Quantum dynamics of entanglement and hadronization in jet
production in the massive Schwinger model
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Motivation

How to understand entanglement in jet fragmentation?

entangled

Real-time quantum process requires

Real-time quantum simulation

Why Schwinger model?
* Simple enough for a first-principle quantum simulation

* Has a lot of similarity with QCD in 3+1



Outline

* Overview of the Schwinger model

* The setup for numerical simulation of jet fragmentation

e Observations: screening, vacuum modification, entanglement
* Properties of Schmidt states - hadronization

* Approach to thermalization reflected in local observables and entanglement



Schwinger model

Single-flavor (1+1)-dimensional QED:

L= —iFﬂf + (i 0y — gy Ay + m)tp
Features include:
* No magnetic field/no dynamical photons
* Linear potential between “quarks” — confinement
* Chiral condensate (spontaneous chiral symmetry breaking at m=0)

Massless case is exactly solvable, e.g. by bosonization:
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Schwinger model and jets: history

1974

Vacuum polarization and the absence of free quarks

A. Casher,* J. Kogut,¥ and Leonard Susskindj

Massless Schwinger model with external source:
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Jet energy loss and fragmentation in heavy ion collisions
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Schwinger model and jets: history

Classical treatment is sufficient
in the exactly solvable massless case

However, massive fermion case
IS not exactly solvable and
inherently quantum



The massive Schwinger model on the lattice

Temporal gauge

1 - .
Continuum: H = /dﬂ‘: [2E2 + (=i 01 4+ gy AL + m) Ag =0



The massive Schwinger model on the lattice

Temporal gauge

1 -
Continuum: H = /dﬂ? [2E2 + (=i 01 4+ gy AL + m) Ao =0

1
Fermion ¥(an) mm) \/ﬁ(x)fnJ Kogut-Susskind

N lattice sites encode
{T[)a(m): wg(y)} = 5&55('17 — y) ) {XiaX}} = 51';5 N/2 physical sites



The massive Schwinger model on the lattice

Temporal gauge

1 -
Continuum: H = /dﬂ? [2E2 + (=i 01 4+ gy AL + m) Ao =0

1
Fermion ¥(an) mm) \/&(X)f”l) Kogut-Susskind

N sites encode
{Pa(@), 0} ()} = 0apd(z —y) =  {xix!} =5y N/2 physical sites

Gauge field E(zx =an) == L,
(—1)i—1
2

Gauss law alE_ng =0mm) L,—L, 1—¢, =0, ¢ = XIX?:‘F

With open boundary conditions the electric field is fully determined by the fermionic one
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Mapping to a spin chain (optional)

X.Y, Z — Pauli matrices X,=1Q - QIRXQIQ - QI etc.
: n—1 !‘F s ﬁg’ 3
X, —1iY, _ | T
Xn = — [1(=iz)). = =
n-l Jordan-Wigner transformation

Xp +iYy, :
Xh = 5 H('?-Zj)-

Spin chain Hamiltonian:

T
N—1 5 N—1 LRZZ(H

n (Ig 2
H" Z(X Xn1+YnYoi1)+ Z( 1) Zn+—ZL
e & = = (Zu)e +< 1)"

Int = Da

Kinetic term Mass term Nonlocal
electric field term
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Adding the jets

7O (@) = g[6(Ax — At) — §(Ax + Ab)]H(AL) Ar = 2 — x0
Ja (T, 1) = g[0(Ax — At) + 5(Ax + At)]|0(AL) At =t —t

N—-1 N
1 o m .
HL(t) :E E (an n+1 + }n}n—l—l) + ? E (_1) Z‘]’l

n=1 n=1
_|_ (i
Tr—To+ —
2

N—-1
ag?

)

2

n—1
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Numerical procedure

Start from the ground state
o H(t =0)[¥(t=0)) = Eo|¥(t =0))
of the Hamiltonian:

Switch on the external source . P
|qu> _ Te—t. fﬂt dt” H (t )|l1}0>

t/a = 1.00

and time evolve:

o9 . . . .
Numerical time evolution using

classical exact diagonalization or
simulation on a quantum device
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electric field




Screening, chiral condensate

source
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Screening, chiral condensate

and entanglement
Electric energy

15

1.5

Chiral condensate "
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Screening, chiral condensate
and entanglement

Screening the
electric field

Effects of the dynamical
pair production:

01 0, i
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Screening, chiral condensate
and entanglement
Screening the
electric field

Effects of the dynamical |Destroying

pair production: el
condensate
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Screening, chiral condensate

and entanglement

Screening the
electric field

Effects of the dynamical
pair production:

Destroying
vacuum
condensate

pa=Trgp, Ser = —Tra(palogpa)

Entangling
the jets
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Boundary effects and boundary conditions
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Massless fermion benchmark

. 1
Bosonization: [ = 5((‘%@5)2 _

1
—m
2

%’B(Qb + ‘?SE:I:I‘,)Z y

éuﬂgzv%wﬂ—x%[L—h(mgwﬂ—xﬂ]

