
Perturbative treatment 
of subleading interactions  

in ab initio calculations

Matthias Heinz, ORNL


INT Workshop: “Chiral EFT: New Perspectives”  
Seattle, WA, March 19, 2025

MH, König, Hergert, preliminary

Work supported by:

This research used resources of the Oak Ridge Leadership Computing Facility located at Oak Ridge National Laboratory,  
which is supported by the Office of Science of the Department of Energy under contract No. DE-AC05-00OR22725.



Goals for many-body theory

• We want to solve many-body Schrödinger equation…


• … precisely to describe emergent phenomena…


• … in light, medium-mass, and heavy nuclei and nuclear matter…


• … consistently based on input nuclear forces…


• … with quantified uncertainties


Low-resolution forces + qualitatively correct reference state 
allow for efficient expansion of many-body wave function
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Outline

• Ab initio methods & chiral EFT: Developments and growing pains


• IMSRG-based perturbation theory for subleading terms


• Preliminary explorations in (medium-)light nuclei
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The IMSRG
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The IMSRG
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The IMSRG

• IMSRG: Unitary transformation  
to decouple reference state from excitations

U = eΩ
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The IMSRG

• IMSRG: Unitary transformation  
to decouple reference state from excitations

U = eΩ
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• Expansion and truncation in many-body operators





• IMSRG(3) for precision and uncertainty quantification
U = eΩ = eΩ1+Ω2+Ω3+…
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Solve SRG flow equation





with condition that


,





for 

dH
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Consistency and predictive power

• Global approaches  
to nuclear structure


• Nuclear deformation  
from nuclear forces


• Generally successful in 
comparisons to experiment
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Successes and challenges
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Converged ab initio calculations of heavy nuclei
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We propose a novel storage scheme for three-nucleon (3N) interaction matrix elements relevant for the
normal-ordered two-body approximation used extensively in ab initio calculations of atomic nuclei. This scheme
reduces the required memory by approximately two orders of magnitude, which allows the generation of 3N
interaction matrix elements with the standard truncation of E3max = 28, well beyond the previous limit of 18.
We demonstrate that this is sufficient to obtain the ground-state energy of 132Sn converged to within a few MeV
with respect to the E3max truncation. In addition, we study the asymptotic convergence behavior and perform
extrapolations to the un-truncated limit. Finally, we investigate the impact of truncations made when evolving
free-space 3N interactions with the similarity renormalization group. We find that the contribution of blocks
with angular momentum Jrel > 9/2 to the ground-state energy is dominated by a basis-truncation artifact, which
vanishes in the large-space limit, so these computationally expensive components can be neglected. For the
two sets of nuclear interactions employed in this work, the resulting binding energy of 132Sn agrees with the
experimental value within theoretical uncertainties. This work enables converged ab initio calculations of heavy
nuclei.

DOI: 10.1103/PhysRevC.105.014302

I. INTRODUCTION

With recent progress in constructing two-nucleon (NN)
and three-nucleon (3N) interactions [1,2], solving the nu-
clear many-body problem [3–9], and rapid increases in
computational power, the range of applicability of ab ini-
tio calculations of atomic nuclei has exploded over the past
decade [10]. On the side of nuclear interactions, it has become
clear that a consistent treatment of NN scattering and finite nu-
clei requires the inclusion of 3N forces [11–15], where chiral
effective field theory [1,2,16] provides a path to a consistent
and systematic treatment.

On the many-body side, polynomially scaling methods,
such as coupled-cluster theory [6], self-consistent Green’s
functions [7], and in-medium similarity renormalization
group (IMSRG) [8] have been used to treat systems of up
to A ≈ 100 particles [17–19]. In all of these calculations,
the wave function is expanded on a set of basis functions—
typically the eigenstates of the harmonic oscillator—and the

*tmiyagi@triumf.ca
†stroberg@uw.edu
‡navratil@triumf.ca
§kai.hebeler@physik.tu-darmstadt.de
‖jholt@triumf.ca

NN and 3N matrix elements in that basis are needed as an
input. The number of single-particle basis states in a calcu-
lation is given by the truncation e = 2n + ! ! emax, with the
radial quantum number n and angular momentum l . Achiev-
ing convergence in both the infrared (IR) and ultraviolet (UV)
for medium-mass nuclei typically requires emax ! 12. At even
emax = 12, however, storing the full set of 3N matrix elements
would require approximately 10 TB of memory with single-
precision floating point numbers, which considerably exceeds
the available RAM per node on a typical supercomputer. It
is therefore necessary to impose some additional truncation
on the 3N matrix elements, typically taken as e1 + e2 + e3 !
E3max. Ideally, the value of E3max is increased until conver-
gence is achieved for a given observable.

