtgHtCFMppN26GQSZiaFEvonblwo4tY/ceffOGmz0NYDA4dz7uWeOUHCmdKO822trW9sbm2Xdsq7e/sHh/bRcVvFqSS0RWIey26AFeVM0JZmmtNuIimOAk47wfgu9zsTKhWLxZOeJtSL8FCwkBGsjeTbNutHWI8I5tnDzK+hG9+uOFVnDrRK3IJUoEDTt7/6g5ikERWacKxUz3US7WVYakY4nZX7qaIJJmM8pD1DBY6o8rJ58hk6N8oAhbE0T2g0V39vZDhSahoFZjKPqZa9XPzP66U6vPYyJpJUU0EWh8KUIx2jvAY0YJISzaeGYCKZyYrICEtMtCmrbEpwl7+8Stq1qluv1h8vK43boo4SnMIZXIALV9CAe2hCCwhM4Ble4c3KrBfr3fpYjK5Zxc4J/IH1+QPYmZMo</latexit>

iM2 =



+ PV +

+ PV + PV +

PV PV <latexit sha1_base64="r8W2eYnoFQcqPN4bL6QPXfDdmDA=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cK9gPaUDabTbt2sxt2J0Ip/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemApu0PO+ncLa+sbmVnG7tLO7t39QPjxqGZVpyppUCaU7ITFMcMmayFGwTqoZSULB2uHodua3n5g2XMkHHKcsSMhA8phTglZq9Wik0PTLFa/qzeGuEj8nFcjR6Je/epGiWcIkUkGM6fpeisGEaORUsGmplxmWEjoiA9a1VJKEmWAyv3bqnlklcmOlbUl05+rviQlJjBknoe1MCA7NsjcT//O6GcbXwYTLNEMm6WJRnAkXlTt73Y24ZhTF2BJCNbe3unRINKFoAyrZEPzll1dJ66Lq16q1+8tK/SaPowgncArn4MMV1OEOGtAECo/wDK/w5ijnxXl3PhatBSefOYY/cD5/ALHpjzo=</latexit>· · ·+

+

+

<latexit sha1_base64="r8W2eYnoFQcqPN4bL6QPXfDdmDA=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cK9gPaUDabTbt2sxt2J0Ip/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemApu0PO+ncLa+sbmVnG7tLO7t39QPjxqGZVpyppUCaU7ITFMcMmayFGwTqoZSULB2uHodua3n5g2XMkHHKcsSMhA8phTglZq9Wik0PTLFa/qzeGuEj8nFcjR6Je/epGiWcIkUkGM6fpeisGEaORUsGmplxmWEjoiA9a1VJKEmWAyv3bqnlklcmOlbUl05+rviQlJjBknoe1MCA7NsjcT//O6GcbXwYTLNEMm6WJRnAkXlTt73Y24ZhTF2BJCNbe3unRINKFoAyrZEPzll1dJ66Lq16q1+8tK/SaPowgncArn4MMV1OEOGtAECo/wDK/w5ijnxXl3PhatBSefOYY/cD5/ALHpjzo=</latexit>· · ·+

<latexit sha1_base64="Noz1qMkOUyEmkhCXp7IFBrApKd8=">AAACHXicbVBJSwMxGM241rqNevQSLIKHMszULvZW9OKxgl2gM5RMmmlDM4tJplCG+SNe/CtePCjiwYv4b0w3UeuDwOO99yVfnhsxKqRpfmorq2vrG5uZrez2zu7evn5w2BRhzDFp4JCFvO0iQRgNSENSyUg74gT5LiMtd3g18VsjwgUNg1s5jojjo35APYqRVFJXLyb29JIO77tOYhpmqVqpnudNo2RahXI1bxnmFKnteolN7mI6StOunlsk4SIJF8lvkgNz1Lv6u90LceyTQGKGhOhYZiSdBHFJMSNp1o4FiRAeoj7pKBognwgnmS6WwlOl9KAXcnUCCafqz4kE+UKMfVclfSQH4q83Ef/zOrH0LpyEBlEsSYBnD3kxgzKEk6pgj3KCJRsrgjCnaleIB4gjLFWhWVXC0peXSbNgWGWjfFPM1S7ndWTAMTgBZ8ACFVAD16AOGgCDe/AInsGL9qA9aa/a2yy6os1njsAvaB9fTlOfAg==</latexit>⌘
K-matrix

+ + + · · ·<latexit sha1_base64="dfa12l/r87/D93uS51ywGerJGEM=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRC9C0IvHBMwDkiXMTnqTMbOzy8ysEEK+wIsHRbz6Sd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDfzW0+oNI/lgxkn6Ed0IHnIGTVWqt/0iiW37M5BVomXkRJkqPWKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/mR86JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJr/0Jl0lqULLFojAVxMRk9jXpc4XMiLEllClubyVsSBVlxmZTsCF4yy+vkuZF2auUK/XLUvU2iyMPJ3AK5+DBFVThHmrQAAYIz/AKb86j8+K8Ox+L1pyTzRzDHzifP5BfjMw=</latexit>=

<latexit sha1_base64="pj8rJRW/48BRp7VMMjpjtyc1E7M=">AAAB+XicbVDLSsNAFL3xWesr6tLNYBFclaRIdSMU3bgRKtgHtCFMppN26GQSZiaFEvonblwo4tY/ceffOGmz0NYDA4dz7uWeOUHCmdKO822trW9sbm2Xdsq7e/sHh/bRcVvFqSS0RWIey26AFeVM0JZmmtNuIimOAk47wfgu9zsTKhWLxZOeJtSL8FCwkBGsjeTbNutHWI8I5tnDzK+hG9+uOFVnDrRK3IJUoEDTt7/6g5ikERWacKxUz3US7WVYakY4nZX7qaIJJmM8pD1DBY6o8rJ58hk6N8oAhbE0T2g0V39vZDhSahoFZjKPqZa9XPzP66U6vPYyJpJUU0EWh8KUIx2jvAY0YJISzaeGYCKZyYrICEtMtCmrbEpwl7+8Stq1qluv1h8vK43boo4SnMIZXIALV9CAe2hCCwhM4Ble4c3KrBfr3fpYjK5Zxc4J/IH1+QPYmZMo</latexit>

iM2 =



+ PV +

+ PV + PV +

PV PV <latexit sha1_base64="r8W2eYnoFQcqPN4bL6QPXfDdmDA=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cK9gPaUDabTbt2sxt2J0Ip/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemApu0PO+ncLa+sbmVnG7tLO7t39QPjxqGZVpyppUCaU7ITFMcMmayFGwTqoZSULB2uHodua3n5g2XMkHHKcsSMhA8phTglZq9Wik0PTLFa/qzeGuEj8nFcjR6Je/epGiWcIkUkGM6fpeisGEaORUsGmplxmWEjoiA9a1VJKEmWAyv3bqnlklcmOlbUl05+rviQlJjBknoe1MCA7NsjcT//O6GcbXwYTLNEMm6WJRnAkXlTt73Y24ZhTF2BJCNbe3unRINKFoAyrZEPzll1dJ66Lq16q1+8tK/SaPowgncArn4MMV1OEOGtAECo/wDK/w5ijnxXl3PhatBSefOYY/cD5/ALHpjzo=</latexit>· · ·+

+

+

<latexit sha1_base64="r8W2eYnoFQcqPN4bL6QPXfDdmDA=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cK9gPaUDabTbt2sxt2J0Ip/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemApu0PO+ncLa+sbmVnG7tLO7t39QPjxqGZVpyppUCaU7ITFMcMmayFGwTqoZSULB2uHodua3n5g2XMkHHKcsSMhA8phTglZq9Wik0PTLFa/qzeGuEj8nFcjR6Je/epGiWcIkUkGM6fpeisGEaORUsGmplxmWEjoiA9a1VJKEmWAyv3bqnlklcmOlbUl05+rviQlJjBknoe1MCA7NsjcT//O6GcbXwYTLNEMm6WJRnAkXlTt73Y24ZhTF2BJCNbe3unRINKFoAyrZEPzll1dJ66Lq16q1+8tK/SaPowgncArn4MMV1OEOGtAECo/wDK/w5ijnxXl3PhatBSefOYY/cD5/ALHpjzo=</latexit>· · ·+

<latexit sha1_base64="Noz1qMkOUyEmkhCXp7IFBrApKd8=">AAACHXicbVBJSwMxGM241rqNevQSLIKHMszULvZW9OKxgl2gM5RMmmlDM4tJplCG+SNe/CtePCjiwYv4b0w3UeuDwOO99yVfnhsxKqRpfmorq2vrG5uZrez2zu7evn5w2BRhzDFp4JCFvO0iQRgNSENSyUg74gT5LiMtd3g18VsjwgUNg1s5jojjo35APYqRVFJXLyb29JIO77tOYhpmqVqpnudNo2RahXI1bxnmFKnteolN7mI6StOunlsk4SIJF8lvkgNz1Lv6u90LceyTQGKGhOhYZiSdBHFJMSNp1o4FiRAeoj7pKBognwgnmS6WwlOl9KAXcnUCCafqz4kE+UKMfVclfSQH4q83Ef/zOrH0LpyEBlEsSYBnD3kxgzKEk6pgj3KCJRsrgjCnaleIB4gjLFWhWVXC0peXSbNgWGWjfFPM1S7ndWTAMTgBZ8ACFVAD16AOGgCDe/AInsGL9qA9aa/a2yy6os1njsAvaB9fTlOfAg==</latexit>⌘
K-matrix

+ + + · · ·<latexit sha1_base64="dfa12l/r87/D93uS51ywGerJGEM=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRC9C0IvHBMwDkiXMTnqTMbOzy8ysEEK+wIsHRbz6Sd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDfzW0+oNI/lgxkn6Ed0IHnIGTVWqt/0iiW37M5BVomXkRJkqPWKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/mR86JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJr/0Jl0lqULLFojAVxMRk9jXpc4XMiLEllClubyVsSBVlxmZTsCF4yy+vkuZF2auUK/XLUvU2iyMPJ3AK5+DBFVThHmrQAAYIz/AKb86j8+K8Ox+L1pyTzRzDHzifP5BfjMw=</latexit>= =
i

K�1 � i⇢
<latexit sha1_base64="WGxVV+c56VxbvzGOPDwCexE0KWA=">AAACCnicbVDLSsNAFJ34rPUVdekmWgQ3LYkIuhGKbgQ3FewDmlgm00k7dDITZiZCGbJ246+4caGIW7/AnX/jpM1CWw9cOJxzL/feEyaUSOW639bC4tLyympprby+sbm1be/stiRPBcJNxCkXnRBKTAnDTUUUxZ1EYBiHFLfD0VXutx+wkISzOzVOcBDDASMRQVAZqWcfXPiRgEiTTPsxVEMEqb7J7nXVy6rEF0Oe9eyKW3MncOaJV5AKKNDo2V9+n6M0xkwhCqXsem6iAg2FIojirOynEicQjeAAdw1lMMYy0JNXMufIKH0n4sIUU85E/T2hYSzlOA5NZ36unPVy8T+vm6roPNCEJanCDE0XRSl1FHfyXJw+ERgpOjYEIkHMrQ4aQhONMumVTQje7MvzpHVS89yad3taqV8WcZTAPjgEx8ADZ6AOrkEDNAECj+AZvII368l6sd6tj2nrglXM7IE/sD5/AMFTmus=</latexit><latexit sha1_base64="WGxVV+c56VxbvzGOPDwCexE0KWA=">AAACCnicbVDLSsNAFJ34rPUVdekmWgQ3LYkIuhGKbgQ3FewDmlgm00k7dDITZiZCGbJ246+4caGIW7/AnX/jpM1CWw9cOJxzL/feEyaUSOW639bC4tLyympprby+sbm1be/stiRPBcJNxCkXnRBKTAnDTUUUxZ1EYBiHFLfD0VXutx+wkISzOzVOcBDDASMRQVAZqWcfXPiRgEiTTPsxVEMEqb7J7nXVy6rEF0Oe9eyKW3MncOaJV5AKKNDo2V9+n6M0xkwhCqXsem6iAg2FIojirOynEicQjeAAdw1lMMYy0JNXMufIKH0n4sIUU85E/T2hYSzlOA5NZ36unPVy8T+vm6roPNCEJanCDE0XRSl1FHfyXJw+ERgpOjYEIkHMrQ4aQhONMumVTQje7MvzpHVS89yad3taqV8WcZTAPjgEx8ADZ6AOrkEDNAECj+AZvII368l6sd6tj2nrglXM7IE/sD5/AMFTmus=</latexit><latexit sha1_base64="WGxVV+c56VxbvzGOPDwCexE0KWA=">AAACCnicbVDLSsNAFJ34rPUVdekmWgQ3LYkIuhGKbgQ3FewDmlgm00k7dDITZiZCGbJ246+4caGIW7/AnX/jpM1CWw9cOJxzL/feEyaUSOW639bC4tLyympprby+sbm1be/stiRPBcJNxCkXnRBKTAnDTUUUxZ1EYBiHFLfD0VXutx+wkISzOzVOcBDDASMRQVAZqWcfXPiRgEiTTPsxVEMEqb7J7nXVy6rEF0Oe9eyKW3MncOaJV5AKKNDo2V9+n6M0xkwhCqXsem6iAg2FIojirOynEicQjeAAdw1lMMYy0JNXMufIKH0n4sIUU85E/T2hYSzlOA5NZ36unPVy8T+vm6roPNCEJanCDE0XRSl1FHfyXJw+ERgpOjYEIkHMrQ4aQhONMumVTQje7MvzpHVS89yad3taqV8WcZTAPjgEx8ADZ6AOrkEDNAECj+AZvII368l6sd6tj2nrglXM7IE/sD5/AMFTmus=</latexit><latexit sha1_base64="WGxVV+c56VxbvzGOPDwCexE0KWA=">AAACCnicbVDLSsNAFJ34rPUVdekmWgQ3LYkIuhGKbgQ3FewDmlgm00k7dDITZiZCGbJ246+4caGIW7/AnX/jpM1CWw9cOJxzL/feEyaUSOW639bC4tLyympprby+sbm1be/stiRPBcJNxCkXnRBKTAnDTUUUxZ1EYBiHFLfD0VXutx+wkISzOzVOcBDDASMRQVAZqWcfXPiRgEiTTPsxVEMEqb7J7nXVy6rEF0Oe9eyKW3MncOaJV5AKKNDo2V9+n6M0xkwhCqXsem6iAg2FIojirOynEicQjeAAdw1lMMYy0JNXMufIKH0n4sIUU85E/T2hYSzlOA5NZ36unPVy8T+vm6roPNCEJanCDE0XRSl1FHfyXJw+ERgpOjYEIkHMrQ4aQhONMumVTQje7MvzpHVS89yad3taqV8WcZTAPjgEx8ADZ6AOrkEDNAECj+AZvII368l6sd6tj2nrglXM7IE/sD5/AMFTmus=</latexit>

<latexit sha1_base64="pj8rJRW/48BRp7VMMjpjtyc1E7M=">AAAB+XicbVDLSsNAFL3xWesr6tLNYBFclaRIdSMU3bgRKtgHtCFMppN26GQSZiaFEvonblwo4tY/ceffOGmz0NYDA4dz7uWeOUHCmdKO822trW9sbm2Xdsq7e/sHh/bRcVvFqSS0RWIey26AFeVM0JZmmtNuIimOAk47wfgu9zsTKhWLxZOeJtSL8FCwkBGsjeTbNutHWI8I5tnDzK+hG9+uOFVnDrRK3IJUoEDTt7/6g5ikERWacKxUz3US7WVYakY4nZX7qaIJJmM8pD1DBY6o8rJ58hk6N8oAhbE0T2g0V39vZDhSahoFZjKPqZa9XPzP66U6vPYyJpJUU0EWh8KUIx2jvAY0YJISzaeGYCKZyYrICEtMtCmrbEpwl7+8Stq1qluv1h8vK43boo4SnMIZXIALV9CAe2hCCwhM4Ble4c3KrBfr3fpYjK5Zxc4J/IH1+QPYmZMo</latexit>

iM2 =
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Three-hadron systems



Three-hadron systems
❑ Sum over all 3      3 amputated diagrams

<latexit sha1_base64="V0aQCChfoaeVJXVAmh8WvZIg20I=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgqiQq1Y1QdONGqGAf0IYwmU7aoZNJmJkUSuifuHGhiFv/xJ1/46TNQqsHBg7n3Ms9c4KEM6Ud58sqrayurW+UNytb2zu7e/b+QVvFqSS0RWIey26AFeVM0JZmmtNuIimOAk47wfg29zsTKhWLxaOeJtSL8FCwkBGsjeTbNutHWI8I5tn9zD9H175ddWrOHOgvcQtShQJN3/7sD2KSRlRowrFSPddJtJdhqRnhdFbpp4ommIzxkPYMFTiiysvmyWfoxCgDFMbSPKHRXP25keFIqWkUmMk8plr2cvE/r5fq8MrLmEhSTQVZHApTjnSM8hrQgElKNJ8agolkJisiIywx0aasiinBXf7yX9I+q7n1Wv3hotq4KeoowxEcwym4cAkNuIMmtIDABJ7gBV6tzHq23qz3xWjJKnYO4Resj2/aH5Mp</latexit>

iM3 = <latexit sha1_base64="r8W2eYnoFQcqPN4bL6QPXfDdmDA=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cK9gPaUDabTbt2sxt2J0Ip/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemApu0PO+ncLa+sbmVnG7tLO7t39QPjxqGZVpyppUCaU7ITFMcMmayFGwTqoZSULB2uHodua3n5g2XMkHHKcsSMhA8phTglZq9Wik0PTLFa/qzeGuEj8nFcjR6Je/epGiWcIkUkGM6fpeisGEaORUsGmplxmWEjoiA9a1VJKEmWAyv3bqnlklcmOlbUl05+rviQlJjBknoe1MCA7NsjcT//O6GcbXwYTLNEMm6WJRnAkXlTt73Y24ZhTF2BJCNbe3unRINKFoAyrZEPzll1dJ66Lq16q1+8tK/SaPowgncArn4MMV1OEOGtAECo/wDK/w5ijnxXl3PhatBSefOYY/cD5/ALHpjzo=</latexit>· · ·



Reducing 4D to 3D
❑ Reducing from 4D to 3D while preserving singularities
❑ Remember, physical singularities are due to on-shell intermediate particles 
❑ Let’s consider a useful example:

3D integral

4D integral Pole piece

= + smooth



Reducing 4D to 3D
❑ Reducing from 4D to 3D while preserving singularities
❑ Remember, physical singularities are due to on-shell intermediate particles 
❑ Let’s consider a useful example:

place the vertex on shell
but not the pole…i.e. it’s still a 3D integral.