Y

m=0 1

= *

Quantum simulation

----- Analytical result

0 2 4 6 8 10

t/a

Uih(@) = 5 mp cos[2y/7 (o)

2

m2% =
(s

Casher, Kogut, Susskind (1974)
Kharzeev, Loshaj (2011)
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Massless fermion benchmark

1
Bosonization: [ = 5(8#@2 — §mQB(gb + Qﬁemt)Z j mQB — 2

1 92

T

_ 2 .2 . 2 .2 Casher, Kogut, Susskind (1974)
(’b(t’ 3:) o \/7_?9(1; L ) [1 JD (mB \/t L )} Kharzeev, Loshaj (2011)

_ e

V)(x) = —5- B cos2vmop(z)], E(x) = —mp[p(z)+ dext(x)]

m=0 1

o F

Quantum simulation

----- Analytical result

o
2 F
=

6 8 10
t/a
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Analytical result
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Massless fermion as a benchmark

1 1 2
Bosonization: £ = 5(6‘“@2 _ §m23(¢5 boent)?,  mE =2
s

6(t.7) = VaO(t* = a%) |1 = Jo (mp /2 —a?)| (s s

_ e’

V)(x) = —5- B cos2V/mo(x)], E(x) =—mB[p(x)+ peat(x)]

Entanglement? Suggestions welcome!
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Correlations to probe entanglement

(£ —1/2)a

ns = arctanh

: : : Tt | |
Consider correlation function CaF107 % A Avr ] _
41— 3F 4 1=3 _
(AvN/jo4e AUN/api1—g) »  AUp = Vp — (Vn)vac - 2f r=10a_
s IF correlated: 7
;T ) [ OFeteteeo-—0——=
Compare the original setup 1 y gﬁ [ 0.0 ]
. e IS :
. uncorr/ — T =~ + — S
with uncorrela]’;ed. |Yuncorr) ﬁwm ﬁlz/m) i s E
> St correlated
el £ &
a ofF -
(a) correlated: ©———% ; NEPN I I I IR I
| - bz 0.4 | | | | =
(b) left: o—e _ L S 03 uncorrelat% =
@ sght V) i —
T T T ~—T1
do 0 2 4 6 8 10
<<¢uncorr|0|wuncorr>> = /(lbuncorrlolz,buncorr)% t/a
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Entanglement spectrum

Schmidt decomposition:

oN/2

W) = D> VADIwr (1) @ [wf(1))
— = i=1

oN/2

pL(t) = Z Ni(®)|f (8)) (1 (1))
i—1

log;pA

oN/2
SEE(t) = — Z )\z‘ In )\?;
1=1
Symmetry-resolved:
N/2

0 10 20 30 40 50 Y anlvl) = Qrlv))
n=1
{ [a] 23




Renyi entropies and entangleness

_ InTrg(pr(H)*) _ Imnd0, AF 2

1l — « 1 — «

S..(1)

1
21“'; l.-'r'.-ﬂ r = =

o l—trpy 130 A
— 1-—-9-N/2 1 _9-N/2 w 0.5

-

Differentiate between pure state (PS) (>
and maximally entangled state (MES):

S.[PS|=0, E[PS] =0

Nln2
S, [MES] = ——

Va, EMES] =1
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Charge distribution in Schmidt vectors

Weak coupling:

Strong coupling:

l

Schmidt vector number

co ~1 o th B oW N —
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Charge distribution in Schmidt vectors

Weak coupling:
Charge is concentrated

Strong coupling:
Charge is distributed

l

Schmidt vector number

co ~1 o th B oW N —

o ~1 o™ th BoW R e
I

Local electric charge




Charge distribution in Schmidt vectors

1
Weak coupling: : ./
. 3
Charge is concentrated > 4
. S5 1.0
Some screening ED N
= O N
g? é -0.5
- S| F0.0
Strong coupling: @: ENRE
Charge is distributed —_— .y
S5k n
I m=1/2a
Stronger screening o | I ] B B
s n
8_1 _l | | |

L Ll
7 .08 .1 2 3 4 5 o6 7
a

Lattice site number -




Fermionic Fock basis

N) =11010...10) Neel state

| G S S S | <10 exampl
IR R




Fermionic Fock basis

N) =11010...10) Neel state

b o b ob ot o1 =10 exampl
IR R

ij) = X: X;|N) 1-pair excitation

| P O O N | 26 example
berr i ety



Hadronization in real time

1
2,
=
23 g
Sy 3
3 3
> 5 2
o :
>
S 7 =
A >
8
Look at the maximal overlap: 0 2 4 6 2 4 6 8
: ) t/a
max (5 (1) k... T T
/ \ Weak coupling Strong coupling

Schmidt vector  Fock basis state —



Towards thermalization

Electric field

Ln = Ldyn,n + Lext,'n (t)

n
Ldyn,n = E di
1=1

t — to

a

Lesan(t) = 0 (

Chiral condensate

In — = Equilibration in the middle?
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—_1.=2
—1.=6
L=10