The current limit of E3max " 18 is the primary bottleneck
preventing ab initio calculations from reaching much beyond
A ≈ 100 [18,20–22]. Overcoming this limit would signifi-
cantly increase the reach of ab initio theory, e.g., to searches
for physics beyond the standard model using heavy isotopes of
xenon, tellurium, cesium, or mercury [23–29]. Furthermore,
potential controlled calculations of 208Pb would provide the
best experimentally accessible link between finite nuclei and
nuclear matter, particularly in light of recently reported parity-
violating electron scattering experiments [30–32]. Ab initio
predictions would even be possible for the astrophysically rel-
evant, but experimentally challenging, N = 126 region below
208Pb [33–35].

2469-9985/2022/105(1)/014302(14) 014302-1 ©2022 American Physical Society
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Normal ordering of three-nucleon interactions for ab initio calculations of heavy nuclei
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Three-nucleon (3N) interactions are key for an accurate solution of the nuclear many-body problem. However,
fully taking into account 3N forces constitutes a computational challenge and hence approximate treatments
are commonly employed. The method of normal ordering has proven to be a powerful tool that allows to
systematically include 3N interactions in an efficient way, but traditional normal-ordering frameworks require
the representation of 3N interactions in a large single-particle basis, typically necessitating a truncation of 3N
matrix elements. While this truncation has only a minor impact for light and medium-mass nuclei, its effects
become sizable for heavier systems and hence limit the scope of ab initio calculations. In this work, we present
a novel normal-ordering framework that allows to circumvent this limitation by performing the normal ordering
directly in a Jacobi basis. We discuss in detail the new framework, benchmark it against established results, and
present calculations for ground-state energies and charge radii of heavy nuclei, such as 132Sn and 208Pb.

DOI: 10.1103/PhysRevC.107.024310

I. INTRODUCTION

The inclusion of three-body forces in nuclear Hamiltonians
is crucial to obtain a realistic description of the structure of
finite nuclei and properties of dense matter [1–3]. However,
the full inclusion of three-body operators is computationally
very challenging due to a steep increase in the number of
matrix elements when using large model spaces, as is required
for converged calculations of heavier nuclei. Normal ordering
(NO) is a powerful and well-established method that allows
to transform a given Hamiltonian in an exact way, such that
contributions from three nucleon (3N) interactions can be
incorporated to good approximation at the computational cost
of two-body interactions. This so-called normal-ordered two-
body approximation (NO2B) has become the standard tool in
state-of-the-art calculations of finite nuclei [4–10] and nuclear
matter [11–14].

*kai.hebeler@physik.tu-darmstadt.de
†vdurant@uni-mainz.de
‡jhoppe@theorie.ikp.physik.tu-darmstadt.de
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‖schwenk@physik.tu-darmstadt.de
¶simonis@theorie.ikp.physik.tu-darmstadt.de
#alexander.tichai@physik.tu-darmstadt.de

Published by the American Physical Society under the terms of the
Creative Commons Attribution 4.0 International license. Further
distribution of this work must maintain attribution to the author(s)
and the published article’s title, journal citation, and DOI. Open
access publication funded by the Max Planck Society.

However, established NO frameworks for ab initio calcu-
lations of nuclei require the representation of 3N interactions
in a given single-particle basis as an intermediate step. Due
to the rapid increase of the three-body basis dimension,
this step necessitates the introduction of additional trun-
cations for a given single-particle model space. Typically,
a cut on the allowed three-body energy quantum numbers
is applied. For studies of light and medium-mass nuclei
the impact of the additional truncation is small, and for
low resolution interactions calculations converge rapidly at
moderate truncation values. For heavier systems this cut be-
comes significant, and the uncertainty due to these effects
has constrained ab initio calculations to masses A ! 100.
Only recently, extensions to larger three-body spaces have
become available for the NO2B approximation, allowing con-
verged calculations for heavy nuclei based on soft nuclear
interactions [15,16].

In this work, we present a NO framework that is formulated
directly in a partial-wave-decomposed Jacobi-momentum ba-
sis [3,17,18], in which 3N interaction matrix elements are
most commonly stored. Performing the NO in this basis
avoids the need to represent the 3N interaction in a single-
particle basis at any point of the calculation and hence fully
circumvents memory limitations associated with the single-
particle formulation of the NO2B approximation [19]. The
new Jacobi NO framework yields an effective two-body in-
teraction that explicitly depends on the center-of-mass (CM)
momentum, characterized by an extended set of quantum
numbers. In this work, we present the details of the new
framework and carefully benchmark it against the existing NO
implementation for a selected set of closed-shell nuclei with a
large range of mass numbers from 16O up to 208Pb.