=

= + -

+ smooth

+ smooth



Reducing 4D to 3D
❑ Reducing from 4D to 3D while preserving singularities
❑ Remember, physical singularities are due to on-shell intermediate particles 
❑ Let’s consider a useful example:

+ smooth

smooth

=

= + -

+ smooth



Reducing 4D to 3D
❑ Reducing from 4D to 3D while preserving singularities
❑ Remember, physical singularities are due to on-shell intermediate particles 
❑ Let’s consider a useful example:

= + + +

Dynamically generated 
Short distance vertices

= + smooth



Three-hadron systems
❑ After some more work, one can show that the full amplitude satisfies a 3D integral equation 

<latexit sha1_base64="V0aQCChfoaeVJXVAmh8WvZIg20I=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgqiQq1Y1QdONGqGAf0IYwmU7aoZNJmJkUSuifuHGhiFv/xJ1/46TNQqsHBg7n3Ms9c4KEM6Ud58sqrayurW+UNytb2zu7e/b+QVvFqSS0RWIey26AFeVM0JZmmtNuIimOAk47wfg29zsTKhWLxaOeJtSL8FCwkBGsjeTbNutHWI8I5tn9zD9H175ddWrOHOgvcQtShQJN3/7sD2KSRlRowrFSPddJtJdhqRnhdFbpp4ommIzxkPYMFTiiysvmyWfoxCgDFMbSPKHRXP25keFIqWkUmMk8plr2cvE/r5fq8MrLmEhSTQVZHApTjnSM8hrQgElKNJ8agolkJisiIywx0aasiinBXf7yX9I+q7n1Wv3hotq4KeoowxEcwym4cAkNuIMmtIDABJ7gBV6tzHq23qz3xWjJKnYO4Resj2/aH5Mp</latexit>

iM3 =

3D integrals with all vertices on-shell…
will generally require a cutoff Scheme-dependent 3body K matrix 



Three-hadron systems
❑ After some more work, one can show that the full amplitude satisfies a 3D integral equation 

<latexit sha1_base64="V0aQCChfoaeVJXVAmh8WvZIg20I=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgqiQq1Y1QdONGqGAf0IYwmU7aoZNJmJkUSuifuHGhiFv/xJ1/46TNQqsHBg7n3Ms9c4KEM6Ud58sqrayurW+UNytb2zu7e/b+QVvFqSS0RWIey26AFeVM0JZmmtNuIimOAk47wfg29zsTKhWLxaOeJtSL8FCwkBGsjeTbNutHWI8I5tn9zD9H175ddWrOHOgvcQtShQJN3/7sD2KSRlRowrFSPddJtJdhqRnhdFbpp4ommIzxkPYMFTiiysvmyWfoxCgDFMbSPKHRXP25keFIqWkUmMk8plr2cvE/r5fq8MrLmEhSTQVZHApTjnSM8hrQgElKNJ8agolkJisiIywx0aasiinBXf7yX9I+q7n1Wv3hotq4KeoowxEcwym4cAkNuIMmtIDABJ7gBV6tzHq23qz3xWjJKnYO4Resj2/aH5Mp</latexit>

iM3 =

<latexit sha1_base64="3E/1y99mJfnNbzLZlxUMdusvWY4=">AAACFnicbVDLSsNAFJ3UV62vqEs3g0UQ1JKoVDdCURduhAr2AW0Ik8mkHTp5MDMRSshXuPFX3LhQxK2482+cpFnU6oGBc8+5l7n3OBGjQhrGt1aam19YXCovV1ZW19Y39M2ttghjjkkLhyzkXQcJwmhAWpJKRroRJ8h3GOk4o6vM7zwQLmgY3MtxRCwfDQLqUYykkmz96ALSvo/kECOWXKfwYKq8Te3k5DAvuZ+4XpraetWoGTngX2IWpAoKNG39q++GOPZJIDFDQvRMI5JWgrikmJG00o8FiRAeoQHpKRognwgryc9K4Z5SXOiFXL1AwlydnkiQL8TYd1RntqOY9TLxP68XS+/cSmgQxZIEePKRFzMoQ5hlBF3KCZZsrAjCnKpdIR4ijrBUSVZUCObsyX9J+7hm1mv1u9Nq47KIowx2wC7YByY4Aw1wA5qgBTB4BM/gFbxpT9qL9q59TFpLWjGzDX5B+/wBC26fXA==</latexit>

= iD + iM3,df

Sum over all ladder diagrams <latexit sha1_base64="r8W2eYnoFQcqPN4bL6QPXfDdmDA=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cK9gPaUDabTbt2sxt2J0Ip/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemApu0PO+ncLa+sbmVnG7tLO7t39QPjxqGZVpyppUCaU7ITFMcMmayFGwTqoZSULB2uHodua3n5g2XMkHHKcsSMhA8phTglZq9Wik0PTLFa/qzeGuEj8nFcjR6Je/epGiWcIkUkGM6fpeisGEaORUsGmplxmWEjoiA9a1VJKEmWAyv3bqnlklcmOlbUl05+rviQlJjBknoe1MCA7NsjcT//O6GcbXwYTLNEMm6WJRnAkXlTt73Y24ZhTF2BJCNbe3unRINKFoAyrZEPzll1dJ66Lq16q1+8tK/SaPowgncArn4MMV1OEOGtAECo/wDK/w5ijnxXl3PhatBSefOYY/cD5/ALHpjzo=</latexit>· · ·



Three-hadron systems
❑ After some more work, one can show that the full amplitude satisfies a 3D integral equation 

<latexit sha1_base64="V0aQCChfoaeVJXVAmh8WvZIg20I=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgqiQq1Y1QdONGqGAf0IYwmU7aoZNJmJkUSuifuHGhiFv/xJ1/46TNQqsHBg7n3Ms9c4KEM6Ud58sqrayurW+UNytb2zu7e/b+QVvFqSS0RWIey26AFeVM0JZmmtNuIimOAk47wfg29zsTKhWLxaOeJtSL8FCwkBGsjeTbNutHWI8I5tn9zD9H175ddWrOHOgvcQtShQJN3/7sD2KSRlRowrFSPddJtJdhqRnhdFbpp4ommIzxkPYMFTiiysvmyWfoxCgDFMbSPKHRXP25keFIqWkUmMk8plr2cvE/r5fq8MrLmEhSTQVZHApTjnSM8hrQgElKNJ8agolkJisiIywx0aasiinBXf7yX9I+q7n1Wv3hotq4KeoowxEcwym4cAkNuIMmtIDABJ7gBV6tzHq23qz3xWjJKnYO4Resj2/aH5Mp</latexit>

iM3 =

<latexit sha1_base64="3E/1y99mJfnNbzLZlxUMdusvWY4=">AAACFnicbVDLSsNAFJ3UV62vqEs3g0UQ1JKoVDdCURduhAr2AW0Ik8mkHTp5MDMRSshXuPFX3LhQxK2482+cpFnU6oGBc8+5l7n3OBGjQhrGt1aam19YXCovV1ZW19Y39M2ttghjjkkLhyzkXQcJwmhAWpJKRroRJ8h3GOk4o6vM7zwQLmgY3MtxRCwfDQLqUYykkmz96ALSvo/kECOWXKfwYKq8Te3k5DAvuZ+4XpraetWoGTngX2IWpAoKNG39q++GOPZJIDFDQvRMI5JWgrikmJG00o8FiRAeoQHpKRognwgryc9K4Z5SXOiFXL1AwlydnkiQL8TYd1RntqOY9TLxP68XS+/cSmgQxZIEePKRFzMoQ5hlBF3KCZZsrAjCnKpdIR4ijrBUSVZUCObsyX9J+7hm1mv1u9Nq47KIowx2wC7YByY4Aw1wA5qgBTB4BM/gFbxpT9qL9q59TFpLWjGzDX5B+/wBC26fXA==</latexit>

= iD + iM3,df

The rest [df = “divergence free”]



Three-hadron systems

❑ Satisfies integral equation

<latexit sha1_base64="3E/1y99mJfnNbzLZlxUMdusvWY4=">AAACFnicbVDLSsNAFJ3UV62vqEs3g0UQ1JKoVDdCURduhAr2AW0Ik8mkHTp5MDMRSshXuPFX3LhQxK2482+cpFnU6oGBc8+5l7n3OBGjQhrGt1aam19YXCovV1ZW19Y39M2ttghjjkkLhyzkXQcJwmhAWpJKRroRJ8h3GOk4o6vM7zwQLmgY3MtxRCwfDQLqUYykkmz96ALSvo/kECOWXKfwYKq8Te3k5DAvuZ+4XpraetWoGTngX2IWpAoKNG39q++GOPZJIDFDQvRMI5JWgrikmJG00o8FiRAeoQHpKRognwgryc9K4Z5SXOiFXL1AwlydnkiQL8TYd1RntqOY9TLxP68XS+/cSmgQxZIEePKRFzMoQ5hlBF3KCZZsrAjCnKpdIR4ijrBUSVZUCObsyX9J+7hm1mv1u9Nq47KIowx2wC7YByY4Aw1wA5qgBTB4BM/gFbxpT9qL9q59TFpLWjGzDX5B+/wBC26fXA==</latexit>

= iD + iM3,df

<latexit sha1_base64="4VVpBR6rksF/1gi5uzc1Bfh/4zw=">AAACPHicfVDLSgMxFM3UV62vUZdugkVw0ZaZItWNULSgG6GirYXOUDJp2oZmHiQZoQzzYW78CHeu3LhQxK1rM+0gthUPBE7OvZd77nECRoU0jGcts7C4tLySXc2trW9sbunbO03hhxyTBvaZz1sOEoRRjzQklYy0Ak6Q6zBy5wzPk/rdPeGC+t6tHAXEdlHfoz2KkVRSR7+xXCQHGLGoFsNTWPz5XsWdslW4sApTCixCi3oS/tNWizt63igZY8B5YqYkD1LUO/qT1fVx6BJPYoaEaJtGIO0IcUkxI3HOCgUJEB6iPmkr6iGXCDsaHx/DA6V0Yc/n6ilnY/X3RIRcIUauozoTi2K2loh/1dqh7J3YEfWCUBIPTxb1QgalD5MkYZdygiUbKYIwp8orxAPEEZYq75wKwZw9eZ40yyWzUqpcH+WrZ2kcWbAH9sEhMMExqIJLUAcNgMEDeAFv4F171F61D+1z0prR0pldMAXt6xsuEq2I</latexit>

D = �M2 GM2 �
Z

M2 GD

<latexit sha1_base64="V0aQCChfoaeVJXVAmh8WvZIg20I=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgqiQq1Y1QdONGqGAf0IYwmU7aoZNJmJkUSuifuHGhiFv/xJ1/46TNQqsHBg7n3Ms9c4KEM6Ud58sqrayurW+UNytb2zu7e/b+QVvFqSS0RWIey26AFeVM0JZmmtNuIimOAk47wfg29zsTKhWLxaOeJtSL8FCwkBGsjeTbNutHWI8I5tn9zD9H175ddWrOHOgvcQtShQJN3/7sD2KSRlRowrFSPddJtJdhqRnhdFbpp4ommIzxkPYMFTiiysvmyWfoxCgDFMbSPKHRXP25keFIqWkUmMk8plr2cvE/r5fq8MrLmEhSTQVZHApTjnSM8hrQgElKNJ8agolkJisiIywx0aasiinBXf7yX9I+q7n1Wv3hotq4KeoowxEcwym4cAkNuIMmtIDABJ7gBV6tzHq23qz3xWjJKnYO4Resj2/aH5Mp</latexit>

iM3 =

Jackura et al (2020)
M. Dawid et al (2023)

❑ After some more work, one can show that the full amplitude satisfies a 3D integral equation 



Three-hadron systems

❑ Satisfies integral equation

<latexit sha1_base64="V0aQCChfoaeVJXVAmh8WvZIg20I=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgqiQq1Y1QdONGqGAf0IYwmU7aoZNJmJkUSuifuHGhiFv/xJ1/46TNQqsHBg7n3Ms9c4KEM6Ud58sqrayurW+UNytb2zu7e/b+QVvFqSS0RWIey26AFeVM0JZmmtNuIimOAk47wfg29zsTKhWLxaOeJtSL8FCwkBGsjeTbNutHWI8I5tn9zD9H175ddWrOHOgvcQtShQJN3/7sD2KSRlRowrFSPddJtJdhqRnhdFbpp4ommIzxkPYMFTiiysvmyWfoxCgDFMbSPKHRXP25keFIqWkUmMk8plr2cvE/r5fq8MrLmEhSTQVZHApTjnSM8hrQgElKNJ8agolkJisiIywx0aasiinBXf7yX9I+q7n1Wv3hotq4KeoowxEcwym4cAkNuIMmtIDABJ7gBV6tzHq23qz3xWjJKnYO4Resj2/aH5Mp</latexit>

iM3 =

<latexit sha1_base64="3E/1y99mJfnNbzLZlxUMdusvWY4=">AAACFnicbVDLSsNAFJ3UV62vqEs3g0UQ1JKoVDdCURduhAr2AW0Ik8mkHTp5MDMRSshXuPFX3LhQxK2482+cpFnU6oGBc8+5l7n3OBGjQhrGt1aam19YXCovV1ZW19Y39M2ttghjjkkLhyzkXQcJwmhAWpJKRroRJ8h3GOk4o6vM7zwQLmgY3MtxRCwfDQLqUYykkmz96ALSvo/kECOWXKfwYKq8Te3k5DAvuZ+4XpraetWoGTngX2IWpAoKNG39q++GOPZJIDFDQvRMI5JWgrikmJG00o8FiRAeoQHpKRognwgryc9K4Z5SXOiFXL1AwlydnkiQL8TYd1RntqOY9TLxP68XS+/cSmgQxZIEePKRFzMoQ5hlBF3KCZZsrAjCnKpdIR4ijrBUSVZUCObsyX9J+7hm1mv1u9Nq47KIowx2wC7YByY4Aw1wA5qgBTB4BM/gFbxpT9qL9q59TFpLWjGzDX5B+/wBC26fXA==</latexit>

= iD + iM3,df

<latexit sha1_base64="4VVpBR6rksF/1gi5uzc1Bfh/4zw=">AAACPHicfVDLSgMxFM3UV62vUZdugkVw0ZaZItWNULSgG6GirYXOUDJp2oZmHiQZoQzzYW78CHeu3LhQxK1rM+0gthUPBE7OvZd77nECRoU0jGcts7C4tLySXc2trW9sbunbO03hhxyTBvaZz1sOEoRRjzQklYy0Ak6Q6zBy5wzPk/rdPeGC+t6tHAXEdlHfoz2KkVRSR7+xXCQHGLGoFsNTWPz5XsWdslW4sApTCixCi3oS/tNWizt63igZY8B5YqYkD1LUO/qT1fVx6BJPYoaEaJtGIO0IcUkxI3HOCgUJEB6iPmkr6iGXCDsaHx/DA6V0Yc/n6ilnY/X3RIRcIUauozoTi2K2loh/1dqh7J3YEfWCUBIPTxb1QgalD5MkYZdygiUbKYIwp8orxAPEEZYq75wKwZw9eZ40yyWzUqpcH+WrZ2kcWbAH9sEhMMExqIJLUAcNgMEDeAFv4F171F61D+1z0prR0pldMAXt6xsuEq2I</latexit>

D = �M2 GM2 �
Z

M2 GD

❑ After some more work, one can show that the full amplitude satisfies a 3D integral equation 



❑ Satisfies integral equation

Three-hadron systems

<latexit sha1_base64="V0aQCChfoaeVJXVAmh8WvZIg20I=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgqiQq1Y1QdONGqGAf0IYwmU7aoZNJmJkUSuifuHGhiFv/xJ1/46TNQqsHBg7n3Ms9c4KEM6Ud58sqrayurW+UNytb2zu7e/b+QVvFqSS0RWIey26AFeVM0JZmmtNuIimOAk47wfg29zsTKhWLxaOeJtSL8FCwkBGsjeTbNutHWI8I5tn9zD9H175ddWrOHOgvcQtShQJN3/7sD2KSRlRowrFSPddJtJdhqRnhdFbpp4ommIzxkPYMFTiiysvmyWfoxCgDFMbSPKHRXP25keFIqWkUmMk8plr2cvE/r5fq8MrLmEhSTQVZHApTjnSM8hrQgElKNJ8agolkJisiIywx0aasiinBXf7yX9I+q7n1Wv3hotq4KeoowxEcwym4cAkNuIMmtIDABJ7gBV6tzHq23qz3xWjJKnYO4Resj2/aH5Mp</latexit>

iM3 =

<latexit sha1_base64="3E/1y99mJfnNbzLZlxUMdusvWY4=">AAACFnicbVDLSsNAFJ3UV62vqEs3g0UQ1JKoVDdCURduhAr2AW0Ik8mkHTp5MDMRSshXuPFX3LhQxK2482+cpFnU6oGBc8+5l7n3OBGjQhrGt1aam19YXCovV1ZW19Y39M2ttghjjkkLhyzkXQcJwmhAWpJKRroRJ8h3GOk4o6vM7zwQLmgY3MtxRCwfDQLqUYykkmz96ALSvo/kECOWXKfwYKq8Te3k5DAvuZ+4XpraetWoGTngX2IWpAoKNG39q++GOPZJIDFDQvRMI5JWgrikmJG00o8FiRAeoQHpKRognwgryc9K4Z5SXOiFXL1AwlydnkiQL8TYd1RntqOY9TLxP68XS+/cSmgQxZIEePKRFzMoQ5hlBF3KCZZsrAjCnKpdIR4ijrBUSVZUCObsyX9J+7hm1mv1u9Nq47KIowx2wC7YByY4Aw1wA5qgBTB4BM/gFbxpT9qL9q59TFpLWjGzDX5B+/wBC26fXA==</latexit>

= iD + iM3,df

<latexit sha1_base64="4VVpBR6rksF/1gi5uzc1Bfh/4zw=">AAACPHicfVDLSgMxFM3UV62vUZdugkVw0ZaZItWNULSgG6GirYXOUDJp2oZmHiQZoQzzYW78CHeu3LhQxK1rM+0gthUPBE7OvZd77nECRoU0jGcts7C4tLySXc2trW9sbunbO03hhxyTBvaZz1sOEoRRjzQklYy0Ak6Q6zBy5wzPk/rdPeGC+t6tHAXEdlHfoz2KkVRSR7+xXCQHGLGoFsNTWPz5XsWdslW4sApTCixCi3oS/tNWizt63igZY8B5YqYkD1LUO/qT1fVx6BJPYoaEaJtGIO0IcUkxI3HOCgUJEB6iPmkr6iGXCDsaHx/DA6V0Yc/n6ilnY/X3RIRcIUauozoTi2K2loh/1dqh7J3YEfWCUBIPTxb1QgalD5MkYZdygiUbKYIwp8orxAPEEZYq75wKwZw9eZ40yyWzUqpcH+WrZ2kcWbAH9sEhMMExqIJLUAcNgMEDeAFv4F171F61D+1z0prR0pldMAXt6xsuEq2I</latexit>

D = �M2 GM2 �
Z

M2 GD
<latexit sha1_base64="JghusfCdX7C/ZgDfwLenf1lE1eA="></latexit>

M3,df(p,k) =

Z

p0

Z

k0
L(p,p’) · T (p’,k’) · L(k’,k)

❑ After some more work, one can show that the full amplitude satisfies a 3D integral equation 