Averaged observables
equilibrate

_'""-"J.HE—FLJ.(E

— E ‘— Z (Lt'l}-']:l:,'ﬂ. + Ln}:tfn({'))z

n=N/2—L/2+1

N/2+L/2

1
'i"'{?(L) — E Z (L"n.t — I";'.'r?.,l:])‘

n=N/2—-L/241
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Renyi entropy of the central region

B A B
;;;;;;;;;;;;;;; | birrtrtrtrtrotototrtototot R
\/// A |
L
2
So(L) = —log Tr(p%) 3 -
e
. ol -
Study as a function of L /
| V -
Ground state: “area law” (L-independent)
0
Typical state, e.g. thermal: “volume law” (linearin L) 0O 10 20 30 40
E. Bianchi, L. Hackl, M. Kieburg, M. Rigol, and L. Vidmar, I [CI]

PRX Quantum 3 (2022)
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[S2=82(1=0)]/L

_even/odd

odd/even
e e s

N
[
S$H
o= ) s
[ [ [ [
||||
— I R—
7
o= D e
= [ [ [ [
\
||||
1 1 1 | 1 1

Area and volume laws
of entanglement

Adjust by the jet arrival time

— !

area law at early times
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[S2=82(1=0)]/L

_even/odd

odd/even
e e s

N
[
S$H
o= ) s
[ [ [ [
||||
— I R—
7
o= D e
= [ [ [ [
\
||||
1 1 1 | 1 1

Area and volume laws
of entanglement

Adjust by the jet arrival time

— !

area law at early times

Rescale by the subsystem size

— |

volume law at late times
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Stopping the jets

|
I

Modify the external source:

Lf:xt.,n(t) — {_g (%_r_” ‘ﬂ; - % 2\; t i: -"ff'*mj
B (#ﬁ_‘i— a ‘ﬂ B ?D I > lend
instead of |
chL,n(t) = —0 (t —”t{]. — ‘ﬂ — % )

Compare different t.,4

log(Sn.S. _S )

~0.18}

~0.20}

Mot

~0.22}

~0.24

J A A L A B

:fend: 5 10 15




L]

Stopping the jets

log(Sn.S. _S)

Lo

B

|
I

N R AR

~0.18}

[fod=5 10 15 20 25 ns,
-020— . . -

Mot

Condensate responds instantaneously = ~0.22f

~0.24}




Stopping the jets

|
I

Entanglement entropy does not —_—

deviate until t ~ 2¢.,,4

!

Information propagates back to the boundary
at about speed of light

Condensate responds instantaneously =

Mot

log(Sn.S. _S)
|

—-0.18

~0.20}

—-0.22

-0.24

J A A L I B

A N A A R

:fend: 5

10 15




Conclusion

* Dynamical pair production leads to electric field screening and
modification of the vacuum condensate

* Electric field and chiral condensate equilibrate in the central region

* Entanglement between jets steadily grows with contributions from
many Schmidt states

* At large coupling we observe a dynamical transition of Schmidt states
from fermionic Fock states to bosonic Fock states

* Second Renyi entropy in the central region exhibits a transition from
the area law to the volume law
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System size
(in)dependence
with exact
diagonalization

— Eele,f - Eele,{]

a

g’ /2 — I

I

41



	Slide 1: Quantum dynamics of entanglement and hadronization in jet production in the massive Schwinger model
	Slide 2: Motivation
	Slide 3: Outline
	Slide 4: Schwinger model
	Slide 5: Schwinger model and jets: history
	Slide 6: Schwinger model and jets: history
	Slide 7
	Slide 8
	Slide 9
	Slide 10: Mapping to a spin chain (optional) 
	Slide 11: Adding the jets
	Slide 12: Numerical procedure
	Slide 13
	Slide 14
	Slide 15
	Slide 16
	Slide 17
	Slide 18: Boundary effects and boundary conditions
	Slide 19: Massless fermion benchmark
	Slide 20: Massless fermion benchmark
	Slide 21: Massless fermion as a benchmark
	Slide 22: Correlations to probe entanglement
	Slide 23
	Slide 24: Renyi entropies and entangleness
	Slide 25: Charge distribution in Schmidt vectors
	Slide 26: Charge distribution in Schmidt vectors
	Slide 27: Charge distribution in Schmidt vectors
	Slide 28: Fermionic Fock basis
	Slide 29: Fermionic Fock basis
	Slide 30
	Slide 31: Towards thermalization
	Slide 32: Averaged observables equilibrate
	Slide 33: Renyi entropy of the central region
	Slide 34
	Slide 35
	Slide 36: Stopping the jets
	Slide 37: Stopping the jets
	Slide 38: Stopping the jets
	Slide 39: Conclusion
	Slide 40: Backup
	Slide 41:   System size  (in)dependence  with exact  diagonalization