2469-9985/2023/107(2)/024310(14) 024310-1 Published by the American Physical Society
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Neutron stars are extreme astrophysical objects whose interi-
ors may contain exotic new forms of matter. The structure 
and size of neutron stars are linked to the thickness of the 

neutron skin in atomic nuclei via the neutron-matter equation of 
state1–3. The nucleus 208Pb is an attractive target for exploring this 
link in both experimental4,5 and theoretical2,6,7 studies owing to the 
large excess of neutrons and its simple structure. Mean-field cal-
culations predict a wide range for Rskin(208Pb) because the isovector 
parts of nuclear energy density functionals are not well constrained 
by binding energies and charge radii2,7–9. Additional constraints may 
be obtained10 by including the electric dipole polarizability of 208Pb, 
though this comes with a model dependence11 which is difficult to 
quantify. In general, the estimation of systematic theoretical uncer-
tainties is a challenge for mean-field theory.

In contrast, precise ab initio computations, which provide a path 
to comprehensive uncertainty estimation, have been accomplished 
for the neutron-matter equation of state12–14 and the neutron skin in 
the medium-mass nucleus 48Ca (ref. 15). However, up to now, treat-
ing 208Pb within the same framework was out of reach. Owing to 
breakthrough developments in quantum many-body methods, such 
computations are now becoming feasible for heavy nuclei16–19. The  
ab initio computation of 208Pb we report herein represents a signifi-
cant step in mass number from the previously computed tin iso-
topes16,17 (Fig. 1). The complementary statistical analysis in this work 
is enabled by emulators (for mass number A ≤ 16) which mimic the 
outputs of many-body solvers but are orders of magnitude faster.

In this paper, we develop a unified ab initio framework to link 
the physics of nucleon–nucleon scattering and few-nucleon systems 

to properties of medium- and heavy-mass nuclei up to 208Pb,  
and ultimately to the nuclear-matter equation of state near satura-
tion density.

Linking models to reality
Our approach to constructing nuclear interactions is based on chi-
ral effective field theory (EFT)20–22. In this theory, the long-range 
part of the strong nuclear force is known and stems from pion 
exchanges, while the unknown short-range contributions are repre-
sented as contact interactions; we also include the Δ isobar degree 
of freedom23. At next-to-next-to leading order in Weinberg’s power 
counting, the four pion–nucleon low-energy constants (LECs) are 
tightly fixed from pion–nucleon scattering data24. The 13 additional 
LECs in the nuclear potential must be constrained from data.

We use history matching25,26 to explore the modelling capabili-
ties of ab initio methods by identifying a non-implausible region 
in the vast parameter space of LECs, for which the model output 
yields acceptable agreement with selected low-energy experimen-
tal data (denoted herein as history-matching observables). The 
key to efficiently analyse this high-dimensional parameter space 
is the use of emulators based on eigenvector continuation27–29 that 
accurately mimic the outputs of the ab initio methods but at sev-
eral orders of magnitude lower computational cost. We consider 
the following history-matching observables: nucleon–nucleon 
scattering phase shifts up to an energy of 200 MeV; the energy, 
radius and quadrupole moment of 2H; and the energies and radii 
of 3H, 4He and 16O. We perform five waves of this global param-
eter search (Extended Data Figs. 1 and 2), sequentially ruling out 

Ab initio predictions link the neutron skin of 208Pb 
to nuclear forces
Baishan Hu! !1,11, Weiguang Jiang! !2,11, Takayuki Miyagi! !1,3,4,11, Zhonghao Sun5,6,11, Andreas Ekström2, 
Christian Forssén! !2 ✉, Gaute Hagen! !1,5,6, Jason D. Holt! !1,7, Thomas Papenbrock! !5,6, 
S. Ragnar Stroberg8,9 and Ian Vernon10

Heavy atomic nuclei have an excess of neutrons over protons, which leads to the formation of a neutron skin whose thickness 
is sensitive to details of the nuclear force. This links atomic nuclei to properties of neutron stars, thereby relating objects that 
differ in size by orders of magnitude. The nucleus 208Pb is of particular interest because it exhibits a simple structure and is 
experimentally accessible. However, computing such a heavy nucleus has been out of reach for ab initio theory. By combining 
advances in quantum many-body methods, statistical tools and emulator technology, we make quantitative predictions for the 
properties of 208Pb starting from nuclear forces that are consistent with symmetries of low-energy quantum chromodynamics. 
We explore 109 different nuclear force parameterizations via history matching, confront them with data in select light nuclei and 
arrive at an importance-weighted ensemble of interactions. We accurately reproduce bulk properties of 208Pb and determine 
the neutron skin thickness, which is smaller and more precise than a recent extraction from parity-violating electron scattering 
but in agreement with other experimental probes. This work demonstrates how realistic two- and three-nucleon forces act in a 
heavy nucleus and allows us to make quantitative predictions across the nuclear landscape.
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Probing New Bosons and Nuclear Structure with Ytterbium Isotope Shifts
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In this Letter, we present mass-ratio measurements on highly charged Yb42þ ions with a precision of
4 × 10−12 and isotope-shift measurements on Ybþ on the 2S1=2 → 2D5=2 and 2S1=2 → 2F7=2 transitions with
a precision of 4 × 10−9 for the isotopes 168;170;172;174;176Yb. We present a new method that allows us to
extract higher-order changes in the nuclear charge distribution along the Yb isotope chain, benchmarking
ab initio nuclear structure calculations. Additionally, we perform a King plot analysis to set bounds on a
fifth force in the keV=c2 to MeV=c2 range coupling to electrons and neutrons.