❑ Sum over all 3      3 amputated diagrams

❑ Satisfies integral equation

Three-hadron systems

<latexit sha1_base64="V0aQCChfoaeVJXVAmh8WvZIg20I=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgqiQq1Y1QdONGqGAf0IYwmU7aoZNJmJkUSuifuHGhiFv/xJ1/46TNQqsHBg7n3Ms9c4KEM6Ud58sqrayurW+UNytb2zu7e/b+QVvFqSS0RWIey26AFeVM0JZmmtNuIimOAk47wfg29zsTKhWLxaOeJtSL8FCwkBGsjeTbNutHWI8I5tn9zD9H175ddWrOHOgvcQtShQJN3/7sD2KSRlRowrFSPddJtJdhqRnhdFbpp4ommIzxkPYMFTiiysvmyWfoxCgDFMbSPKHRXP25keFIqWkUmMk8plr2cvE/r5fq8MrLmEhSTQVZHApTjnSM8hrQgElKNJ8agolkJisiIywx0aasiinBXf7yX9I+q7n1Wv3hotq4KeoowxEcwym4cAkNuIMmtIDABJ7gBV6tzHq23qz3xWjJKnYO4Resj2/aH5Mp</latexit>

iM3 =

<latexit sha1_base64="3E/1y99mJfnNbzLZlxUMdusvWY4=">AAACFnicbVDLSsNAFJ3UV62vqEs3g0UQ1JKoVDdCURduhAr2AW0Ik8mkHTp5MDMRSshXuPFX3LhQxK2482+cpFnU6oGBc8+5l7n3OBGjQhrGt1aam19YXCovV1ZW19Y39M2ttghjjkkLhyzkXQcJwmhAWpJKRroRJ8h3GOk4o6vM7zwQLmgY3MtxRCwfDQLqUYykkmz96ALSvo/kECOWXKfwYKq8Te3k5DAvuZ+4XpraetWoGTngX2IWpAoKNG39q++GOPZJIDFDQvRMI5JWgrikmJG00o8FiRAeoQHpKRognwgryc9K4Z5SXOiFXL1AwlydnkiQL8TYd1RntqOY9TLxP68XS+/cSmgQxZIEePKRFzMoQ5hlBF3KCZZsrAjCnKpdIR4ijrBUSVZUCObsyX9J+7hm1mv1u9Nq47KIowx2wC7YByY4Aw1wA5qgBTB4BM/gFbxpT9qL9q59TFpLWjGzDX5B+/wBC26fXA==</latexit>

= iD + iM3,df

<latexit sha1_base64="4VVpBR6rksF/1gi5uzc1Bfh/4zw=">AAACPHicfVDLSgMxFM3UV62vUZdugkVw0ZaZItWNULSgG6GirYXOUDJp2oZmHiQZoQzzYW78CHeu3LhQxK1rM+0gthUPBE7OvZd77nECRoU0jGcts7C4tLySXc2trW9sbunbO03hhxyTBvaZz1sOEoRRjzQklYy0Ak6Q6zBy5wzPk/rdPeGC+t6tHAXEdlHfoz2KkVRSR7+xXCQHGLGoFsNTWPz5XsWdslW4sApTCixCi3oS/tNWizt63igZY8B5YqYkD1LUO/qT1fVx6BJPYoaEaJtGIO0IcUkxI3HOCgUJEB6iPmkr6iGXCDsaHx/DA6V0Yc/n6ilnY/X3RIRcIUauozoTi2K2loh/1dqh7J3YEfWCUBIPTxb1QgalD5MkYZdygiUbKYIwp8orxAPEEZYq75wKwZw9eZ40yyWzUqpcH+WrZ2kcWbAH9sEhMMExqIJLUAcNgMEDeAFv4F171F61D+1z0prR0pldMAXt6xsuEq2I</latexit>

D = �M2 GM2 �
Z

M2 GD
<latexit sha1_base64="JghusfCdX7C/ZgDfwLenf1lE1eA="></latexit>

M3,df(p,k) =

Z

p0

Z

k0
L(p,p’) · T (p’,k’) · L(k’,k)

<latexit sha1_base64="hqVBuZ183k5rCxPXaLGw2B9L3Qk="></latexit>

T (p,k) = K3(p,k) =

Z

p0

Z

k0
K3(p,p’) ·

⇢(p0)

2!p0
L(p’,k’) · T (k’,k)

❑ Sum over all 3      3 amputaded diagrams❑ Need to numerical solve these equations
❑ Note:       and      are 3D integrals equations
❑ Need to project to to definite angular momentum 

and parity
❑ Integration kernel generally singular

❑ Singular behavior mainly driven by the OPE 
propagator, 

<latexit sha1_base64="Y78JnfpiR7XY0iFJh2O0ZpN1frU=">AAACHXicbVDNS8MwHE39nPOr6tFLcAgeZLQypsehHjxOcB/QlpFm6RaWpiVJhVH6j3jxX/HiQREPXsT/xrSroJsPAo/3fr/k5fkxo1JZ1pextLyyurZe2ahubm3v7Jp7+10ZJQKTDo5YJPo+koRRTjqKKkb6sSAo9Bnp+ZOr3O/dEyFpxO/UNCZeiEacBhQjpaWB2Ujd4hJHjHwvtepWgdMFkrkhUmOMWHqdZQOz9qPDRWKXpAZKtAfmhzuMcBISrjBDUjq2FSsvRUJRzEhWdRNJYoQnaEQcTTkKifTSIlgGj7UyhEEk9OEKFurvjRSFUk5DX0/mGeW8l4v/eU6iggsvpTxOFOF49lCQMKgimFcFh1QQrNhUE4QF1VkhHiOBsNKFVnUJ9vyXF0n3rG43683bRq11WdZRAYfgCJwAG5yDFrgBbdABGDyAJ/ACXo1H49l4M95no0tGuXMA/sD4/AZU055g</latexit>D
<latexit sha1_base64="peW1V0wuxRly/z/4+jDzNMvdwtg=">AAACHXicbVDNS8MwHE39nPOr6tFLcAgeZLQypsehF48T9gVtGWmWbmFpWpJUGKX/iBf/FS8eFPHgRfxvTLsKuvkg8Hjv90tenh8zKpVlfRkrq2vrG5uVrer2zu7evnlw2JNRIjDp4ohFYuAjSRjlpKuoYmQQC4JCn5G+P73J/f49EZJGvKNmMfFCNOY0oBgpLQ3NRuoWlzhi7HupVbcKnC+RzA2RmmDE0k6WDc3ajw6XiV2SGijRHpof7ijCSUi4wgxJ6dhWrLwUCUUxI1nVTSSJEZ6iMXE05Sgk0kuLYBk81coIBpHQhytYqL83UhRKOQt9PZlnlIteLv7nOYkKrryU8jhRhOP5Q0HCoIpgXhUcUUGwYjNNEBZUZ4V4ggTCShda1SXYi19eJr2Lut2sN+8atdZ1WUcFHIMTcAZscAla4Ba0QRdg8ACewAt4NR6NZ+PNeJ+PrhjlzhH4A+PzG20znnA=</latexit>

T

<latexit sha1_base64="3k5u0TBvlhHtgcvMEBuppzPg/Lk=">AAACHXicbVDNS8MwHE39nPOr6tFLcAgeZLQypsehBz1OcB/QlpFm6RaWpiVJhVH6j3jxX/HiQREPXsT/xrSroJsPAo/3fr/k5fkxo1JZ1pextLyyurZe2ahubm3v7Jp7+10ZJQKTDo5YJPo+koRRTjqKKkb6sSAo9Bnp+ZOr3O/dEyFpxO/UNCZeiEacBhQjpaWB2Ujd4hJHjHwvtepWgdMFkrkhUmOMWHqdZQOz9qPDRWKXpAZKtAfmhzuMcBISrjBDUjq2FSsvRUJRzEhWdRNJYoQnaEQcTTkKifTSIlgGj7UyhEEk9OEKFurvjRSFUk5DX0/mGeW8l4v/eU6iggsvpTxOFOF49lCQMKgimFcFh1QQrNhUE4QF1VkhHiOBsNKFVnUJ9vyXF0n3rG43683bRq11WdZRAYfgCJwAG5yDFrgBbdABGDyAJ/ACXo1H49l4M95no0tGuXMA/sD4/AZZZZ5j</latexit>
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FIG. 5. The OPE contribution to the on-shell 3 ! 3 amplitude iM with momentum assignments.

The dashed line indicates that we have removed short-distance contributions of the exchange prop-

agator. The 2 ! 2 subprocesses iM2 are denoted by the grey-filled circles on either side of the

exchange propagator.

P �k�p between two-body sub-processes [65]. The imaginary part of the 3 ! 3 amplitude

at this kinematic point, specifically for the k and p spectators, is

Im M(p,b;k, a) � M
⇤
2
(�p; b̂

?
p, k̂

?
p) ⇡ �(upk � m

2

e)M2(�k; p̂
?
k, â

?
k) ,

where the angles k̂?
p and p̂?

k correspond to the orientations of the spectator in the rest frame

of the opposite pair indicated, e.g. k̂?
p is the unit vector of the initial spectator defined in

the final pair rest frame defined by its spectator p. 13 We also defined

upk ⌘ (P � k � p)2 ,

as the momentum-squared of the exchanged particle. We focus only on the k and p spectators

here, but note that other spectator combinations will result in similar contributions to the

imaginary part.

The aforementioned pole singularity of the 3 ! 3 amplitude is encoded in the OPE.

Defining the momenta of the initial and final spectators respectively to be k and p, the

OPE, depicted diagrammatically in Figure 5, can in general be written as 14

iM(p,b;k, a) � iM2(�p; b̂
?
p, k̂

?
p)

i

upk � m2
e + i✏

iM2(�k; p̂
?
k, â

?
k) ⌘ iMOPE(p,b;k, a) . (25)

13 Since the OPE involves pair-spectator systems in both its external and intermediate states, the thresholds

for the pair invariant masses extend to the cases �(thr.)
k = max(ma+ma0 , mp+me) and �(thr.)

p = max(mb+

mb0 , mk + me) for the initial and final pair, respectively.
14 Equation (25) can be argued by constructing on-shell representations through either S matrix unitar-

ity [65–67] or summing Feynman graphs to all-orders within some generalized e↵ective field theory and

projecting intermediate states on their mass-shell [45, 46]. As with all on-shell representations, the OPE

is defined up to some real part in the physical region which is absorbed into the global K matrix which

desribes short-distance three-body dynamics. For example, in the resulting integral equations of the afore-

mentioned references, one usually includes a cuto↵ function to render the momentum integrals UV finite.

Since our focus here is on the partial wave projection of the function, we omit the cuto↵ function for

convenience.
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FIG.5.TheOPEcontributiontotheon-shell3!3amplitudeiMwithmomentumassignments.

Thedashedlineindicatesthatwehaveremovedshort-distancecontributionsoftheexchangeprop-

agator.The2!2subprocessesiM2aredenotedbythegrey-filledcirclesoneithersideofthe

exchangepropagator.

P�k�pbetweentwo-bodysub-processes[65].Theimaginarypartofthe3!3amplitude

atthiskinematicpoint,specificallyforthekandpspectators,is

ImM(p,b;k,a)�M⇤
2(�p;b̂

?
p,k̂

?
p)⇡�(upk�m

2

e)M2(�k;p̂
?
k,â

?
k),

wheretheanglesk̂
?
pandp̂

?
kcorrespondtotheorientationsofthespectatorintherestframe

oftheoppositepairindicated,e.g.k̂
?
pistheunitvectoroftheinitialspectatordefinedin

thefinalpairrestframedefinedbyitsspectatorp.
13

Wealsodefined

upk⌘(P�k�p)
2
,

asthemomentum-squaredoftheexchangedparticle.Wefocusonlyonthekandpspectators

here,butnotethatotherspectatorcombinationswillresultinsimilarcontributionstothe

imaginarypart.

Theaforementionedpolesingularityofthe3!3amplitudeisencodedintheOPE.

Definingthemomentaoftheinitialandfinalspectatorsrespectivelytobekandp,the

OPE,depicteddiagrammaticallyinFigure5,caningeneralbewrittenas
14

iM(p,b;k,a)�iM2(�p;b̂
?
p,k̂

?
p)

i

upk�m
2
e+i✏

iM2(�k;p̂
?
k,â

?
k)⌘iMOPE(p,b;k,a).(25)

13SincetheOPEinvolvespair-spectatorsystemsinbothitsexternalandintermediatestates,thethresholds

forthepairinvariantmassesextendtothecases�
(thr.)
k=max(ma+ma0,mp+me)and�

(thr.)
p=max(mb+

mb0,mk+me)fortheinitialandfinalpair,respectively.
14Equation(25)canbearguedbyconstructingon-shellrepresentationsthrougheitherSmatrixunitar-

ity[65–67]orsummingFeynmangraphstoall-orderswithinsomegeneralizede↵ectivefieldtheoryand

projectingintermediatestatesontheirmass-shell[45,46].Aswithallon-shellrepresentations,theOPE

isdefineduptosomerealpartinthephysicalregionwhichisabsorbedintotheglobalKmatrixwhich

desribesshort-distancethree-bodydynamics.Forexample,intheresultingintegralequationsoftheafore-

mentionedreferences,oneusuallyincludesacuto↵functiontorenderthemomentumintegralsUVfinite.

Sinceourfocushereisonthepartialwaveprojectionofthefunction,weomitthecuto↵functionfor

convenience.
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FIG. 5. The OPE contribution to the on-shell 3 ! 3 amplitude iM with momentum assignments.

The dashed line indicates that we have removed short-distance contributions of the exchange prop-

agator. The 2 ! 2 subprocesses iM2 are denoted by the grey-filled circles on either side of the

exchange propagator.

P �k�p between two-body sub-processes [65]. The imaginary part of the 3 ! 3 amplitude

at this kinematic point, specifically for the k and p spectators, is

Im M(p,b;k, a) � M
⇤
2
(�p; b̂

?
p, k̂

?
p) ⇡ �(upk � m

2

e)M2(�k; p̂
?
k, â

?
k) ,

where the angles k̂?
p and p̂?

k correspond to the orientations of the spectator in the rest frame

of the opposite pair indicated, e.g. k̂?
p is the unit vector of the initial spectator defined in

the final pair rest frame defined by its spectator p. 13 We also defined

upk ⌘ (P � k � p)2 ,

as the momentum-squared of the exchanged particle. We focus only on the k and p spectators

here, but note that other spectator combinations will result in similar contributions to the

imaginary part.

The aforementioned pole singularity of the 3 ! 3 amplitude is encoded in the OPE.

Defining the momenta of the initial and final spectators respectively to be k and p, the

OPE, depicted diagrammatically in Figure 5, can in general be written as 14

iM(p,b;k, a) � iM2(�p; b̂
?
p, k̂

?
p)

i

upk � m2
e + i✏

iM2(�k; p̂
?
k, â

?
k) ⌘ iMOPE(p,b;k, a) . (25)

13 Since the OPE involves pair-spectator systems in both its external and intermediate states, the thresholds

for the pair invariant masses extend to the cases �(thr.)
k = max(ma+ma0 , mp+me) and �(thr.)

p = max(mb+

mb0 , mk + me) for the initial and final pair, respectively.
14 Equation (25) can be argued by constructing on-shell representations through either S matrix unitar-

ity [65–67] or summing Feynman graphs to all-orders within some generalized e↵ective field theory and

projecting intermediate states on their mass-shell [45, 46]. As with all on-shell representations, the OPE

is defined up to some real part in the physical region which is absorbed into the global K matrix which

desribes short-distance three-body dynamics. For example, in the resulting integral equations of the afore-

mentioned references, one usually includes a cuto↵ function to render the momentum integrals UV finite.

Since our focus here is on the partial wave projection of the function, we omit the cuto↵ function for

convenience.

⇠ G(p,k) =
1

(E � !k � !p)� (p+ k)2 �m2 + i✏

=
1

(E � !k � !p)� k2 � p2 �m2 � 2pk cos ✓ + i✏
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❑ After partial wave projecting to total J = 0:

OPE Partial wave projection
❑ Assuming s-wave two-body scattering
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FIG. 5. The OPE contribution to the on-shell 3 ! 3 amplitude iM with momentum assignments.

The dashed line indicates that we have removed short-distance contributions of the exchange prop-

agator. The 2 ! 2 subprocesses iM2 are denoted by the grey-filled circles on either side of the

exchange propagator.

P �k�p between two-body sub-processes [65]. The imaginary part of the 3 ! 3 amplitude

at this kinematic point, specifically for the k and p spectators, is

Im M(p,b;k, a) � M
⇤
2
(�p; b̂

?
p, k̂

?
p) ⇡ �(upk � m

2

e)M2(�k; p̂
?
k, â

?
k) ,

where the angles k̂?
p and p̂?

k correspond to the orientations of the spectator in the rest frame

of the opposite pair indicated, e.g. k̂?
p is the unit vector of the initial spectator defined in

the final pair rest frame defined by its spectator p. 13 We also defined

upk ⌘ (P � k � p)2 ,

as the momentum-squared of the exchanged particle. We focus only on the k and p spectators

here, but note that other spectator combinations will result in similar contributions to the

imaginary part.

The aforementioned pole singularity of the 3 ! 3 amplitude is encoded in the OPE.

Defining the momenta of the initial and final spectators respectively to be k and p, the

OPE, depicted diagrammatically in Figure 5, can in general be written as 14

iM(p,b;k, a) � iM2(�p; b̂
?
p, k̂

?
p)

i

upk � m2
e + i✏

iM2(�k; p̂
?
k, â

?
k) ⌘ iMOPE(p,b;k, a) . (25)

13 Since the OPE involves pair-spectator systems in both its external and intermediate states, the thresholds

for the pair invariant masses extend to the cases �(thr.)
k = max(ma+ma0 , mp+me) and �(thr.)

p = max(mb+

mb0 , mk + me) for the initial and final pair, respectively.
14 Equation (25) can be argued by constructing on-shell representations through either S matrix unitar-

ity [65–67] or summing Feynman graphs to all-orders within some generalized e↵ective field theory and

projecting intermediate states on their mass-shell [45, 46]. As with all on-shell representations, the OPE

is defined up to some real part in the physical region which is absorbed into the global K matrix which

desribes short-distance three-body dynamics. For example, in the resulting integral equations of the afore-

mentioned references, one usually includes a cuto↵ function to render the momentum integrals UV finite.

Since our focus here is on the partial wave projection of the function, we omit the cuto↵ function for

convenience.
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FIG.5.TheOPEcontributiontotheon-shell3!3amplitudeiMwithmomentumassignments.

Thedashedlineindicatesthatwehaveremovedshort-distancecontributionsoftheexchangeprop-

agator.The2!2subprocessesiM2aredenotedbythegrey-filledcirclesoneithersideofthe

exchangepropagator.

P�k�pbetweentwo-bodysub-processes[65].Theimaginarypartofthe3!3amplitude

atthiskinematicpoint,specificallyforthekandpspectators,is

ImM(p,b;k,a)�M⇤
2(�p;b̂

?
p,k̂

?
p)⇡�(upk�m

2

e)M2(�k;p̂
?
k,â

?
k),

wheretheanglesk̂
?
pandp̂

?
kcorrespondtotheorientationsofthespectatorintherestframe

oftheoppositepairindicated,e.g.k̂
?
pistheunitvectoroftheinitialspectatordefinedin

thefinalpairrestframedefinedbyitsspectatorp.
13

Wealsodefined

upk⌘(P�k�p)
2
,

asthemomentum-squaredoftheexchangedparticle.Wefocusonlyonthekandpspectators

here,butnotethatotherspectatorcombinationswillresultinsimilarcontributionstothe

imaginarypart.

Theaforementionedpolesingularityofthe3!3amplitudeisencodedintheOPE.

Definingthemomentaoftheinitialandfinalspectatorsrespectivelytobekandp,the

OPE,depicteddiagrammaticallyinFigure5,caningeneralbewrittenas
14

iM(p,b;k,a)�iM2(�p;b̂
?
p,k̂

?
p)

i

upk�m
2
e+i✏

iM2(�k;p̂
?
k,â

?
k)⌘iMOPE(p,b;k,a).(25)

13SincetheOPEinvolvespair-spectatorsystemsinbothitsexternalandintermediatestates,thethresholds

forthepairinvariantmassesextendtothecases�
(thr.)
k=max(ma+ma0,mp+me)and�

(thr.)
p=max(mb+

mb0,mk+me)fortheinitialandfinalpair,respectively.
14Equation(25)canbearguedbyconstructingon-shellrepresentationsthrougheitherSmatrixunitar-

ity[65–67]orsummingFeynmangraphstoall-orderswithinsomegeneralizede↵ectivefieldtheoryand

projectingintermediatestatesontheirmass-shell[45,46].Aswithallon-shellrepresentations,theOPE

isdefineduptosomerealpartinthephysicalregionwhichisabsorbedintotheglobalKmatrixwhich

desribesshort-distancethree-bodydynamics.Forexample,intheresultingintegralequationsoftheafore-

mentionedreferences,oneusuallyincludesacuto↵functiontorenderthemomentumintegralsUVfinite.

Sinceourfocushereisonthepartialwaveprojectionofthefunction,weomitthecuto↵functionfor

convenience.
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FIG. 5. The OPE contribution to the on-shell 3 ! 3 amplitude iM with momentum assignments.

The dashed line indicates that we have removed short-distance contributions of the exchange prop-

agator. The 2 ! 2 subprocesses iM2 are denoted by the grey-filled circles on either side of the

exchange propagator.

P �k�p between two-body sub-processes [65]. The imaginary part of the 3 ! 3 amplitude

at this kinematic point, specifically for the k and p spectators, is

Im M(p,b;k, a) � M
⇤
2
(�p; b̂

?
p, k̂

?
p) ⇡ �(upk � m

2

e)M2(�k; p̂
?
k, â

?
k) ,

where the angles k̂?
p and p̂?

k correspond to the orientations of the spectator in the rest frame

of the opposite pair indicated, e.g. k̂?
p is the unit vector of the initial spectator defined in

the final pair rest frame defined by its spectator p. 13 We also defined

upk ⌘ (P � k � p)2 ,

as the momentum-squared of the exchanged particle. We focus only on the k and p spectators

here, but note that other spectator combinations will result in similar contributions to the

imaginary part.

The aforementioned pole singularity of the 3 ! 3 amplitude is encoded in the OPE.

Defining the momenta of the initial and final spectators respectively to be k and p, the

OPE, depicted diagrammatically in Figure 5, can in general be written as 14

iM(p,b;k, a) � iM2(�p; b̂
?
p, k̂

?
p)

i

upk � m2
e + i✏

iM2(�k; p̂
?
k, â

?
k) ⌘ iMOPE(p,b;k, a) . (25)

13 Since the OPE involves pair-spectator systems in both its external and intermediate states, the thresholds

for the pair invariant masses extend to the cases �(thr.)
k = max(ma+ma0 , mp+me) and �(thr.)

p = max(mb+

mb0 , mk + me) for the initial and final pair, respectively.
14 Equation (25) can be argued by constructing on-shell representations through either S matrix unitar-

ity [65–67] or summing Feynman graphs to all-orders within some generalized e↵ective field theory and

projecting intermediate states on their mass-shell [45, 46]. As with all on-shell representations, the OPE

is defined up to some real part in the physical region which is absorbed into the global K matrix which

desribes short-distance three-body dynamics. For example, in the resulting integral equations of the afore-

mentioned references, one usually includes a cuto↵ function to render the momentum integrals UV finite.

Since our focus here is on the partial wave projection of the function, we omit the cuto↵ function for

convenience.
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6

the ladder amplitude, which functionally looks identical to what was presented in Ref. [17], 4

D`0�0,`�(p,k) = �M2,`0(�p) G`0�0,`�(p,k) M2,`(�k)

� M2,`0(�p)
X

`00,�00

Z
d3k0

(2⇡)3 2!k0
G`0�0,`00�00(p,k0) D`00�00,`�(k

0
,k) . (3)

Here k and p are the initial and final spectator momenta, while � and �
0 denote the helicity

of the initial and final state pair, respectively. The scattering amplitude for the pair, M2,`,

is a diagonal matrix in the `-space and depends on the squared invariant mass of the pair,

�k. In the total three particle CM frame, �k is related to the spectator momentum via

�k = (
p

s � !k)2 � k
2, where !k =

p
k2 + m

2
k and k = |k|.

The remaining quantity to define is the one-particle exchange (OPE) propagator, G. The

partial wave projection of this object was the main focus of Ref. [19], and we will only review

the points necessary from that work. In the helicity basis, the G propagator for a spinless

particle with mass me can be written as

G`0�0,`�(p,k) =

✓
k
?
p

q?p

◆`0 4⇡ H(p, k) Y
⇤
`0�0(k̂?

p) Y`�(p̂?
k)

(
p

s � !p � !k)2 � (p + k)2 � m2
e + i✏

✓
p
?
k

q
?
k

◆`

, (4)

where H is a generic cut-o↵ function, that must be equal to unity in the physical region.

The coordinate system is described in detail in Ref. [19]. Three key points relevant for our

discussion are the following: (i) The vector p?
k is equal to the value of p after boosting it to

the CM frame of the pair labeled by k. (ii) q
?
k is the magnitude of p?

k when the exchange

particle is placed on shell. Similar definitions hold for k?
p and q

?
p. (iii) Finally, the spherical

harmonics are defined to have the z-axis aligned along the direction of the momentum of

the two-particle pair labeled by the subscript of the argument.

The main result of Ref. [19] shows that the partial wave projection of the OPE to definite

J
P takes the form

G
JP

L0S0,LS(p, k) = H(p, k)
h
K

JP

G;L0S0,LS(p, k) + C
JP

L0S0,LS(p, k) Q0(⇣pk)
i

, (5)

where Q0(z) is the zeroth-degree Legendre function of the second kind, and ⇣pk, K
JP

G and

C
JP 5 are known kinematic functions given in Ref. [19]. The ⇣pk is the same for all partial

4 Reference [17] quantizes the pair angular momentum along some fixed z axis, while Ref. [19] discussed

the advantage of using helicity quantization for constructing the partial wave projection.
5 In Ref. [19] the function C

JP

was called T
JP

. We change the notation to avoid confusion with Eq. (11).
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known kinematic functions

non-analyticity entirely encoded in 

❑ In general…assuming spinless particles
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❑ Partial wave projected amplitude

4

II. PARTIAL-WAVE PROJECTED AMPLITUDES

We consider the elastic scattering of three spinless particles, which we denote as ', with no

internal quantum numbers. We make a partial generalization to coupled spinless systems,

e.g., including flavor isospin, in Sec. II D. We kinematically describe the reaction as one

involving pairs, where two of the particles form a dimer of relative angular momentum

`, recoiling against spectators with some momentum. With this description, the relative

momentum between the pair constituents is removed, and the system is described by the

magnitudes 2 of the initial and final spectator momenta k and p, respectively, as well as the

three-body total center-of-momentum (CM) frame energy,
p

s. Note that k and p are also

defined in the three-body total CM frame. The e↵ective reaction is denoted

'k + ['k1'k2 ]` ! 'p + ['p1'p2 ]`0 . (1)

The momentum k serves to label the initial spectator while the pair ['k1'k2 ]` has additional

labels k1 and k2 to indicate the first and second particle of the pair, respectively. A similar

notation holds for the final state. We take the mass of the initial and final state particles to

be mk, mk1 , mk2 , and mp, mp1 , mp2 , respectively.

Our goal is to construct and study the amplitude for this reaction projected to definite

J
P , where J is the total angular momentum of the system and P is its parity. We work in

the spin-orbit basis of coupled angular momenta, thus for a given energy
p

s and spin-parity

J
P the amplitude is a matrix in the orbital angular momentum L between the spectator

and dimer pair and the intrinsic spin S of the pair. Since we restrict our attention to only

spinless particles, we have the trivial identity that S = ` and S
0 = `

0. We denote matrix

elements of this partial wave projected amplitude as M
JP

3;L0S0,LS(p, k), leaving the dependence

on s implicit throughout this work.

The partial wave projection of this amplitude and its integral equations [17, 20] have

been discussed in the simplest case J = S = S
0 = 0 [18, 29]. Here we show that in general,

the partial wave projected M
JP

3 can be decomposed into two terms [17, 20, 39],

M
JP

3 (p, k) = D
JP

(p, k) + M
JP

3,df(p, k) , (2)

2 The system also depends on the orientations of the initial and final spectator momenta. Since our discus-

sion is concentrated on partial wave amplitudes, we ignore this dependence as it is eventually removed.

7

waves, while the other two must be generated for each specific channel. The KG and C

functions have been tabulated for low-lying spins in Ref. [19].

Following the steps in Ref. [19], which are outlined in App. A, one can show that the

partial-wave projected D
JP

must satisfy the integral equation,

D
JP

(p, k) = D
JP

0 (p, k) � M2(�p) ·

Z

k0
G
JP

(p, k0) · D
JP

(k0
, k) , (6)

where we introduce the notation that the product A
JP

·B
JP

has the LS space matrix element

[AJP
· B

JP
]L0S0,LS ⌘

X

L00,S00

A
JP

L0S0,L00S00B
JP

L00S00,LS . (7)

In LS space, the matrix elment for the 2 ! 2 amplitude is [M2]L0S0,LS = �L0L�S0S M2,S.

The driving term D
JP

0 for the ladder equation is given by the OPE amplitude
h
D

JP

0 (p, k)
i

L0S0,LS
= �M2,S0(�p) G

JP

L0S0,LS(p, k) M2,S(�k) . (8)

Also, we have introduced the compact notation
Z

k

⌘

Z 1

0

dk
k
2

(2⇡)2 !k
, (9)

for the integral and measure, which will be used throughout this work.

Although the integral over k
0 runs to infinity, the H cut-o↵ function ensures that the

argument has only finite support. Given a target J
P and two-body scattering amplitudes,

Eq. (6) represents a set of coupled integral equations in the partial waves. In Sec. V we

show how these can be numerically solved along with examples from 3⇡ scattering. For

numerical applications, it is convenient to introduce an amputated ladder amplitude, d
JP

,

which removes the singularities associated with 2 ! 2 sub-processes in the initial and final

states. This is defined by

D
JP

(p, k) ⌘ M2(�p) · d
JP

(p, k) · M2(�k) . (10)

Using this definition and Eq. (6), it is straightforward to write an integral equation that d
JP

must satisfy, which we explicitly give in Sec. V.

B. Partial-wave projected for Mdf with asymmetric K3

Once D
JP

is known, we reconstruct M
JP

3,df via a second set of equations [17, 20]. One

aspect we have neglected thus far is the choice of spectators in the amplitudes of Eq. (2). In

❑ Two classes of K matrix are possible

1. Symmetric K matrix 

2. Asymmetric K matrix
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principle, the full scattering amplitude must include the sum over all spectator-pair combina-

tions. In the literature, e.g. Refs. [17, 20, 32, 39], one distinguishes a specific spectator-pair

amplitude as M
(u,u)
3 , where the superscript (u, u) references the “un-symmetrized” nature

of the initial and final states since a particle has been chosen to be the “spectators” in both

states. Equation (2) is technically that of the (u, u) amplitude projected to definite J
P . In

this work, we will not consider the symmeterization of partial wave projected amplitudes.

As a result, to improve readability, we will drop the superscript on the amplitudes.

For the intermediate amplitude M
(u,u)
3,df , one has a choice to construct it from a symmetric

K matrix K3, as originally presented in Ref. [17, 32], or that of an asymmetric K matrix

as presented in Refs. [20, 39]. In order to distinguish the intermediate amplitudes between

these two constructions, we will label the amplitude associated with the symmetric K matrix

as M
(u,u)
3,df , while the one coming from an asymmetric K matrix as cM(u,u)

3,df . It is important to

emphasize that these two intermediate amplitudes, M
(u,u)
3,df and cM(u,u)

3,df , are closely related.

Which is chosen in the analysis is a matter of choice, and after symmeterization they are

identical [20, 39]. In this section we consider the integral equations for the amplitudes with

asymmetric K matrix [20, 39], that is cM(u,u)
3,df .

As mentioned, we drop the (u, u) superscript since we only consider the partial wave

projection for a given spectator-pair amplitude. Therefore, we make the following replace-

ments: M
(u,u)
3,df ! M3,df and cM(u,u)

3,df ! cM3,df. Similarly, to distinguish the symmetric K3

from its asymmetric counterpart, we will label the latter as bK3. This notation will be used to

distinguish the various intermediate functions that will appear in defining cM3,df and closely

related observables.

Having discussed the notation that will be used, we can proceed to define cM3,df. Again,

we leave the definition of this in the helicity basis to App. A 2. Following the steps shown

in the appendix one arrives at

cMJP

3,df(p, k) =

Z

p0

Z

k0

bLJP
(p, p0) · bT JP

(p0, k0) · bRJP
(k0

, k) , (11)

which is a matrix in LS space where bRJP
and bLJP

are initial and final state rescattering

10

the particles, the second and third lines with two particles scattering through any number

of possible exchanges, see the discussion in Ref. [20].

Finally, the amplitude bT JP
contains all information on short-distance three-body inter-

actions. It is the solution of the integral equation

bT JP
(p, k) = bKJP

3 (p, k) �

Z

p0

Z

k0

bKJP

3 (p, p0) · bFJP
(p0, k0) · bT JP

(k0
, k) , (17)

where bKJP

3 is the previously discussed 3 ! 3 K matrix, 7 defined to be free of unitarity sin-

gularities in a region near the three-body threshold, and F
JP

characterizes all intermediate

state pair-wise rescatterings,

bFJP
(p, k) ⌘ e⇢(�p) bLJP

(p, k) +

Z

k0
G(p, k0) · bLJP

(k0
, k) . (18)

C. Partial wave projection for Mdf with symmetric K3

The general structure of M
JP

3,df with a symmetric K3 is similar to Eq. (11),

M
JP

3,df(p, k) =

Z

p0

Z

k0
L

JP
(p, p0) · T

JP
(p0, k0) · R

JP
(k0

, k), (19)

with the only di↵erence being in the definitions of the di↵erent building blocks. The L
JP

and R
JP

rescattering functions are given by,

[LJP
(p, k)]L0S0,LS =

✓
1

3
� M2,S0(�p) e⇢(�p)

◆
�L0L�S0S

(2⇡)2!k

k2
�(p � k) � D

JP

L0S0,LS(p, k) e⇢(�k) ,

(20)

[RJP
(p, k)]L0S0,LS =

✓
1

3
� e⇢(�k) M2,S0(�k)

◆
�L0L�S0S

(2⇡)2!p

p2
�(p � k) � e⇢(�p) D

JP

L0S0,LS(p, k) ,

(21)

and T
JP

satisfies the integral equation,

T
JP

(p, k) = K
JP

3 (p, k) �

Z

p0

Z

k0
K

JP

3 (p, p0) · e⇢(�0
p) L

JP
(p0, k0) · T

JP
(k0

, k) . (22)

7 This has been denoted as K
(u,u)
3,df in works such as Refs. [39] and [20], where ‘df’ stands for ‘divergence

free’. Here we drop this notation as the K matrix must be defined to be free of on-shell singularities in a

region near the three-body threshold.
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principle, the full scattering amplitude must include the sum over all spectator-pair combina-

tions. In the literature, e.g. Refs. [17, 20, 32, 39], one distinguishes a specific spectator-pair
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3 , where the superscript (u, u) references the “un-symmetrized” nature

of the initial and final states since a particle has been chosen to be the “spectators” in both

states. Equation (2) is technically that of the (u, u) amplitude projected to definite J
P . In

this work, we will not consider the symmeterization of partial wave projected amplitudes.

As a result, to improve readability, we will drop the superscript on the amplitudes.

For the intermediate amplitude M
(u,u)
3,df , one has a choice to construct it from a symmetric

K matrix K3, as originally presented in Ref. [17, 32], or that of an asymmetric K matrix

as presented in Refs. [20, 39]. In order to distinguish the intermediate amplitudes between

these two constructions, we will label the amplitude associated with the symmetric K matrix

as M
(u,u)
3,df , while the one coming from an asymmetric K matrix as cM(u,u)

3,df . It is important to

emphasize that these two intermediate amplitudes, M
(u,u)
3,df and cM(u,u)

3,df , are closely related.

Which is chosen in the analysis is a matter of choice, and after symmeterization they are

identical [20, 39]. In this section we consider the integral equations for the amplitudes with

asymmetric K matrix [20, 39], that is cM(u,u)
3,df .

As mentioned, we drop the (u, u) superscript since we only consider the partial wave

projection for a given spectator-pair amplitude. Therefore, we make the following replace-

ments: M
(u,u)
3,df ! M3,df and cM(u,u)

3,df ! cM3,df. Similarly, to distinguish the symmetric K3

from its asymmetric counterpart, we will label the latter as bK3. This notation will be used to

distinguish the various intermediate functions that will appear in defining cM3,df and closely

related observables.