DOI: 10.1103/PhysRevLett.134.063002

Theories beyond the standard model (SM) of particle
physics are typically probed by high-energy colliders or
astrophysical and cosmological observations. Competi-
tive complementary tests can be performed with high-
precision atomic and molecular physics experiments at low
energies [1]. In particular, isotope-shift spectroscopy,
commonly used to study nuclear charge radii in exotic
isotopes [2], is also sensitive to shifts in atomic energy

levels induced by hypothetical new bosons that mediate an
additional interaction between neutrons and electrons [3,4].
Such measurements can be analyzed via the King-plot
method, where different atomic transitions are combined in
such a way that common nuclear and atomic uncertainties
are eliminated. Deviations from the linearity of the King
plot indicate effects from new physics or higher-order
atomic and nuclear structure. This powerful technique has
been successfully used to put bounds on physics beyond the
SM, for example, with isotope shifts measured in ytterbium
[5–7]. With increasing precision of the frequency mea-
surements, the uncertainties of the nuclear masses [5,8]
become a limiting factor for distinguishing between higher-
order SM effects and new physics.
In this Letter, we present high-precision mass-ratio and

isotope-shift measurements of five stable, spinless ytter-
bium isotopes. Both the mass spectrometry and the isotope-
shift spectroscopy are up to 2 orders of magnitude more
precise than previous measurements [7–9]. The isotope
mass ratios are determined using highly charged Yb ions in
the Penning-trap mass spectrometer Pentatrap [10], reaching
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Impact of Two-Body Currents on Magnetic Dipole Moments of Nuclei
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We investigate the effects of two-body currents on magnetic dipole moments of medium-mass and heavy
nuclei using the valence-space in-medium similarity renormalization group with chiral effective field
theory interactions and currents. Focusing on near doubly magic nuclei from oxygen to bismuth, we have
found that the leading two-body currents globally improve the agreement with experimental magnetic
moments. Moreover, our results show the importance of multishell effects for 41Ca, which suggest that the
Z ¼ N ¼ 20 gap in 40Ca is not as robust as in 48Ca. The increasing contribution of two-body currents in
heavier systems is explained by the operator structure of the center-of-mass dependent Sachs term.

DOI: 10.1103/PhysRevLett.132.232503

Nuclear magnetic dipole moments are a key probe to
explore the structure of atomic nuclei. For odd-mass
systems, the simplest description of magnetic moments
is to consider only the contribution from the last unpaired
nucleon, known as the single-particle or Schmidt limit [1].
An experimental deviation from the Schmidt limit indicates
the impact of many-body contributions to the magnetic
moment, with important contributions from core-polariza-
tion effects [2–4]. Since the magnetic moments are sensi-
tive to shell structure, they provide an important probe of
nuclear structure and shell closures, complementary to high
2þ excitation energies, high separation energies, and more
inert radii at magic numbers. Recent experimental efforts
have thus focused on the evolution of magnetic moments
along isotopic chains [5]. From the theoretical side,
providing an accurate description of magnetic moments
in medium-mass and heavy nuclei has been a major
challenge. The comparison with experiments often requires
the use of adjustable parameters that are commonly fitted to

improve agreement with experimental data in specific
regions of the nuclear chart (see, e.g., Ref. [5]). For a
reliable description of magnetic dipole moments, it is
important to perform controlled nuclear structure calcu-
lations with many-body electromagnetic (EM) operators.
The goal of this work is a first global ab initio survey of
magnetic moments near doubly magic nuclei from oxygen
to bismuth.
In the past decades, great progress has been made in

advancing ab initio calculations to medium-mass and
heavy nuclei [6–11], culminating in the recent ab initio
calculation of 208Pb [12]. At the same time, ab initio
calculations have explored EM observables and weak
transitions including contributions beyond the standard
one-body operators [13–21]. However, these efforts have
so far focused on light nuclei, except for a global study of
beta decays of medium-mass nuclei up to 100Sn [19]. The
latter work showed that many-body correlations and two-
body currents (2BC) are key to explain the quenching
puzzle of beta decays. Here, we focus on magnetic
moments up to bismuth, including both many-body corre-
lations and for the first time the leading EM 2BC.
Another motivation for this work is the recent precision