Having discussed the notation that will be used, we can proceed to define cM3,df. Again,

we leave the definition of this in the helicity basis to App. A 2. Following the steps shown

in the appendix one arrives at

cMJP

3,df(p, k) =

Z

p0

Z

k0

bLJP
(p, p0) · bT JP

(p0, k0) · bRJP
(k0

, k) , (11)

which is a matrix in LS space where bRJP
and bLJP

are initial and final state rescattering

<latexit sha1_base64="iLkI3JDbpGq1ti/wBAQGX1ByL18="></latexit>h
bLJP

(p, k)
i

L0S0,LS
= [ 1�M2,S0(�p) e⇢(�p) ] �L0L�S0S

(2⇡)2!k

k2
�(p� k)�M2,S0(�p)GJP

L0S0,LS(p, k)
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functions,

h
bLJP

(p, k)
i

L0S0,LS
= [ 1 � M2,S0(�p) e⇢(�p) ] �L0L�S0S

(2⇡)2!k

k2
�(p � k)

� M2,S0(�p)G
JP

L0S0,LS(p, k) � D
JP

L0S0,LS(p, k) e⇢(�k)

�

X

L00,S00

Z

k0
D

JP

L0S0,L00S00(p, k0) G
JP

L00S00,LS(k0
, k) , (12)

h
bRJP

(p, k)
i

L0S0,LS
= [1 � e⇢(�k) M2,S0(�k)] �L0L�S0S

(2⇡)2!p

p2
�(p � k)

� G
JP

L0S0,LS(p, k)M2,S(�k) � e⇢(�p) D
JP

L0S0,LS(p, k)

�

X

L00,S00

Z

p0
G
JP

L0S0,L00S00(p, p0) D
JP

L00S00,LS(p0, k) . (13)

Here we have introduced e⇢ as 6

e⇢(�k) = �iH(�k) ⇢(�k) , (14)

where H again regulates the improper integral with the condition that it is unity for physical

�k, and ⇢(�k) is the two-body phase space factor defined as

⇢(�k) =
⇠q

?
k

8⇡
p

�k
, (15)

where ⇠ is a symmetry factor of the particles in the pair, for which ⇠ = 1/2 if the particles

are identical and ⇠ = 1 otherwise, and q
?
k is the relative momentum of the particles in the

pair in its CM frame. The relative momentum can be expressed in terms of the Källén

triangle function, �(a, b, c) = a
2 + b

2 + c
2
� 2(ab + ac + bc), as

q
?
k =

1

2
p

�k
�
1/2(�k, m

2
k1 , m

2
k2) . (16)

As a matrix in LS space, e⇢ is proportional to the identity, [e⇢(�k)]L0S0,LS = �L0L�S0S e⇢(�k).

Physically, the rescattering functions characterize all possible initial and final state in-

teractions of the three particles which do not involve three-body short-distance dynamics.

We identify the first line of Eq. (12) with either no rescatterings or the scattering of two of

6 This is the minimal definition of e⇢. In Appendix B, we discuss a more general definition of e⇢, introduced

in Ref. [88].
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the particles, the second and third lines with two particles scattering through any number

of possible exchanges, see the discussion in Ref. [20].

Finally, the amplitude bT JP
contains all information on short-distance three-body inter-

actions. It is the solution of the integral equation

bT JP
(p, k) = bKJP

3 (p, k) �

Z

p0

Z

k0

bKJP

3 (p, p0) · bFJP
(p0, k0) · bT JP

(k0
, k) , (17)

where bKJP

3 is the previously discussed 3 ! 3 K matrix, 7 defined to be free of unitarity sin-

gularities in a region near the three-body threshold, and F
JP

characterizes all intermediate

state pair-wise rescatterings,

bFJP
(p, k) ⌘ e⇢(�p) bLJP

(p, k) +

Z

k0
G(p, k0) · bLJP

(k0
, k) . (18)

C. Partial wave projection for Mdf with symmetric K3

The general structure of M
JP

3,df with a symmetric K3 is similar to Eq. (11),

M
JP

3,df(p, k) =

Z

p0

Z

k0
L

JP
(p, p0) · T

JP
(p0, k0) · R

JP
(k0

, k), (19)

with the only di↵erence being in the definitions of the di↵erent building blocks. The L
JP

and R
JP

rescattering functions are given by,

[LJP
(p, k)]L0S0,LS =

✓
1

3
� M2,S0(�p) e⇢(�p)

◆
�L0L�S0S

(2⇡)2!k

k2
�(p � k) � D

JP

L0S0,LS(p, k) e⇢(�k) ,

(20)

[RJP
(p, k)]L0S0,LS =

✓
1

3
� e⇢(�k) M2,S0(�k)

◆
�L0L�S0S

(2⇡)2!p

p2
�(p � k) � e⇢(�p) D

JP

L0S0,LS(p, k) ,

(21)

and T
JP

satisfies the integral equation,

T
JP

(p, k) = K
JP

3 (p, k) �

Z

p0

Z

k0
K

JP

3 (p, p0) · e⇢(�0
p) L

JP
(p0, k0) · T

JP
(k0

, k) . (22)

7 This has been denoted as K
(u,u)
3,df in works such as Refs. [39] and [20], where ‘df’ stands for ‘divergence

free’. Here we drop this notation as the K matrix must be defined to be free of on-shell singularities in a

region near the three-body threshold.
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Separable K matrix
❑ We consider a parametrization for which the kinematic dependence factorizes: 

15

for some n and real parameters ↵LS. Finally, the reduced K matrix eK3 is a function of s

only, thus we can write it as, e.g.,

eKJP

3;L0S0,LS(s) =
n0X

j=0

�
JP (j)
L0S0,LS

s
(j)
0 � s

+
n00X

j=0

�
JP (j)
L0S0,LS s

j
, (36)

for real parameters �
JP

L0S0,LS and �
JP

L0S0,LS for some n
0 and n

00. For convenience, we write the

matrix elements of Eq. (34) as

h
bKJP

3 (p, k)
i

L0S0,LS
= [h(p)]L0S0

h
eKJP

3 (s)
i

L0S0,LS
[h(k)]LS , (37)

where the h functions contain both the barrier factors and any residual spectator momentum

dependence.

This class of separable parameterizations can be generalized to include a sum over any

number of terms of the form of Eq. (37), called degenerate from Fredholm theory,

h
bKJP

3 (p, k)
i

L0S0,LS
=

X

j

[h(p)]L0S0;j

h
eKJP

3 (s)
i

L0S0,LS;j
[h(k)]LS;j . (38)

This additional index can be absorbed by enlarging the space in which h and eK3 can be

considered matrices.

B. Algebraic solution for separable bT for asymmetric representation

The separable K matrix allows us to solve the integral equation for bT JP
analytically, as

it factorizes the momentum dependence such that bT JP
becomes separable,

h
bT JP

(p, k)
i

L0S0,LS
= [h(p)]L0S0

h
eT JP

(s)
i

L0S0,LS
[h(k)]LS , (39)

which leads to a system of algebraic equations. The solution of Eq. (17) is then

eT JP
(s) =

1

1 + eKJP

3 (s) · eFJP (s)
· eKJP

3 (s) , (40)
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basis. Isospin and multi-channel processes can be incorporated using the steps presented in

Sec. II D.

We define the resulting two-body scattering amplitude as M
JP

'b , where b denotes a bound

two-body system and ' is the remaining third scalar particle. Since we work with generic

scalar particles, each pair combination in principle has a distinct bound state. Thus, the

reaction becomes bk +'k ! bp +'p. The amplitude can be written as the sum of two terms,

M
JP

'b = M
JP

'b,D + M
JP

'b,df , (55)

where the first comes from following the LSZ prescription to D
JP

and the second comes from

M
JP

3,df. We begin by defining the first of these. We make use of Eq. (10), which we rewrite

here for convenience

D
JP

(p, k) = M2(�p) · d
JP

(p, k) · M2(�k). (56)

In the presence of two-body bound states, M2 has poles of the form

M2(�k) = �
g
2
k,b

�k � �k,b
+ O

�
(�k � �k,b)

0
�

(57)

where gk,b denotes the residue of the scattering amplitude at the bound state pole and �k,b is

the pole location. The label k emphasizes that the bound state is one of the pair associated

with spectator k. The bound state mass is then
p

�k,b, and gk,b can be understood as the

coupling between the composite and two-particle scattering states. From Eq. (56), we see

that D
JP

has these same poles. Assuming there is only one such bound state in each pair,

we see that

D
JP

(p, k) =

✓
�

gp,b

�p � �p,b

◆
gp,bgk,b d

JP
(qp,b, qk,b)

✓
�

gk,b

�k � �k,b

◆
+ · · · , (58)

where the ellipses denote terms which are not simultaneous poles in both �p and �k. We

have introduced qk,b as the relative momentum of the bound state and the spectator, given

by

qk,b =
1

2
p

s
�
1/2(s, m2

k, �k,b) . (59)

Having identified the pole structure of D
JP

, we can use the LSZ reduction formula to

obtain the definition for M
JP

'b,D,

M
JP

'b,D = lim
�p!�p,b
�k!�k,b

(�p � �p,b)(�k � �k,b)

gp,bgk,b
D

JP
(p, k), (60)
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where we will vary c�, c↵ and s0.
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�⇢, but below the 3⇡ threshold, s3⇡ = (3m⇡)2. In this region, S matrix

unitarity ensures that
⇣

M
T (JP )
'b

⌘�1
�

�↵

= ���↵
q↵

8⇡
p

s
. (88)

Although this is not shown explicitly, we observe all numerical results satisfy this at sub-

percent levels with our solution parameters.

1. T (JP ) = 2(1+) channel with stable ⇢

As our first example, we compute the T = 2 channel with J
P = 1+. This system can

include with I = 1 or 2 ⇡⇡ processes. If we consider partial waves restricted by S  1 and

L  2, the possible values that LSI can take include S11, D11, and P02, where we have

used spectroscopic notation for L. If we instead use the more standard 2S+1
LJ notation

for these states, the possible channels are 3
S1, 3

D1, and 1
P1, respectively. In this notation,

although the isospin of the two-body system is not specified explicitly, it can be readily

worked out. The matrix elements of d
2(1+) are then denoted d(2S
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LJ) ⌘ d

2(1+)
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V. NUMERICAL INVESTIGATION FOR THREE-PION SYSTEMS

In this section, we explore the consequence of this formalism for studying arbitrary [⇡⇡]I`+

⇡ ! [⇡⇡]I
0

`0 + ⇡ reactions. In particular, we consider a scenario at unphysical pion masses

such that the � and ⇢ resonances are bound states [66, 74, 91, 92]. We focus on energies
p

s < 3m⇡, and use the framework discussed in Sec. IV to construct e↵ective �⇡ and ⇢⇡

scattering amplitudes for some definite isospin and spin-parity T (JP ). While both the

asymmetric and symmetric representations yield the same physical amplitude, we focus the

presentation on the asymmetric K matrix formalism primarily due to the relative ease at

which one can parameterize bK3 compared with the symmetric case. Indeed, adopting this

approach follows that in two-body analyses, where one is agnostic to the parameterization

of the two-body matrix, only requiring it to respect the S matrix principles and choosing

forms that are flexible for analyses.

After providing a prescription for solving the key set of integral equations appearing in

Secs. II and III, we present results for the asymmetric formalism for models including the

lowest-lying partial waves for T = 2, 1, 0 three pion systems. It is worth remarking that we

have considered many models for both the symmetric and asymmetric formalisms, and for

all examples considered we observed that unitary is well satisfied for kinematics below the

three-body threshold.

A. Review of numerical technique for coupled-channel systems

We set to compute M
T (JP )
�⇡ and M

T (JP )
⇢⇡ using the results of Sec. IV. Our starting point

is the extension of Eq. (68), which describes the desired amplitudes assuming factorizable

parameterizations, to relations involving isospin,

h
M

T (JP )
'b

i

�↵
= lim

�p!��
�k!�↵

(�p � ��)(�k � �↵)

g�g↵

h
M

T (JP )
3 (p, k)

i

�↵
,

= g�g↵

h
d
T (JP )(q�, q↵)

i

�↵
+

h
eLT (JP )
'b (q�, s) · eT (s) · eRT (JP )

'b (s, q↵)
i

�↵
, (74)

where ↵, � = LSI and eLT (JP )
'b , and eRT (JP )

'b are simple extensions of eLJP

'b and eRJP

'b , defined

in Eqs. (63) and (64), in the LSI-basis. Since all particles are identical, we need not to
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where we will vary c�, c↵ and s0.

For simplicity, we only considers kinematics above the ⇢⇡ threshold, s⇢⇡ = (m⇢ + m⇡)2

where m⇢ =
p

�⇢, but below the 3⇡ threshold, s3⇡ = (3m⇡)2. In this region, S matrix

unitarity ensures that
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Although this is not shown explicitly, we observe all numerical results satisfy this at sub-

percent levels with our solution parameters.

1. T (JP ) = 2(1+) channel with stable ⇢

As our first example, we compute the T = 2 channel with J
P = 1+. This system can

include with I = 1 or 2 ⇡⇡ processes. If we consider partial waves restricted by S  1 and

L  2, the possible values that LSI can take include S11, D11, and P02, where we have

used spectroscopic notation for L. If we instead use the more standard 2S+1
LJ notation

for these states, the possible channels are 3
S1, 3

D1, and 1
P1, respectively. In this notation,

although the isospin of the two-body system is not specified explicitly, it can be readily

worked out. The matrix elements of d
2(1+) are then denoted d(2S

0+1
L
0
J |

2S+1
LJ) ⌘ d

2(1+)
L0S0I0,LSI .

First, we consider the dependence of the results on the values of a0,2. If a0,2 6= 0 and we

fix L  2, we have three open channels. To be more explicit, let us label the I = 2 channel

as t⇡, where t refers to the isotensor ⇡⇡ state. This will not be assumed to be stable. If we

then fix the external momenta, we can write the symmetric d
2(1+) matrix as,

d
2(1+) =

0
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where we are only showing the upper triangle of the symmetric matrix. Each element of this

matrix is labeled by the particle content of the in/out state as well as the 2S+1
LJ quantum

numbers.

We obtain d⇢⇡,⇢⇡(
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⇡ ! [⇡⇡]I
0

`0 + ⇡ reactions. In particular, we consider a scenario at unphysical pion masses
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p

s < 3m⇡, and use the framework discussed in Sec. IV to construct e↵ective �⇡ and ⇢⇡

scattering amplitudes for some definite isospin and spin-parity T (JP ). While both the

asymmetric and symmetric representations yield the same physical amplitude, we focus the

presentation on the asymmetric K matrix formalism primarily due to the relative ease at

which one can parameterize bK3 compared with the symmetric case. Indeed, adopting this

approach follows that in two-body analyses, where one is agnostic to the parameterization

of the two-body matrix, only requiring it to respect the S matrix principles and choosing

forms that are flexible for analyses.

After providing a prescription for solving the key set of integral equations appearing in

Secs. II and III, we present results for the asymmetric formalism for models including the

lowest-lying partial waves for T = 2, 1, 0 three pion systems. It is worth remarking that we

have considered many models for both the symmetric and asymmetric formalisms, and for

all examples considered we observed that unitary is well satisfied for kinematics below the

three-body threshold.

A. Review of numerical technique for coupled-channel systems

We set to compute M
T (JP )
�⇡ and M

T (JP )
⇢⇡ using the results of Sec. IV. Our starting point

is the extension of Eq. (68), which describes the desired amplitudes assuming factorizable

parameterizations, to relations involving isospin,
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In this section, we explore the consequence of this formalism for studying arbitrary [⇡⇡]I`+

⇡ ! [⇡⇡]I
0

`0 + ⇡ reactions. In particular, we consider a scenario at unphysical pion masses

such that the � and ⇢ resonances are bound states [66, 74, 91, 92]. We focus on energies
p

s < 3m⇡, and use the framework discussed in Sec. IV to construct e↵ective �⇡ and ⇢⇡

scattering amplitudes for some definite isospin and spin-parity T (JP ). While both the

asymmetric and symmetric representations yield the same physical amplitude, we focus the

presentation on the asymmetric K matrix formalism primarily due to the relative ease at

which one can parameterize bK3 compared with the symmetric case. Indeed, adopting this

approach follows that in two-body analyses, where one is agnostic to the parameterization

of the two-body matrix, only requiring it to respect the S matrix principles and choosing

forms that are flexible for analyses.

After providing a prescription for solving the key set of integral equations appearing in

Secs. II and III, we present results for the asymmetric formalism for models including the

lowest-lying partial waves for T = 2, 1, 0 three pion systems. It is worth remarking that we

have considered many models for both the symmetric and asymmetric formalisms, and for

all examples considered we observed that unitary is well satisfied for kinematics below the

three-body threshold.

A. Review of numerical technique for coupled-channel systems

We set to compute M
T (JP )
�⇡ and M

T (JP )
⇢⇡ using the results of Sec. IV. Our starting point

is the extension of Eq. (68), which describes the desired amplitudes assuming factorizable

parameterizations, to relations involving isospin,
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where ↵, � = LSI and eLT (JP )
'b , and eRT (JP )

'b are simple extensions of eLJP

'b and eRJP

'b , defined

in Eqs. (63) and (64), in the LSI-basis. Since all particles are identical, we need not to
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where we will vary c�, c↵ and s0.

For simplicity, we only considers kinematics above the ⇢⇡ threshold, s⇢⇡ = (m⇢ + m⇡)2

where m⇢ =
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Although this is not shown explicitly, we observe all numerical results satisfy this at sub-

percent levels with our solution parameters.

1. T (JP ) = 2(1+) channel with stable ⇢

As our first example, we compute the T = 2 channel with J
P = 1+. This system can

include with I = 1 or 2 ⇡⇡ processes. If we consider partial waves restricted by S  1 and

L  2, the possible values that LSI can take include S11, D11, and P02, where we have

used spectroscopic notation for L. If we instead use the more standard 2S+1
LJ notation

for these states, the possible channels are 3
S1, 3

D1, and 1
P1, respectively. In this notation,

although the isospin of the two-body system is not specified explicitly, it can be readily

worked out. The matrix elements of d
2(1+) are then denoted d(2S
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where we are only showing the upper triangle of the symmetric matrix. Each element of this

matrix is labeled by the particle content of the in/out state as well as the 2S+1
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In this section, we explore the consequence of this formalism for studying arbitrary [⇡⇡]I`+

⇡ ! [⇡⇡]I
0

`0 + ⇡ reactions. In particular, we consider a scenario at unphysical pion masses

such that the � and ⇢ resonances are bound states [66, 74, 91, 92]. We focus on energies
p

s < 3m⇡, and use the framework discussed in Sec. IV to construct e↵ective �⇡ and ⇢⇡

scattering amplitudes for some definite isospin and spin-parity T (JP ). While both the

asymmetric and symmetric representations yield the same physical amplitude, we focus the

presentation on the asymmetric K matrix formalism primarily due to the relative ease at

which one can parameterize bK3 compared with the symmetric case. Indeed, adopting this

approach follows that in two-body analyses, where one is agnostic to the parameterization

of the two-body matrix, only requiring it to respect the S matrix principles and choosing

forms that are flexible for analyses.

After providing a prescription for solving the key set of integral equations appearing in

Secs. II and III, we present results for the asymmetric formalism for models including the

lowest-lying partial waves for T = 2, 1, 0 three pion systems. It is worth remarking that we

have considered many models for both the symmetric and asymmetric formalisms, and for

all examples considered we observed that unitary is well satisfied for kinematics below the

three-body threshold.

A. Review of numerical technique for coupled-channel systems

We set to compute M
T (JP )
�⇡ and M

T (JP )
⇢⇡ using the results of Sec. IV. Our starting point

is the extension of Eq. (68), which describes the desired amplitudes assuming factorizable

parameterizations, to relations involving isospin,
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where ↵, � = LSI and eLT (JP )
'b , and eRT (JP )

'b are simple extensions of eLJP

'b and eRJP

'b , defined

in Eqs. (63) and (64), in the LSI-basis. Since all particles are identical, we need not to
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As our first example, we compute the T = 2 channel with J
P = 1+. This system can

include with I = 1 or 2 ⇡⇡ processes. If we consider partial waves restricted by S  1 and

L  2, the possible values that LSI can take include S11, D11, and P02, where we have
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for these states, the possible channels are 3
S1, 3

D1, and 1
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fix L  2, we have three open channels. To be more explicit, let us label the I = 2 channel

as t⇡, where t refers to the isotensor ⇡⇡ state. This will not be assumed to be stable. If we

then fix the external momenta, we can write the symmetric d
2(1+) matrix as,
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where we are only showing the upper triangle of the symmetric matrix. Each element of this

matrix is labeled by the particle content of the in/out state as well as the 2S+1
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numbers.
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TABLE I. Contributions of ([⇡⇡]I`⇡)L partial waves to ⇡⇡⇡ in total isospin I3⇡ and for total angular

momentum J  1. Lowest angular momenta are considered, where the two pion pairs are in `  P

wave, and the orbital angular momentum between the pair and the spectators is L  D wave.

IG
3⇡ JPC ([⇡⇡]I`⇡)L

3�

0�+ ([⇡⇡]2S⇡)S

1�+ none

1++ ([⇡⇡]2S⇡)P

2�

0�� ([⇡⇡]2S⇡)S , ([⇡⇡]1P ⇡)P

1�� ([⇡⇡]1P ⇡)P

1+� ([⇡⇡]2S⇡)P , ([⇡⇡]1P ⇡)S , ([⇡⇡]1P ⇡)D

1�

0�+ ([⇡⇡]0,2
S ⇡)S , ([⇡⇡]1P ⇡)P

1�+ ([⇡⇡]1P ⇡)P

1++ ([⇡⇡]0,2
S ⇡)P , ([⇡⇡]1P ⇡)S , ([⇡⇡]1P ⇡)D

0�

0�� ([⇡⇡]1P ⇡)P

1�� ([⇡⇡]1P ⇡)P

1+� ([⇡⇡]1P ⇡)S , ([⇡⇡]1P ⇡)D

allowed partial wave contributions for the three-pion system. Two pions are in either I = 0,

1, or 2 states with positive G parity. Bose symmetry restricts even partial waves, e.g. S and

D waves, to be in either an I = 0 or 2 state, whereas odd waves, e.g. P waves, can only be

in the I = 1 state. For three pions systems, which have negative G parity, the allowed total

isospin representations are I3⇡ = 0, 1, 2, 3. There are multiple contributing three-pion partial

waves per target JP , we summarize the lowest allowed three-pion waves in Tab. I for each

total isospin I3⇡, total angular momentum J  1, and up through two-pions in relative P

wave. We label a three-pion partial wave with ([⇡⇡]I`⇡)L, where the two-pion system is in a

relative ` wave and isospin I, and the pair-spectator pion is in an orbital angular momentum

L, e.g. ([⇡⇡]1P⇡)S describes a three pion system where two of the pions are in an isovector

P wave and the recoiling pion is in a relative S wave with the pair.

Our results in Sec. V can be applied immediately to these partial waves, with the exception

of the inclusion of appropriate isospin recoupling coe�cients. These can be included in a
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where we will vary c�, c↵ and s0.

For simplicity, we only considers kinematics above the ⇢⇡ threshold, s⇢⇡ = (m⇢ + m⇡)2

where m⇢ =
p

�⇢, but below the 3⇡ threshold, s3⇡ = (3m⇡)2. In this region, S matrix

unitarity ensures that
⇣

M
T (JP )
'b

⌘�1
�

�↵

= ���↵
q↵

8⇡
p

s
. (88)

Although this is not shown explicitly, we observe all numerical results satisfy this at sub-

percent levels with our solution parameters.

1. T (JP ) = 2(1+) channel with stable ⇢

As our first example, we compute the T = 2 channel with J
P = 1+. This system can

include with I = 1 or 2 ⇡⇡ processes. If we consider partial waves restricted by S  1 and

L  2, the possible values that LSI can take include S11, D11, and P02, where we have

used spectroscopic notation for L. If we instead use the more standard 2S+1
LJ notation

for these states, the possible channels are 3
S1, 3

D1, and 1
P1, respectively. In this notation,

although the isospin of the two-body system is not specified explicitly, it can be readily

worked out. The matrix elements of d
2(1+) are then denoted d(2S

0+1
L
0
J |

2S+1
LJ) ⌘ d

2(1+)
L0S0I0,LSI .

First, we consider the dependence of the results on the values of a0,2. If a0,2 6= 0 and we

fix L  2, we have three open channels. To be more explicit, let us label the I = 2 channel

as t⇡, where t refers to the isotensor ⇡⇡ state. This will not be assumed to be stable. If we

then fix the external momenta, we can write the symmetric d
2(1+) matrix as,

d
2(1+) =

0

BBB@

d⇢⇡,⇢⇡(
3
S1|

3
S1) d⇢⇡,⇢⇡(

3
S1|

3
D1) d⇢⇡,t⇡(

3
S1|

1
P1)

d⇢⇡,⇢⇡(
3
D1|

3
D1) d⇢⇡,t⇡(

3
D1|

1
P1)

dt⇡,t⇡(
1
P1|

1
P1)

1

CCCA
, (89)

where we are only showing the upper triangle of the symmetric matrix. Each element of this

matrix is labeled by the particle content of the in/out state as well as the 2S+1
LJ quantum

numbers.

We obtain d⇢⇡,⇢⇡(
3
S1|

3
S1), d⇢⇡,⇢⇡(

3
S1|

3
D1), d⇢⇡,⇢⇡(

3
D1|

3
D1) elements in two di↵erent ways.

The first is by solving the coupled set of integral equations that the three-channel system

28

where we will vary c�, c↵ and s0.

For simplicity, we only considers kinematics above the ⇢⇡ threshold, s⇢⇡ = (m⇢ + m⇡)2

where m⇢ =
p

�⇢, but below the 3⇡ threshold, s3⇡ = (3m⇡)2. In this region, S matrix

unitarity ensures that
⇣

M
T (JP )
'b

⌘�1
�

�↵

= ���↵
q↵

8⇡
p

s
. (88)

Although this is not shown explicitly, we observe all numerical results satisfy this at sub-

percent levels with our solution parameters.

1. T (JP ) = 2(1+) channel with stable ⇢

As our first example, we compute the T = 2 channel with J
P = 1+. This system can

include with I = 1 or 2 ⇡⇡ processes. If we consider partial waves restricted by S  1 and

L  2, the possible values that LSI can take include S11, D11, and P02, where we have

used spectroscopic notation for L. If we instead use the more standard 2S+1
LJ notation

for these states, the possible channels are 3
S1, 3

D1, and 1
P1, respectively. In this notation,

although the isospin of the two-body system is not specified explicitly, it can be readily

worked out. The matrix elements of d
2(1+) are then denoted d(2S

0+1
L
0
J |

2S+1
LJ) ⌘ d

2(1+)
L0S0I0,LSI .

First, we consider the dependence of the results on the values of a0,2. If a0,2 6= 0 and we

fix L  2, we have three open channels. To be more explicit, let us label the I = 2 channel

as t⇡, where t refers to the isotensor ⇡⇡ state. This will not be assumed to be stable. If we

then fix the external momenta, we can write the symmetric d
2(1+) matrix as,

d
2(1+) =

0

BBB@

d⇢⇡,⇢⇡(
3
S1|

3
S1) d⇢⇡,⇢⇡(

3
S1|

3
D1) d⇢⇡,t⇡(

3
S1|

1
P1)

d⇢⇡,⇢⇡(
3
D1|

3
D1) d⇢⇡,t⇡(

3
D1|

1
P1)

dt⇡,t⇡(
1
P1|

1
P1)

1

CCCA
, (89)

where we are only showing the upper triangle of the symmetric matrix. Each element of this

matrix is labeled by the particle content of the in/out state as well as the 2S+1
LJ quantum

numbers.

We obtain d⇢⇡,⇢⇡(
3
S1|

3
S1), d⇢⇡,⇢⇡(

3
S1|

3
D1), d⇢⇡,⇢⇡(

3
D1|

3
D1) elements in two di↵erent ways.

The first is by solving the coupled set of integral equations that the three-channel system

22

V. NUMERICAL INVESTIGATION FOR THREE-PION SYSTEMS

In this section, we explore the consequence of this formalism for studying arbitrary [⇡⇡]I`+

⇡ ! [⇡⇡]I
0

`0 + ⇡ reactions. In particular, we consider a scenario at unphysical pion masses

such that the � and ⇢ resonances are bound states [66, 74, 91, 92]. We focus on energies
p

s < 3m⇡, and use the framework discussed in Sec. IV to construct e↵ective �⇡ and ⇢⇡

scattering amplitudes for some definite isospin and spin-parity T (JP ). While both the

asymmetric and symmetric representations yield the same physical amplitude, we focus the

presentation on the asymmetric K matrix formalism primarily due to the relative ease at

which one can parameterize bK3 compared with the symmetric case. Indeed, adopting this

approach follows that in two-body analyses, where one is agnostic to the parameterization

of the two-body matrix, only requiring it to respect the S matrix principles and choosing

forms that are flexible for analyses.

After providing a prescription for solving the key set of integral equations appearing in

Secs. II and III, we present results for the asymmetric formalism for models including the

lowest-lying partial waves for T = 2, 1, 0 three pion systems. It is worth remarking that we

have considered many models for both the symmetric and asymmetric formalisms, and for

all examples considered we observed that unitary is well satisfied for kinematics below the

three-body threshold.

A. Review of numerical technique for coupled-channel systems

We set to compute M
T (JP )
�⇡ and M

T (JP )
⇢⇡ using the results of Sec. IV. Our starting point

is the extension of Eq. (68), which describes the desired amplitudes assuming factorizable

parameterizations, to relations involving isospin,

h
M

T (JP )
'b

i

�↵
= lim

�p!��
�k!�↵

(�p � ��)(�k � �↵)

g�g↵

h
M

T (JP )
3 (p, k)

i

�↵
,

= g�g↵

h
d
T (JP )(q�, q↵)

i

�↵
+

h
eLT (JP )
'b (q�, s) · eT (s) · eRT (JP )

'b (s, q↵)
i

�↵
, (74)

where ↵, � = LSI and eLT (JP )
'b , and eRT (JP )

'b are simple extensions of eLJP

'b and eRJP

'b , defined

in Eqs. (63) and (64), in the LSI-basis. Since all particles are identical, we need not to
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Although this is not shown explicitly, we observe all numerical results satisfy this at sub-

percent levels with our solution parameters.

1. T (JP ) = 2(1+) channel with stable ⇢

As our first example, we compute the T = 2 channel with J
P = 1+. This system can

include with I = 1 or 2 ⇡⇡ processes. If we consider partial waves restricted by S  1 and

L  2, the possible values that LSI can take include S11, D11, and P02, where we have

used spectroscopic notation for L. If we instead use the more standard 2S+1
LJ notation

for these states, the possible channels are 3
S1, 3

D1, and 1
P1, respectively. In this notation,

although the isospin of the two-body system is not specified explicitly, it can be readily

worked out. The matrix elements of d
2(1+) are then denoted d(2S
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2(1+)
L0S0I0,LSI .

First, we consider the dependence of the results on the values of a0,2. If a0,2 6= 0 and we

fix L  2, we have three open channels. To be more explicit, let us label the I = 2 channel

as t⇡, where t refers to the isotensor ⇡⇡ state. This will not be assumed to be stable. If we

then fix the external momenta, we can write the symmetric d
2(1+) matrix as,

d
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where we are only showing the upper triangle of the symmetric matrix. Each element of this

matrix is labeled by the particle content of the in/out state as well as the 2S+1
LJ quantum

numbers.

We obtain d⇢⇡,⇢⇡(
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TABLE I. Contributions of ([⇡⇡]I`⇡)L partial waves to ⇡⇡⇡ in total isospin I3⇡ and for total angular

momentum J  1. Lowest angular momenta are considered, where the two pion pairs are in `  P

wave, and the orbital angular momentum between the pair and the spectators is L  D wave.

IG
3⇡ JPC ([⇡⇡]I`⇡)L

3�

0�+ ([⇡⇡]2S⇡)S

1�+ none

1++ ([⇡⇡]2S⇡)P

2�

0�� ([⇡⇡]2S⇡)S , ([⇡⇡]1P ⇡)P

1�� ([⇡⇡]1P ⇡)P

1+� ([⇡⇡]2S⇡)P , ([⇡⇡]1P ⇡)S , ([⇡⇡]1P ⇡)D

1�

0�+ ([⇡⇡]0,2
S ⇡)S , ([⇡⇡]1P ⇡)P

1�+ ([⇡⇡]1P ⇡)P

1++ ([⇡⇡]0,2
S ⇡)P , ([⇡⇡]1P ⇡)S , ([⇡⇡]1P ⇡)D

0�

0�� ([⇡⇡]1P ⇡)P

1�� ([⇡⇡]1P ⇡)P

1+� ([⇡⇡]1P ⇡)S , ([⇡⇡]1P ⇡)D

allowed partial wave contributions for the three-pion system. Two pions are in either I = 0,

1, or 2 states with positive G parity. Bose symmetry restricts even partial waves, e.g. S and

D waves, to be in either an I = 0 or 2 state, whereas odd waves, e.g. P waves, can only be

in the I = 1 state. For three pions systems, which have negative G parity, the allowed total

isospin representations are I3⇡ = 0, 1, 2, 3. There are multiple contributing three-pion partial

waves per target JP , we summarize the lowest allowed three-pion waves in Tab. I for each

total isospin I3⇡, total angular momentum J  1, and up through two-pions in relative P

wave. We label a three-pion partial wave with ([⇡⇡]I`⇡)L, where the two-pion system is in a

relative ` wave and isospin I, and the pair-spectator pion is in an orbital angular momentum

L, e.g. ([⇡⇡]1P⇡)S describes a three pion system where two of the pions are in an isovector

P wave and the recoiling pion is in a relative S wave with the pair.

Our results in Sec. V can be applied immediately to these partial waves, with the exception

of the inclusion of appropriate isospin recoupling coe�cients. These can be included in a

Can couple to the rho

= 1, 2

𝐿 = 0,1,  2𝐿′ 
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⇢⇡ using the results of Sec. IV. Our starting point

is the extension of Eq. (68), which describes the desired amplitudes assuming factorizable

parameterizations, to relations involving isospin,

h
M

T (JP )
'b

i

�↵
= lim

�p!��
�k!�↵

(�p � ��)(�k � �↵)

g�g↵

h
M

T (JP )
3 (p, k)

i

�↵
,

= g�g↵

h
d
T (JP )(q�, q↵)

i

�↵
+

h
eLT (JP )
'b (q�, s) · eT (s) · eRT (JP )

'b (s, q↵)
i

�↵
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where ↵, � = LSI and eLT (JP )
'b , and eRT (JP )

'b are simple extensions of eLJP

'b and eRJP

'b , defined

in Eqs. (63) and (64), in the LSI-basis. Since all particles are identical, we need not to

𝑆  = 0,1



Bound state model
❑ Can get a two-body bound state for S- and P-waves by parametrizing           via the phase 

shift:

❑ For a S-wave 2 body amplitude, we can use a LO ERE:

 For a P-wave bound state, LO ERE leads to unphysical poles
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Similarly, [G]mn = G
T (JP )
�↵ (ki, kj), and [Q̄]mn = Q

T (JP )
�↵ (ki, kj) for the same m, n mapping.

Given a well-defined contour and quadrature rule, one can compute the solution d from

Eq. (79) for moderate values of Nk. We have checked a range of Nk between 30–500 and found

convergence to our desired precision for most systems at Nk ⇡ 150. To obtain d
T (JP )
�↵ (p, k)

for values of p and k not in the momentum partition, as is needed when p ! q� and k ! q↵

in Eqs. (65), (66), and (74), we use Eq. (77) as an interpolation formula.

Once a solution for d
T (JP ) is obtained, we can compute all the contributions feed into the

expression for M
T (JP )
'b . In the next section, we summarize the parameterizations we use for

the two-body sub-processes.

B. Parameterizations considered

Here we consider a simple class of parameterizations that can generate a two-body bound

state for S = 0 and 1. We parameterize the amplitude via the phase shift �S,I ,

M2,IS(�k) =
16⇡

p
�k

q
?
k cot �S,I � iq

?
k

, (81)

where the symmetry factor of Eq. (15) is 1/2 since the pions are treated as identical isovector

states. As exploited extensively in previous work [18, 88, 94], an S-wave leading order

e↵ective range expansion (ERE) can be used to generate two-body bound states. As a

result, we only consider parameterizations for the S = 0 two-body amplitude defined by

q
?
k cot �0,I = �

1

a0,I
, (82)

where a0,I is the scattering length in the I = 0 or 2 channel. For a0,I > 0, the resulting

two-body amplitudes would have a two-body bound state with real value residues.

For a P-wave bound state, the use of a leading order ERE leads to unphysical residue for

bound states in the amplitude. Partial wave projected amplitudes near threshold must be

kinematically suppressed by barrier factors,

M2,IS(�k) / q
? 2S
k . (83)

Near the pole, the amplitude is proportional to g
2
↵, g↵ being the bound state coupling of the

S = 1, I = 1 channel, cf. Eq. (57). In order for these two conditions to be simultaneously

<latexit sha1_base64="av4bDnS7h3pM3fCoS+W95h5nXVc=">AAACGXicbVBNS8NAEN34WetX1aOXxSKoYE2KVC9C0YvHCtYKTQ2b7aZdspvE3YlQQv6GF/+KFw+KeNST/8Zt7UGrDwYe780wM89PBNdg25/W1PTM7Nx8YaG4uLS8slpaW7/Scaooa9JYxOraJ5oJHrEmcBDsOlGMSF+wlh+eDf3WHVOax9ElDBLWkaQX8YBTAkbySrYrWAA7tzfZXu5lYY5PsKtvFWSu5j1JvPDgEO9jeVPNXcV7fdj1SmW7Yo+A/xJnTMpojIZXene7MU0li4AKonXbsRPoZEQBp4LlRTfVLCE0JD3WNjQikulONvosx9tG6eIgVqYiwCP150RGpNYD6ZtOSaCvJ72h+J/XTiE47mQ8SlJgEf1eFKQCQ4yHMeEuV4yCGBhCqOLmVkz7RBEKJsyiCcGZfPkvuapWnFqldnFYrp+O4yigTbSFdpCDjlAdnaMGaiKK7tEjekYv1oP1ZL1ab9+tU9Z4ZgP9gvXxBRdyn7o=</latexit>⇣
q⇤k =

p
�k/4�m2

⌘
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satisfied, the couplings must be imaginary,

g
2
↵ / q

? 2S
↵ = (i↵)2S, (84)

where ↵ is the binding momentum, i.e., Eq. (16) evaluated at �k = �↵. A simple exercise

shows that this condition would not be respected by a P-wave bound state generated from

a leading order ERE parametrization.

Instead, for the isovector P-wave systems, we consider a Breit-Wigner (BW) parameter-

ization

q
?
k cot �1,1 =

(m2
BW � �k)

p
�k �BW

1 (�k)
, �BW

1 (�k) =
g
2
BW

6⇡�k
q
?2
k . (85)

For carefully chosen values of mBW and gBW, one can ensure that Eq. (84) is satisfied for

a P-wave bound state. It is worth noting that a BW near threshold is equivalent to a

next-to-leading order ERE, that is the latter would also have been a reasonable choice.