measurements of the magnetic dipole moments of indium
isotopes [22]. The experimental results showed a striking
jump at N ¼ 82 towards the Schmidt limit, supporting the
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Converged ab initio calculations of heavy nuclei
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We propose a novel storage scheme for three-nucleon (3N) interaction matrix elements relevant for the
normal-ordered two-body approximation used extensively in ab initio calculations of atomic nuclei. This scheme
reduces the required memory by approximately two orders of magnitude, which allows the generation of 3N
interaction matrix elements with the standard truncation of E3max = 28, well beyond the previous limit of 18.
We demonstrate that this is sufficient to obtain the ground-state energy of 132Sn converged to within a few MeV
with respect to the E3max truncation. In addition, we study the asymptotic convergence behavior and perform
extrapolations to the un-truncated limit. Finally, we investigate the impact of truncations made when evolving
free-space 3N interactions with the similarity renormalization group. We find that the contribution of blocks
with angular momentum Jrel > 9/2 to the ground-state energy is dominated by a basis-truncation artifact, which
vanishes in the large-space limit, so these computationally expensive components can be neglected. For the
two sets of nuclear interactions employed in this work, the resulting binding energy of 132Sn agrees with the
experimental value within theoretical uncertainties. This work enables converged ab initio calculations of heavy
nuclei.
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I. INTRODUCTION

With recent progress in constructing two-nucleon (NN)
and three-nucleon (3N) interactions [1,2], solving the nu-
clear many-body problem [3–9], and rapid increases in
computational power, the range of applicability of ab ini-
tio calculations of atomic nuclei has exploded over the past
decade [10]. On the side of nuclear interactions, it has become
clear that a consistent treatment of NN scattering and finite nu-
clei requires the inclusion of 3N forces [11–15], where chiral
effective field theory [1,2,16] provides a path to a consistent
and systematic treatment.

On the many-body side, polynomially scaling methods,
such as coupled-cluster theory [6], self-consistent Green’s
functions [7], and in-medium similarity renormalization
group (IMSRG) [8] have been used to treat systems of up
to A ≈ 100 particles [17–19]. In all of these calculations,
the wave function is expanded on a set of basis functions—
typically the eigenstates of the harmonic oscillator—and the
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NN and 3N matrix elements in that basis are needed as an
input. The number of single-particle basis states in a calcu-
lation is given by the truncation e = 2n + ! ! emax, with the
radial quantum number n and angular momentum l . Achiev-
ing convergence in both the infrared (IR) and ultraviolet (UV)
for medium-mass nuclei typically requires emax ! 12. At even
emax = 12, however, storing the full set of 3N matrix elements
would require approximately 10 TB of memory with single-
precision floating point numbers, which considerably exceeds
the available RAM per node on a typical supercomputer. It
is therefore necessary to impose some additional truncation
on the 3N matrix elements, typically taken as e1 + e2 + e3 !
E3max. Ideally, the value of E3max is increased until conver-
gence is achieved for a given observable.

The current limit of E3max " 18 is the primary bottleneck
preventing ab initio calculations from reaching much beyond
A ≈ 100 [18,20–22]. Overcoming this limit would signifi-
cantly increase the reach of ab initio theory, e.g., to searches
for physics beyond the standard model using heavy isotopes of
xenon, tellurium, cesium, or mercury [23–29]. Furthermore,
potential controlled calculations of 208Pb would provide the
best experimentally accessible link between finite nuclei and
nuclear matter, particularly in light of recently reported parity-
violating electron scattering experiments [30–32]. Ab initio
predictions would even be possible for the astrophysically rel-
evant, but experimentally challenging, N = 126 region below
208Pb [33–35].
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Three-nucleon (3N) interactions are key for an accurate solution of the nuclear many-body problem. However,
fully taking into account 3N forces constitutes a computational challenge and hence approximate treatments
are commonly employed. The method of normal ordering has proven to be a powerful tool that allows to
systematically include 3N interactions in an efficient way, but traditional normal-ordering frameworks require
the representation of 3N interactions in a large single-particle basis, typically necessitating a truncation of 3N
matrix elements. While this truncation has only a minor impact for light and medium-mass nuclei, its effects
become sizable for heavier systems and hence limit the scope of ab initio calculations. In this work, we present
a novel normal-ordering framework that allows to circumvent this limitation by performing the normal ordering
directly in a Jacobi basis. We discuss in detail the new framework, benchmark it against established results, and
present calculations for ground-state energies and charge radii of heavy nuclei, such as 132Sn and 208Pb.
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I. INTRODUCTION

The inclusion of three-body forces in nuclear Hamiltonians
is crucial to obtain a realistic description of the structure of
finite nuclei and properties of dense matter [1–3]. However,
the full inclusion of three-body operators is computationally
very challenging due to a steep increase in the number of
matrix elements when using large model spaces, as is required
for converged calculations of heavier nuclei. Normal ordering
(NO) is a powerful and well-established method that allows
to transform a given Hamiltonian in an exact way, such that
contributions from three nucleon (3N) interactions can be
incorporated to good approximation at the computational cost
of two-body interactions. This so-called normal-ordered two-
body approximation (NO2B) has become the standard tool in
state-of-the-art calculations of finite nuclei [4–10] and nuclear
matter [11–14].
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However, established NO frameworks for ab initio calcu-
lations of nuclei require the representation of 3N interactions
in a given single-particle basis as an intermediate step. Due
to the rapid increase of the three-body basis dimension,
this step necessitates the introduction of additional trun-
cations for a given single-particle model space. Typically,
a cut on the allowed three-body energy quantum numbers
is applied. For studies of light and medium-mass nuclei
the impact of the additional truncation is small, and for
low resolution interactions calculations converge rapidly at
moderate truncation values. For heavier systems this cut be-
comes significant, and the uncertainty due to these effects
has constrained ab initio calculations to masses A ! 100.
Only recently, extensions to larger three-body spaces have
become available for the NO2B approximation, allowing con-
verged calculations for heavy nuclei based on soft nuclear
interactions [15,16].

In this work, we present a NO framework that is formulated
directly in a partial-wave-decomposed Jacobi-momentum ba-
sis [3,17,18], in which 3N interaction matrix elements are
most commonly stored. Performing the NO in this basis
avoids the need to represent the 3N interaction in a single-
particle basis at any point of the calculation and hence fully
circumvents memory limitations associated with the single-
particle formulation of the NO2B approximation [19]. The
new Jacobi NO framework yields an effective two-body in-
teraction that explicitly depends on the center-of-mass (CM)
momentum, characterized by an extended set of quantum
numbers. In this work, we present the details of the new
framework and carefully benchmark it against the existing NO
implementation for a selected set of closed-shell nuclei with a
large range of mass numbers from 16O up to 208Pb.
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Neutron stars are extreme astrophysical objects whose interi-
ors may contain exotic new forms of matter. The structure 
and size of neutron stars are linked to the thickness of the 

neutron skin in atomic nuclei via the neutron-matter equation of 
state1–3. The nucleus 208Pb is an attractive target for exploring this 
link in both experimental4,5 and theoretical2,6,7 studies owing to the 
large excess of neutrons and its simple structure. Mean-field cal-
culations predict a wide range for Rskin(208Pb) because the isovector 
parts of nuclear energy density functionals are not well constrained 
by binding energies and charge radii2,7–9. Additional constraints may 
be obtained10 by including the electric dipole polarizability of 208Pb, 
though this comes with a model dependence11 which is difficult to 
quantify. In general, the estimation of systematic theoretical uncer-
tainties is a challenge for mean-field theory.

In contrast, precise ab initio computations, which provide a path 
to comprehensive uncertainty estimation, have been accomplished 
for the neutron-matter equation of state12–14 and the neutron skin in 
the medium-mass nucleus 48Ca (ref. 15). However, up to now, treat-
ing 208Pb within the same framework was out of reach. Owing to 
breakthrough developments in quantum many-body methods, such 
computations are now becoming feasible for heavy nuclei16–19. The  
ab initio computation of 208Pb we report herein represents a signifi-
cant step in mass number from the previously computed tin iso-
topes16,17 (Fig. 1). The complementary statistical analysis in this work 
is enabled by emulators (for mass number A ≤ 16) which mimic the 
outputs of many-body solvers but are orders of magnitude faster.

In this paper, we develop a unified ab initio framework to link 
the physics of nucleon–nucleon scattering and few-nucleon systems 

to properties of medium- and heavy-mass nuclei up to 208Pb,  
and ultimately to the nuclear-matter equation of state near satura-
tion density.

Linking models to reality
Our approach to constructing nuclear interactions is based on chi-
ral effective field theory (EFT)20–22. In this theory, the long-range 
part of the strong nuclear force is known and stems from pion 
exchanges, while the unknown short-range contributions are repre-
sented as contact interactions; we also include the Δ isobar degree 
of freedom23. At next-to-next-to leading order in Weinberg’s power 
counting, the four pion–nucleon low-energy constants (LECs) are 
tightly fixed from pion–nucleon scattering data24. The 13 additional 
LECs in the nuclear potential must be constrained from data.

We use history matching25,26 to explore the modelling capabili-
ties of ab initio methods by identifying a non-implausible region 
in the vast parameter space of LECs, for which the model output 
yields acceptable agreement with selected low-energy experimen-
tal data (denoted herein as history-matching observables). The 
key to efficiently analyse this high-dimensional parameter space 
is the use of emulators based on eigenvector continuation27–29 that 
accurately mimic the outputs of the ab initio methods but at sev-
eral orders of magnitude lower computational cost. We consider 
the following history-matching observables: nucleon–nucleon 
scattering phase shifts up to an energy of 200 MeV; the energy, 
radius and quadrupole moment of 2H; and the energies and radii 
of 3H, 4He and 16O. We perform five waves of this global param-
eter search (Extended Data Figs. 1 and 2), sequentially ruling out 