C. Numerical results

Building on the previous two sections, we consider a class of toy models for 3⇡ systems

where the ⇢ and � are both stable. That is, we compute M
T (JP )
'b from Eq. (74) for both

⇢⇡ and �⇡ systems. As previously mentioned, this is a reasonable jumping-o↵ point for

analyses of lattice QCD results at unphysically heavy quark masses, where the ⇢ and � are

bound. Moreover, the techonology for computing d
T (JP ) is identical for investigating systems

at physical pion masses.

We use the BW parametrization for the I = 1 ⇡⇡ amplitude, Eq. (85), and fixing the

parameters to mBW = 1.8 m⇡ and gBW = 5.8. This results in a bound state pole of �⇢ ⇡

3.13 m
2
⇡ with a binding momentum ⇢ ⇡ 0.46 m⇡, and a residue of g⇢ ⇡ 4.88 i m⇡, cf.,

Eq. (57). This pole can be seen in Fig. 1, which also shows a deeply bound unphysical pole.

To avoid this unphysical state, we fix the hard cut o↵ such that �k � 0.5 m
2
⇡.

For the I = 0 ⇡⇡ amplitude, we use the leading order ERE in Eq. (82). For simplicity,

we fix the � pole to lie at the same pole location as the ⇢, that is �� = �⇢ ⇡ 3.13 m
2
⇡. This

is an arbitrary choice, but it reduces the number of kinematic thresholds to consider when
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shows that this condition would not be respected by a P-wave bound state generated from

a leading order ERE parametrization.

Instead, for the isovector P-wave systems, we consider a Breit-Wigner (BW) parameter-

ization

q
?
k cot �1,1 =

(m2
BW � �k)

p
�k �BW

1 (�k)
, �BW

1 (�k) =
g
2
BW

6⇡�k
q
?2
k . (85)

For carefully chosen values of mBW and gBW, one can ensure that Eq. (84) is satisfied for

a P-wave bound state. It is worth noting that a BW near threshold is equivalent to a

next-to-leading order ERE, that is the latter would also have been a reasonable choice.

C. Numerical results

Building on the previous two sections, we consider a class of toy models for 3⇡ systems

where the ⇢ and � are both stable. That is, we compute M
T (JP )
'b from Eq. (74) for both

⇢⇡ and �⇡ systems. As previously mentioned, this is a reasonable jumping-o↵ point for

analyses of lattice QCD results at unphysically heavy quark masses, where the ⇢ and � are

bound. Moreover, the techonology for computing d
T (JP ) is identical for investigating systems

at physical pion masses.

We use the BW parametrization for the I = 1 ⇡⇡ amplitude, Eq. (85), and fixing the

parameters to mBW = 1.8 m⇡ and gBW = 5.8. This results in a bound state pole of �⇢ ⇡

3.13 m
2
⇡ with a binding momentum ⇢ ⇡ 0.46 m⇡, and a residue of g⇢ ⇡ 4.88 i m⇡, cf.,

Eq. (57). This pole can be seen in Fig. 1, which also shows a deeply bound unphysical pole.

To avoid this unphysical state, we fix the hard cut o↵ such that �k � 0.5 m
2
⇡.

For the I = 0 ⇡⇡ amplitude, we use the leading order ERE in Eq. (82). For simplicity,

we fix the � pole to lie at the same pole location as the ⇢, that is �� = �⇢ ⇡ 3.13 m
2
⇡. This

is an arbitrary choice, but it reduces the number of kinematic thresholds to consider when
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Similarly, [G]mn = G
T (JP )
�↵ (ki, kj), and [Q̄]mn = Q

T (JP )
�↵ (ki, kj) for the same m, n mapping.

Given a well-defined contour and quadrature rule, one can compute the solution d from

Eq. (79) for moderate values of Nk. We have checked a range of Nk between 30–500 and found

convergence to our desired precision for most systems at Nk ⇡ 150. To obtain d
T (JP )
�↵ (p, k)

for values of p and k not in the momentum partition, as is needed when p ! q� and k ! q↵

in Eqs. (65), (66), and (74), we use Eq. (77) as an interpolation formula.

Once a solution for d
T (JP ) is obtained, we can compute all the contributions feed into the

expression for M
T (JP )
'b . In the next section, we summarize the parameterizations we use for

the two-body sub-processes.

B. Parameterizations considered

Here we consider a simple class of parameterizations that can generate a two-body bound

state for S = 0 and 1. We parameterize the amplitude via the phase shift �S,I ,

M2,IS(�k) =
16⇡

p
�k

q
?
k cot �S,I � iq

?
k

, (81)

where the symmetry factor of Eq. (15) is 1/2 since the pions are treated as identical isovector

states. As exploited extensively in previous work [18, 88, 94], an S-wave leading order

e↵ective range expansion (ERE) can be used to generate two-body bound states. As a

result, we only consider parameterizations for the S = 0 two-body amplitude defined by

q
?
k cot �0,I = �

1

a0,I
, (82)

where a0,I is the scattering length in the I = 0 or 2 channel. For a0,I > 0, the resulting

two-body amplitudes would have a two-body bound state with real value residues.

For a P-wave bound state, the use of a leading order ERE leads to unphysical residue for

bound states in the amplitude. Partial wave projected amplitudes near threshold must be

kinematically suppressed by barrier factors,

M2,IS(�k) / q
? 2S
k . (83)

Near the pole, the amplitude is proportional to g
2
↵, g↵ being the bound state coupling of the

S = 1, I = 1 channel, cf. Eq. (57). In order for these two conditions to be simultaneously

❑ Instead, for P-waves, we use
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Z qmax

0

dq q2
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Deform contour to miss singularities and discretize momenta
sometimes useful // sometimes critical

Discretize momenta:

Use linear algebra:  

Use integral equation to interpolate or extrapolate:
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Z qmax
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where we will vary c�, c↵ and s0.

For simplicity, we only considers kinematics above the ⇢⇡ threshold, s⇢⇡ = (m⇢ + m⇡)2

where m⇢ =
p

�⇢, but below the 3⇡ threshold, s3⇡ = (3m⇡)2. In this region, S matrix

unitarity ensures that
⇣

M
T (JP )
'b

⌘�1
�

�↵

= ���↵
q↵

8⇡
p

s
. (88)

Although this is not shown explicitly, we observe all numerical results satisfy this at sub-

percent levels with our solution parameters.

1. T (JP ) = 2(1+) channel with stable ⇢

As our first example, we compute the T = 2 channel with J
P = 1+. This system can

include with I = 1 or 2 ⇡⇡ processes. If we consider partial waves restricted by S  1 and

L  2, the possible values that LSI can take include S11, D11, and P02, where we have

used spectroscopic notation for L. If we instead use the more standard 2S+1
LJ notation

for these states, the possible channels are 3
S1, 3

D1, and 1
P1, respectively. In this notation,

although the isospin of the two-body system is not specified explicitly, it can be readily

worked out. The matrix elements of d
2(1+) are then denoted d(2S

0+1
L
0
J |

2S+1
LJ) ⌘ d

2(1+)
L0S0I0,LSI .

First, we consider the dependence of the results on the values of a0,2. If a0,2 6= 0 and we

fix L  2, we have three open channels. To be more explicit, let us label the I = 2 channel

as t⇡, where t refers to the isotensor ⇡⇡ state. This will not be assumed to be stable. If we

then fix the external momenta, we can write the symmetric d
2(1+) matrix as,

d
2(1+) =

0

BBB@

d⇢⇡,⇢⇡(
3
S1|

3
S1) d⇢⇡,⇢⇡(

3
S1|

3
D1) d⇢⇡,t⇡(

3
S1|

1
P1)

d⇢⇡,⇢⇡(
3
D1|

3
D1) d⇢⇡,t⇡(

3
D1|

1
P1)

dt⇡,t⇡(
1
P1|

1
P1)

1

CCCA
, (89)

where we are only showing the upper triangle of the symmetric matrix. Each element of this

matrix is labeled by the particle content of the in/out state as well as the 2S+1
LJ quantum

numbers.

We obtain d⇢⇡,⇢⇡(
3
S1|

3
S1), d⇢⇡,⇢⇡(

3
S1|

3
D1), d⇢⇡,⇢⇡(

3
D1|

3
D1) elements in two di↵erent ways.

The first is by solving the coupled set of integral equations that the three-channel system
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FIG. 2. Shown is the |M⇢⇡,⇢⇡(3S1|
3S1)| in the T (JP ) = 2(1+) channel as a function of s. The

I = 1 parameters are fixed to those described in the text, and we fix eK3 = 0. As labeled in

the figure, the di↵erent colors represent di↵erent values for the scattering length in the isotensor

channel, a0,2 = �|a0,2|.

satisfies for a non-zero value of a0,2. The second approach, which holds for the a0,2 = 0 limit,

we solve the coupled-integral equations for a system with only ⇢⇡ channels. In other words,

the integral equations the block

d
2(1+) =

0

@d⇢⇡,⇢⇡(
3
S1|

3
S1) d⇢⇡,⇢⇡(

3
S1|

3
D1)

d⇢⇡,⇢⇡(
3
D1|

3
D1)

1

A . (90)

In Fig. 2, we show the M⇢⇡,⇢⇡(
3
S1|

3
S1) amplitude in the eK3 = 0 limit, i.e. g

2
⇢d⇢⇡,⇢⇡(

3
S1|

3
S1)

where we have fixed the spectator momenta to q⇢⇡ = �
1/2(s, m2

⇡, �⇢)/2
p

s. In the figure, we

show results for a range of values of a0,2. As can be seen, the results for small a0,2 mono-

tonically approach the a0,2 = 0 results. This result is expected because the t⇡ contribution

to ⇢⇡ ! ⇢⇡ will be suppressed by at least one power of a0,2.

Given this observation, we fix a0,2 = 0 and consider a smaller channel space, Eq. (90),

throughout this and other cases. By then proceeding to fix eK3 = 0, we can predict the full
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where we will vary c�, c↵ and s0.

For simplicity, we only considers kinematics above the ⇢⇡ threshold, s⇢⇡ = (m⇢ + m⇡)2

where m⇢ =
p

�⇢, but below the 3⇡ threshold, s3⇡ = (3m⇡)2. In this region, S matrix

unitarity ensures that
⇣

M
T (JP )
'b

⌘�1
�

�↵

= ���↵
q↵

8⇡
p

s
. (88)

Although this is not shown explicitly, we observe all numerical results satisfy this at sub-

percent levels with our solution parameters.

1. T (JP ) = 2(1+) channel with stable ⇢

As our first example, we compute the T = 2 channel with J
P = 1+. This system can

include with I = 1 or 2 ⇡⇡ processes. If we consider partial waves restricted by S  1 and

L  2, the possible values that LSI can take include S11, D11, and P02, where we have

used spectroscopic notation for L. If we instead use the more standard 2S+1
LJ notation

for these states, the possible channels are 3
S1, 3

D1, and 1
P1, respectively. In this notation,

although the isospin of the two-body system is not specified explicitly, it can be readily

worked out. The matrix elements of d
2(1+) are then denoted d(2S

0+1
L
0
J |

2S+1
LJ) ⌘ d

2(1+)
L0S0I0,LSI .

First, we consider the dependence of the results on the values of a0,2. If a0,2 6= 0 and we

fix L  2, we have three open channels. To be more explicit, let us label the I = 2 channel

as t⇡, where t refers to the isotensor ⇡⇡ state. This will not be assumed to be stable. If we

then fix the external momenta, we can write the symmetric d
2(1+) matrix as,

d
2(1+) =

0

BBB@

d⇢⇡,⇢⇡(
3
S1|

3
S1) d⇢⇡,⇢⇡(

3
S1|

3
D1) d⇢⇡,t⇡(

3
S1|

1
P1)

d⇢⇡,⇢⇡(
3
D1|

3
D1) d⇢⇡,t⇡(

3
D1|

1
P1)

dt⇡,t⇡(
1
P1|

1
P1)

1

CCCA
, (89)

where we are only showing the upper triangle of the symmetric matrix. Each element of this

matrix is labeled by the particle content of the in/out state as well as the 2S+1
LJ quantum

numbers.

We obtain d⇢⇡,⇢⇡(
3
S1|

3
S1), d⇢⇡,⇢⇡(

3
S1|

3
D1), d⇢⇡,⇢⇡(

3
D1|

3
D1) elements in two di↵erent ways.

The first is by solving the coupled set of integral equations that the three-channel system
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where we will vary c�, c↵ and s0.

For simplicity, we only considers kinematics above the ⇢⇡ threshold, s⇢⇡ = (m⇢ + m⇡)2

where m⇢ =
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Although this is not shown explicitly, we observe all numerical results satisfy this at sub-

percent levels with our solution parameters.

1. T (JP ) = 2(1+) channel with stable ⇢

As our first example, we compute the T = 2 channel with J
P = 1+. This system can

include with I = 1 or 2 ⇡⇡ processes. If we consider partial waves restricted by S  1 and

L  2, the possible values that LSI can take include S11, D11, and P02, where we have

used spectroscopic notation for L. If we instead use the more standard 2S+1
LJ notation

for these states, the possible channels are 3
S1, 3

D1, and 1
P1, respectively. In this notation,

although the isospin of the two-body system is not specified explicitly, it can be readily

worked out. The matrix elements of d
2(1+) are then denoted d(2S

0+1
L
0
J |

2S+1
LJ) ⌘ d
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First, we consider the dependence of the results on the values of a0,2. If a0,2 6= 0 and we

fix L  2, we have three open channels. To be more explicit, let us label the I = 2 channel

as t⇡, where t refers to the isotensor ⇡⇡ state. This will not be assumed to be stable. If we

then fix the external momenta, we can write the symmetric d
2(1+) matrix as,

d
2(1+) =

0
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3
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3
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1
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d⇢⇡,⇢⇡(
3
D1|

3
D1) d⇢⇡,t⇡(

3
D1|

1
P1)

dt⇡,t⇡(
1
P1|

1
P1)

1

CCCA
, (89)

where we are only showing the upper triangle of the symmetric matrix. Each element of this

matrix is labeled by the particle content of the in/out state as well as the 2S+1
LJ quantum

numbers.

We obtain d⇢⇡,⇢⇡(
3
S1|

3
S1), d⇢⇡,⇢⇡(

3
S1|

3
D1), d⇢⇡,⇢⇡(

3
D1|

3
D1) elements in two di↵erent ways.

The first is by solving the coupled set of integral equations that the three-channel system

❑ Setting 
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FIG. 2. Shown is the |M⇢⇡,⇢⇡(3S1|
3S1)| in the T (JP ) = 2(1+) channel as a function of s. The

I = 1 parameters are fixed to those described in the text, and we fix eK3 = 0. As labeled in

the figure, the di↵erent colors represent di↵erent values for the scattering length in the isotensor

channel, a0,2 = �|a0,2|.

satisfies for a non-zero value of a0,2. The second approach, which holds for the a0,2 = 0 limit,

we solve the coupled-integral equations for a system with only ⇢⇡ channels. In other words,

the integral equations the block

d
2(1+) =

0

@d⇢⇡,⇢⇡(
3
S1|

3
S1) d⇢⇡,⇢⇡(

3
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3
D1)

d⇢⇡,⇢⇡(
3
D1|

3
D1)

1

A . (90)

In Fig. 2, we show the M⇢⇡,⇢⇡(
3
S1|

3
S1) amplitude in the eK3 = 0 limit, i.e. g

2
⇢d⇢⇡,⇢⇡(

3
S1|

3
S1)

where we have fixed the spectator momenta to q⇢⇡ = �
1/2(s, m2

⇡, �⇢)/2
p

s. In the figure, we

show results for a range of values of a0,2. As can be seen, the results for small a0,2 mono-

tonically approach the a0,2 = 0 results. This result is expected because the t⇡ contribution

to ⇢⇡ ! ⇢⇡ will be suppressed by at least one power of a0,2.

Given this observation, we fix a0,2 = 0 and consider a smaller channel space, Eq. (90),

throughout this and other cases. By then proceeding to fix eK3 = 0, we can predict the full
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FIG. 3. Shown are the di↵erent matrix elements of the T = 2 M⇢⇡,⇢⇡ amplitude for eK3 = 0 and

ignoring contributions from the I = 2 channel. The parameters are as described in the text. In

red is the real part of the amplitude, while in dark cyan is the imaginary part of the amplitude.
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The results are shown in Fig. 3 as a function of s. As previously mentioned, these results

satisfy two-body unitary, Eq. (88), in this kinematic region. Furthermore, one can see from

the figure that the amplitudes satisfy the expected threshold behavior

M⇢⇡,⇢⇡(
3
L
0
1|

3
L1) ⇠ q

L0+L
⇢⇡ , (92)

which serves as an additional cross-check for the partial wave projection.
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FIG. 3. Shown are the di↵erent matrix elements of the T = 2 M⇢⇡,⇢⇡ amplitude for eK3 = 0 and

ignoring contributions from the I = 2 channel. The parameters are as described in the text. In

red is the real part of the amplitude, while in dark cyan is the imaginary part of the amplitude.
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The results are shown in Fig. 3 as a function of s. As previously mentioned, these results

satisfy two-body unitary, Eq. (88), in this kinematic region. Furthermore, one can see from

the figure that the amplitudes satisfy the expected threshold behavior

M⇢⇡,⇢⇡(
3
L
0
1|

3
L1) ⇠ q

L0+L
⇢⇡ , (92)

which serves as an additional cross-check for the partial wave projection.

❑ Satisfy 2-body unitarity condition
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FIG. 3. Shown are the di↵erent matrix elements of the T = 2 M⇢⇡,⇢⇡ amplitude for eK3 = 0 and

ignoring contributions from the I = 2 channel. The parameters are as described in the text. In

red is the real part of the amplitude, while in dark cyan is the imaginary part of the amplitude.
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The results are shown in Fig. 3 as a function of s. As previously mentioned, these results

satisfy two-body unitary, Eq. (88), in this kinematic region. Furthermore, one can see from

the figure that the amplitudes satisfy the expected threshold behavior

M⇢⇡,⇢⇡(
3
L
0
1|

3
L1) ⇠ q

L0+L
⇢⇡ , (92)

which serves as an additional cross-check for the partial wave projection.