Ab initio predictions link the neutron skin of 208Pb 
to nuclear forces
Baishan Hu! !1,11, Weiguang Jiang! !2,11, Takayuki Miyagi! !1,3,4,11, Zhonghao Sun5,6,11, Andreas Ekström2, 
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Heavy atomic nuclei have an excess of neutrons over protons, which leads to the formation of a neutron skin whose thickness 
is sensitive to details of the nuclear force. This links atomic nuclei to properties of neutron stars, thereby relating objects that 
differ in size by orders of magnitude. The nucleus 208Pb is of particular interest because it exhibits a simple structure and is 
experimentally accessible. However, computing such a heavy nucleus has been out of reach for ab initio theory. By combining 
advances in quantum many-body methods, statistical tools and emulator technology, we make quantitative predictions for the 
properties of 208Pb starting from nuclear forces that are consistent with symmetries of low-energy quantum chromodynamics. 
We explore 109 different nuclear force parameterizations via history matching, confront them with data in select light nuclei and 
arrive at an importance-weighted ensemble of interactions. We accurately reproduce bulk properties of 208Pb and determine 
the neutron skin thickness, which is smaller and more precise than a recent extraction from parity-violating electron scattering 
but in agreement with other experimental probes. This work demonstrates how realistic two- and three-nucleon forces act in a 
heavy nucleus and allows us to make quantitative predictions across the nuclear landscape.
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Probing New Bosons and Nuclear Structure with Ytterbium Isotope Shifts
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In this Letter, we present mass-ratio measurements on highly charged Yb42þ ions with a precision of
4 × 10−12 and isotope-shift measurements on Ybþ on the 2S1=2 → 2D5=2 and 2S1=2 → 2F7=2 transitions with
a precision of 4 × 10−9 for the isotopes 168;170;172;174;176Yb. We present a new method that allows us to
extract higher-order changes in the nuclear charge distribution along the Yb isotope chain, benchmarking
ab initio nuclear structure calculations. Additionally, we perform a King plot analysis to set bounds on a
fifth force in the keV=c2 to MeV=c2 range coupling to electrons and neutrons.
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Theories beyond the standard model (SM) of particle
physics are typically probed by high-energy colliders or
astrophysical and cosmological observations. Competi-
tive complementary tests can be performed with high-
precision atomic and molecular physics experiments at low
energies [1]. In particular, isotope-shift spectroscopy,
commonly used to study nuclear charge radii in exotic
isotopes [2], is also sensitive to shifts in atomic energy

levels induced by hypothetical new bosons that mediate an
additional interaction between neutrons and electrons [3,4].
Such measurements can be analyzed via the King-plot
method, where different atomic transitions are combined in
such a way that common nuclear and atomic uncertainties
are eliminated. Deviations from the linearity of the King
plot indicate effects from new physics or higher-order
atomic and nuclear structure. This powerful technique has
been successfully used to put bounds on physics beyond the
SM, for example, with isotope shifts measured in ytterbium
[5–7]. With increasing precision of the frequency mea-
surements, the uncertainties of the nuclear masses [5,8]
become a limiting factor for distinguishing between higher-
order SM effects and new physics.
In this Letter, we present high-precision mass-ratio and

isotope-shift measurements of five stable, spinless ytter-
bium isotopes. Both the mass spectrometry and the isotope-
shift spectroscopy are up to 2 orders of magnitude more
precise than previous measurements [7–9]. The isotope
mass ratios are determined using highly charged Yb ions in
the Penning-trap mass spectrometer Pentatrap [10], reaching
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We investigate the effects of two-body currents on magnetic dipole moments of medium-mass and heavy
nuclei using the valence-space in-medium similarity renormalization group with chiral effective field
theory interactions and currents. Focusing on near doubly magic nuclei from oxygen to bismuth, we have
found that the leading two-body currents globally improve the agreement with experimental magnetic
moments. Moreover, our results show the importance of multishell effects for 41Ca, which suggest that the
Z ¼ N ¼ 20 gap in 40Ca is not as robust as in 48Ca. The increasing contribution of two-body currents in
heavier systems is explained by the operator structure of the center-of-mass dependent Sachs term.
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Nuclear magnetic dipole moments are a key probe to
explore the structure of atomic nuclei. For odd-mass
systems, the simplest description of magnetic moments
is to consider only the contribution from the last unpaired
nucleon, known as the single-particle or Schmidt limit [1].
An experimental deviation from the Schmidt limit indicates
the impact of many-body contributions to the magnetic
moment, with important contributions from core-polariza-
tion effects [2–4]. Since the magnetic moments are sensi-
tive to shell structure, they provide an important probe of
nuclear structure and shell closures, complementary to high
2þ excitation energies, high separation energies, and more
inert radii at magic numbers. Recent experimental efforts
have thus focused on the evolution of magnetic moments
along isotopic chains [5]. From the theoretical side,
providing an accurate description of magnetic moments
in medium-mass and heavy nuclei has been a major
challenge. The comparison with experiments often requires
the use of adjustable parameters that are commonly fitted to