❑ Satisfy threshold behavior:
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2. T (JP ) = 1(1+) channel with stable � and ⇢

We examine the T (JP ) = 1(1+) system, where the a1 resonance resides. Ignoring the t⇡

contribution and restricting to L  2, the a1 can couple to three channels, two ⇢⇡ and one

�⇡ partial waves. As a result, the matrix for M
1(1+)
'b can be written as

M
1(1+)
'b =

0

BBB@

M⇢⇡,⇢⇡(
3
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3
S1) M⇢⇡,⇢⇡(

3
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3
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1
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1
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In order to mimic the a1 resonance, we parameterize eK3 with a simple pole according to

Eq. (87), with a pole position s⇢⇡ < s0 < s3⇡. Figure 4 shows results where we fix s0 = 8 m
2
⇡,

c⇢⇡,3S1 = 20 m
2
⇡, c⇢⇡,3D1 = c�⇡,1P1 = 5 m

2
⇡. For comparison, we show the amplitudes for

eK3 = 0 as faint dashed lines. In addition to checking that the amplitudes have the right

analytic structure and that they satisfy unitarity, we see the canonical behavior of a narrow

resonance. In particular, one sees a narrow peak. Naively, one would expect such a peak at

s = 8 m
2
⇡, since this is the location of the eK3 pole. However, poles in the K matrices do not

coincide with poles in amplitude. 11

3. T (JP ) = 0(1�) channel with stable ⇢

Finally, we consider the T (JP ) = 0(1�) channel where the narrow ! resonance lies. For

unphysically heavy quark masses, the ! is observed to be bound. To mimic this scenario, we

use a eK3 parameterization with a bound state below the ⇢⇡ threshold. We use same simple

pole parametrization Eq. (87) as above but with s0 < s⇢⇡.

Assuming the same restrictions in the partial waves as previously discussed, the scattering

amplitude in this system is composed of a single channel, the 3
P1. As a result, we have

M
0(1�)
'b = M⇢⇡,⇢⇡(

3
P1|

3
P1). (94)

In Fig. 5, we show the result for this amplitude for both eK3 = 0 (dashed lines) and eK3 6= 0

(solid lines). For the latter case, we set the pole and coupling of the K matrix to s0 = 7.6 m
2
⇡

11 Although we do not do the exercise here, using the tools presented in Ref. [86], we could analytically

continue to the nearest unphysical sheet to find the resonance pole.

40

TABLE I. Contributions of ([⇡⇡]I`⇡)L partial waves to ⇡⇡⇡ in total isospin I3⇡ and for total angular

momentum J  1. Lowest angular momenta are considered, where the two pion pairs are in `  P

wave, and the orbital angular momentum between the pair and the spectators is L  D wave.

IG
3⇡ JPC ([⇡⇡]I`⇡)L

3�

0�+ ([⇡⇡]2S⇡)S

1�+ none

1++ ([⇡⇡]2S⇡)P

2�

0�� ([⇡⇡]2S⇡)S , ([⇡⇡]1P ⇡)P
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allowed partial wave contributions for the three-pion system. Two pions are in either I = 0,

1, or 2 states with positive G parity. Bose symmetry restricts even partial waves, e.g. S and

D waves, to be in either an I = 0 or 2 state, whereas odd waves, e.g. P waves, can only be

in the I = 1 state. For three pions systems, which have negative G parity, the allowed total

isospin representations are I3⇡ = 0, 1, 2, 3. There are multiple contributing three-pion partial

waves per target JP , we summarize the lowest allowed three-pion waves in Tab. I for each

total isospin I3⇡, total angular momentum J  1, and up through two-pions in relative P

wave. We label a three-pion partial wave with ([⇡⇡]I`⇡)L, where the two-pion system is in a

relative ` wave and isospin I, and the pair-spectator pion is in an orbital angular momentum

L, e.g. ([⇡⇡]1P⇡)S describes a three pion system where two of the pions are in an isovector

P wave and the recoiling pion is in a relative S wave with the pair.

Our results in Sec. V can be applied immediately to these partial waves, with the exception

of the inclusion of appropriate isospin recoupling coe�cients. These can be included in a
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2. T (JP ) = 1(1+) channel with stable � and ⇢

We examine the T (JP ) = 1(1+) system, where the a1 resonance resides. Ignoring the t⇡

contribution and restricting to L  2, the a1 can couple to three channels, two ⇢⇡ and one

�⇡ partial waves. As a result, the matrix for M
1(1+)
'b can be written as

M
1(1+)
'b =

0

BBB@

M⇢⇡,⇢⇡(
3
S1|

3
S1) M⇢⇡,⇢⇡(

3
S1|

3
D1) M⇢⇡,�⇡(

3
S1|

1
P1)

M⇢⇡,⇢⇡(
3
D1|

3
D1) M⇢⇡,�⇡(

3
D1|

1
P1)

M�⇡,�⇡(
1
P1|

1
P1)

1

CCCA
. (93)

In order to mimic the a1 resonance, we parameterize eK3 with a simple pole according to

Eq. (87), with a pole position s⇢⇡ < s0 < s3⇡. Figure 4 shows results where we fix s0 = 8 m
2
⇡,

c⇢⇡,3S1 = 20 m
2
⇡, c⇢⇡,3D1 = c�⇡,1P1 = 5 m

2
⇡. For comparison, we show the amplitudes for

eK3 = 0 as faint dashed lines. In addition to checking that the amplitudes have the right

analytic structure and that they satisfy unitarity, we see the canonical behavior of a narrow

resonance. In particular, one sees a narrow peak. Naively, one would expect such a peak at

s = 8 m
2
⇡, since this is the location of the eK3 pole. However, poles in the K matrices do not

coincide with poles in amplitude. 11

3. T (JP ) = 0(1�) channel with stable ⇢

Finally, we consider the T (JP ) = 0(1�) channel where the narrow ! resonance lies. For

unphysically heavy quark masses, the ! is observed to be bound. To mimic this scenario, we

use a eK3 parameterization with a bound state below the ⇢⇡ threshold. We use same simple

pole parametrization Eq. (87) as above but with s0 < s⇢⇡.

Assuming the same restrictions in the partial waves as previously discussed, the scattering

amplitude in this system is composed of a single channel, the 3
P1. As a result, we have

M
0(1�)
'b = M⇢⇡,⇢⇡(

3
P1|

3
P1). (94)

In Fig. 5, we show the result for this amplitude for both eK3 = 0 (dashed lines) and eK3 6= 0

(solid lines). For the latter case, we set the pole and coupling of the K matrix to s0 = 7.6 m
2
⇡

11 Although we do not do the exercise here, using the tools presented in Ref. [86], we could analytically

continue to the nearest unphysical sheet to find the resonance pole.
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TABLE I. Contributions of ([⇡⇡]I`⇡)L partial waves to ⇡⇡⇡ in total isospin I3⇡ and for total angular

momentum J  1. Lowest angular momenta are considered, where the two pion pairs are in `  P

wave, and the orbital angular momentum between the pair and the spectators is L  D wave.

IG
3⇡ JPC ([⇡⇡]I`⇡)L

3�

0�+ ([⇡⇡]2S⇡)S

1�+ none

1++ ([⇡⇡]2S⇡)P

2�

0�� ([⇡⇡]2S⇡)S , ([⇡⇡]1P ⇡)P

1�� ([⇡⇡]1P ⇡)P

1+� ([⇡⇡]2S⇡)P , ([⇡⇡]1P ⇡)S , ([⇡⇡]1P ⇡)D

1�

0�+ ([⇡⇡]0,2
S ⇡)S , ([⇡⇡]1P ⇡)P

1�+ ([⇡⇡]1P ⇡)P

1++ ([⇡⇡]0,2
S ⇡)P , ([⇡⇡]1P ⇡)S , ([⇡⇡]1P ⇡)D

0�

0�� ([⇡⇡]1P ⇡)P

1�� ([⇡⇡]1P ⇡)P

1+� ([⇡⇡]1P ⇡)S , ([⇡⇡]1P ⇡)D

allowed partial wave contributions for the three-pion system. Two pions are in either I = 0,

1, or 2 states with positive G parity. Bose symmetry restricts even partial waves, e.g. S and

D waves, to be in either an I = 0 or 2 state, whereas odd waves, e.g. P waves, can only be

in the I = 1 state. For three pions systems, which have negative G parity, the allowed total

isospin representations are I3⇡ = 0, 1, 2, 3. There are multiple contributing three-pion partial

waves per target JP , we summarize the lowest allowed three-pion waves in Tab. I for each

total isospin I3⇡, total angular momentum J  1, and up through two-pions in relative P

wave. We label a three-pion partial wave with ([⇡⇡]I`⇡)L, where the two-pion system is in a

relative ` wave and isospin I, and the pair-spectator pion is in an orbital angular momentum

L, e.g. ([⇡⇡]1P⇡)S describes a three pion system where two of the pions are in an isovector

P wave and the recoiling pion is in a relative S wave with the pair.

Our results in Sec. V can be applied immediately to these partial waves, with the exception

of the inclusion of appropriate isospin recoupling coe�cients. These can be included in a
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FIG. 4. Shown are results for the various components of the T (JP ) = 1(1+) amplitude. This

amplitude has the quantum numbers of the a1, and the flavor content of the di↵erent channels can

be found in Eq. (93). The dashed lines denote the amplitude in the limit that eK3 = 0, while the

solid lines include a pole parametrization for eK3 described in the body of the text.
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FIG. 4. Shown are results for the various components of the T (JP ) = 1(1+) amplitude. This

amplitude has the quantum numbers of the a1, and the flavor content of the di↵erent channels can

be found in Eq. (93). The dashed lines denote the amplitude in the limit that eK3 = 0, while the

solid lines include a pole parametrization for eK3 described in the body of the text.
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FIG. 4. Shown are results for the various components of the T (JP ) = 1(1+) amplitude. This

amplitude has the quantum numbers of the a1, and the flavor content of the di↵erent channels can

be found in Eq. (93). The dashed lines denote the amplitude in the limit that eK3 = 0, while the

solid lines include a pole parametrization for eK3 described in the body of the text.
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2. T (JP ) = 1(1+) channel with stable � and ⇢

We examine the T (JP ) = 1(1+) system, where the a1 resonance resides. Ignoring the t⇡

contribution and restricting to L  2, the a1 can couple to three channels, two ⇢⇡ and one

�⇡ partial waves. As a result, the matrix for M
1(1+)
'b can be written as

M
1(1+)
'b =

0

BBB@

M⇢⇡,⇢⇡(
3
S1|

3
S1) M⇢⇡,⇢⇡(

3
S1|

3
D1) M⇢⇡,�⇡(

3
S1|

1
P1)

M⇢⇡,⇢⇡(
3
D1|

3
D1) M⇢⇡,�⇡(

3
D1|

1
P1)

M�⇡,�⇡(
1
P1|

1
P1)

1

CCCA
. (93)

In order to mimic the a1 resonance, we parameterize eK3 with a simple pole according to

Eq. (87), with a pole position s⇢⇡ < s0 < s3⇡. Figure 4 shows results where we fix s0 = 8 m
2
⇡,

c⇢⇡,3S1 = 20 m
2
⇡, c⇢⇡,3D1 = c�⇡,1P1 = 5 m

2
⇡. For comparison, we show the amplitudes for

eK3 = 0 as faint dashed lines. In addition to checking that the amplitudes have the right

analytic structure and that they satisfy unitarity, we see the canonical behavior of a narrow

resonance. In particular, one sees a narrow peak. Naively, one would expect such a peak at

s = 8 m
2
⇡, since this is the location of the eK3 pole. However, poles in the K matrices do not

coincide with poles in amplitude. 11

3. T (JP ) = 0(1�) channel with stable ⇢

Finally, we consider the T (JP ) = 0(1�) channel where the narrow ! resonance lies. For

unphysically heavy quark masses, the ! is observed to be bound. To mimic this scenario, we

use a eK3 parameterization with a bound state below the ⇢⇡ threshold. We use same simple

pole parametrization Eq. (87) as above but with s0 < s⇢⇡.

Assuming the same restrictions in the partial waves as previously discussed, the scattering

amplitude in this system is composed of a single channel, the 3
P1. As a result, we have

M
0(1�)
'b = M⇢⇡,⇢⇡(

3
P1|

3
P1). (94)

In Fig. 5, we show the result for this amplitude for both eK3 = 0 (dashed lines) and eK3 6= 0

(solid lines). For the latter case, we set the pole and coupling of the K matrix to s0 = 7.6 m
2
⇡

11 Although we do not do the exercise here, using the tools presented in Ref. [86], we could analytically

continue to the nearest unphysical sheet to find the resonance pole.
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FIG. 5. Shown are the real (red) and imaginary (cyan) components of the amplitude in the

T (JP ) = 0(1�) channel. As in Fig. 4, dashed and solid lines depict amplitudes with eK3 = 0 and

eK3 6= 0, respectively. The parameters for eK3 6= 0 are described in the text.

and c⇢⇡,1P1 = 90 m
2
⇡, respectively. Again, we see the expected threshold behavior for a

P-wave amplitude, and unitarity is well satisfied for both examples shown.

VI. SUMMARY AND OUTLOOK

Using the results derived in Ref. [19] for the OPE, we have constructed integral equa-

tions for partial-wave projected three-body relativistic scattering amplitudes. The integral

equations are presented in Sec. II, with details presented in Appendix A, for two equivalent

formalisms where the three-body K matrix is symmetric or asymmetric under particle inter-

change. While a pracitioner can choose either framework for analyses, we advocate for the

asymmetric formalism due to the relative ease for parameterizing the three-body K matrix,

which is illustrated in our numerical applications in Sec. V. In particular, a class of flexible

parameterizations useful for data analysis are presented in Sec. III, where K3 is factorizable

in the kinematics of the initial and final state allowing one to parameterize K3 in a man-



Summary & Perspectives
Overview on 2- and 3-body scattering amplitudes
Integral equations for PW projected 3-body amplitudes
Factorizable K-matrices
Toy model calculations for 3pi-systerms

To do:
Generalization to particles with spin, including 3N
Checks on the finite-volume formalism (see Raúl’s talk)



Backup



Reducing 4D to 3D
❑ Reducing from 4D to 3D while preserving singularities
❑ Remember, physical singularities are due to on-shell intermediate particles 
❑ Let’s consider a useful example:

+ smooth
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= + -

+ smooth
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p02

<latexit sha1_base64="rV1Ze7SVf0w9dtQoY90kIiX9eLk=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbRU0lEqseiF48VTFtoQ9lsN+3S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5YcKZNq777ZTW1jc2t8rblZ3dvf2D6uFRW8epItQnMY9VN8Saciapb5jhtJsoikXIaSec3OV+54kqzWL5aKYJDQQeSRYxgk0uJQPvfFCtuXV3DrRKvILUoEBrUP3qD2OSCioN4VjrnucmJsiwMoxwOqv0U00TTCZ4RHuWSiyoDrL5rTN0ZpUhimJlSxo0V39PZFhoPRWh7RTYjPWyl4v/eb3URDdBxmSSGirJYlGUcmRilD+OhkxRYvjUEkwUs7ciMsYKE2PjqdgQvOWXV0n7su416o2Hq1rztoijDCdwChfgwTU04R5a4AOBMTzDK7w5wnlx3p2PRWvJKWaO4Q+czx9kFo3U</latexit>

p01

<latexit sha1_base64="UJTp1E6UI7I3O9m6DxV8pwmC00A=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBi2W3SPVY9OJxBfsh7VKyabYNTbJLkhXK0l/hxYMiXv053vw3pu0etPXBwOO9GWbmhQln2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nitAmiXmsOiHWlDNJm4YZTjuJoliEnLbD8e3Mbz9RpVksH8wkoYHAQ8kiRrCx0qN/kfRrtrx+ueJW3TnQKvFyUoEcfr/81RvEJBVUGsKx1l3PTUyQYWUY4XRa6qWaJpiM8ZB2LZVYUB1k84On6MwqAxTFypY0aK7+nsiw0HoiQtspsBnpZW8m/ud1UxNdBxmTSWqoJItFUcqRidHsezRgihLDJ5Zgopi9FZERVpgYm1HJhuAtv7xKWrWqV6/W7y8rjZs8jiKcwCmcgwdX0IA78KEJBAQ8wyu8Ocp5cd6dj0VrwclnjuEPnM8fcX6Pig==</latexit>

P � p2 � p1
<latexit sha1_base64="cpQbmufxmQ6jvqtOTzokrjE1gBU=">AAAB8nicbVDLSgMxFL3js9ZX1aWbYJG6scwUqS6LblxWsA+YDiWTZtrQTDIkGaEM/Qw3LhRx69e4829M21lo64GEwzn3cu89YcKZNq777aytb2xubRd2irt7+weHpaPjtpapIrRFJJeqG2JNORO0ZZjhtJsoiuOQ0044vpv5nSeqNJPi0UwSGsR4KFjECDZW8puXSb9WsZ9X6ZfKbtWdA60SLydlyNHsl756A0nSmApDONba99zEBBlWhhFOp8VeqmmCyRgPqW+pwDHVQTZfeYrOrTJAkVT2CYPm6u+ODMdaT+LQVsbYjPSyNxP/8/zURDdBxkSSGirIYlCUcmQkmt2PBkxRYvjEEkwUs7siMsIKE2NTKtoQvOWTV0m7VvXq1frDVblxm8dRgFM4gwvw4BoacA9NaAEBCc/wCm+OcV6cd+djUbrm5D0n8AfO5w82m4/s</latexit>

P � p02 � p01

<latexit sha1_base64="1yncnuUVZ9nsXcgXuw75uAKuaLw=">AAAB8nicbVBNSwMxEJ31s9avqkcvwSIIYtktUr0IRS8eK9gP2C5LNs22odlsSLJCKf0ZXjwo4tVf481/Y9ruQVsfDDzem2FmXiQ508Z1v52V1bX1jc3CVnF7Z3dvv3Rw2NJppghtkpSnqhNhTTkTtGmY4bQjFcVJxGk7Gt5N/fYTVZql4tGMJA0S3BcsZgQbK/n4RobeuQyrF8OwVHYr7gxomXg5KUOORlj66vZSkiVUGMKx1r7nShOMsTKMcDopdjNNJSZD3Ke+pQInVAfj2ckTdGqVHopTZUsYNFN/T4xxovUoiWxngs1AL3pT8T/Pz0x8HYyZkJmhgswXxRlHJkXT/1GPKUoMH1mCiWL2VkQGWGFibEpFG4K3+PIyaVUrXq1Se7gs12/zOApwDCdwBh5cQR3uoQFNIJDCM7zCm2OcF+fd+Zi3rjj5zBH8gfP5A9eCkFU=</latexit>

a = p1 + p2 � k
<latexit sha1_base64="MZgKp2S4soKQZ2PABJND77v54YQ=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69BItUEEtSpHoRil48VrAf0Maw2W7apZvNsrtRSuj/8OJBEa/+F2/+G7dtDlp9MPB4b4aZeYFgVGnH+bJyS8srq2v59cLG5tb2TnF3r6XiRGLSxDGLZSdAijDKSVNTzUhHSIKigJF2MLqe+u0HIhWN+Z0eC+JFaMBpSDHSRrpH5Uvhu+UT4VfLpyO/WHIqzgz2X+JmpAQZGn7xs9ePcRIRrjFDSnVdR2gvRVJTzMik0EsUEQiP0IB0DeUoIspLZ1dP7COj9O0wlqa4tmfqz4kURUqNo8B0RkgP1aI3Ff/zuokOL7yUcpFowvF8UZgwW8f2NAK7TyXBmo0NQVhSc6uNh0girE1QBROCu/jyX9KqVtxapXZ7VqpfZXHk4QAO4RhcOIc63EADmoBBwhO8wKv1aD1bb9b7vDVnZTP78AvWxzf/z5Do</latexit>

a0 = p01 + p02 � k

<latexit sha1_base64="xIAiuDDkInOxywkuW3r3NcVA8SE="></latexit>
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