improve agreement with experimental data in specific
regions of the nuclear chart (see, e.g., Ref. [5]). For a
reliable description of magnetic dipole moments, it is
important to perform controlled nuclear structure calcu-
lations with many-body electromagnetic (EM) operators.
The goal of this work is a first global ab initio survey of
magnetic moments near doubly magic nuclei from oxygen
to bismuth.
In the past decades, great progress has been made in

advancing ab initio calculations to medium-mass and
heavy nuclei [6–11], culminating in the recent ab initio
calculation of 208Pb [12]. At the same time, ab initio
calculations have explored EM observables and weak
transitions including contributions beyond the standard
one-body operators [13–21]. However, these efforts have
so far focused on light nuclei, except for a global study of
beta decays of medium-mass nuclei up to 100Sn [19]. The
latter work showed that many-body correlations and two-
body currents (2BC) are key to explain the quenching
puzzle of beta decays. Here, we focus on magnetic
moments up to bismuth, including both many-body corre-
lations and for the first time the leading EM 2BC.
Another motivation for this work is the recent precision

measurements of the magnetic dipole moments of indium
isotopes [22]. The experimental results showed a striking
jump at N ¼ 82 towards the Schmidt limit, supporting the
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and beyond?
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Figure 2 | Predictions for observables related to the neutron distribution in 48Ca. Neutron skin Rskin (a), r.m.s. point-neutron radius Rn (b) and electric
dipole polarizability αD (c) plotted versus the r.m.s. point-proton radius Rp. The ab initio predictions with NNLOsat (red circles) and chiral interactions of
ref. 29 (squares) are compared to the DFT results with the energy density functionals SkM∗, SkP, SLy4, SV-min, UNEDF0 and UNEDF1 (ref. 20; diamonds).
This is a representative subset of DFT results; for other DFT predictions, the reader is referred to ref. 20. The theoretical error bars estimate uncertainties
from truncations of the employed method and model space (see Methods for details). The blue line represents a linear fit to the data. The blue band
encompasses all error bars and estimates systematic uncertainties. The horizontal green line marks the experimental value of Rp. Its intersection with the
blue line and the blue band yields the vertical orange line and orange band, respectively, giving the predicted range for the ordinate.
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Figure 3 | Weak-charge observables in 48Ca. a, Root mean square point-neutron radius Rn in 48Ca versus the weak-charge form factor FW(qc) at the CREX
momentum qc=0.778 fm−1 obtained in ab initio calculations with NNLOsat (red circle) and chiral interactions of ref. 29 (squares). The theoretical error
bars estimate uncertainties from truncations of the employed method and model space (see Methods for details). The width of the horizontal orange band
shows the predicted range for Rn and is taken from Fig. 2b. The width of the vertical orange band is taken from Supplementary Fig. 2 and shows the
predicted range for FW(qc). b, Weak-charge form factor FW(q) as a function of momentum transfer q with NNLOsat (red line) and DFT with the energy
density functional SV-min21 (diamonds). The orange horizontal band shows FW(qc). c, Charge density (blue line) and (negative of) weak-charge density
(red line). The weak-charge density extends well beyond ρch as it is strongly weighted by the neutron distribution. The weak charge of 48Ca, obtained by
integrating the weak-charge density is QW=−26.22 (for the weak charge of the proton and neutron see Methods).

is 0.12!Rskin ! 0.15 fm. Figure 2a shows two remarkable features.
First, the ab initio calculations yield neutron skins that are almost
independent of the employed interaction. This is due to the strong
correlation between the Rn and Rp in this nucleus (Fig. 2b). In
contrast, DFT models exhibit practically no correlation between
Rskin and Rp. Second, the ab initio calculations predict a significantly
smaller neutron skin than the DFT models. The predicted range
is also appreciably lower than the combined DFT estimate of
0.176(18) fm (ref. 20) and is well below the relativistic DFT value of
Rskin=0.22(2) fm (ref. 20). To shed light on the lower values of Rskin
predicted by ab initio theory, we computed the neutron separation
energy and the three-point binding energy difference in 48Ca (both
being indicators of the N =28 shell gap). Our results are consistent
with experiment and indicate the pronounced magicity of 48Ca
(Supplementary Table 2), whereas DFT results usually significantly
underestimate the N =28 shell gap30. The shortcoming of DFT for
48Ca is also reflected in Rp. Although many nuclear energy density
functionals are constrained to the Rp of 48Ca (refs 18,30), the results
of DFT models shown in Fig. 2a overestimate this quantity.

For Rn (Fig. 2b) we find 3.47!Rn ! 3.60 fm. Most of the DFT
results for Rn are outside this range, but fall within the blue
band. Comparing Fig. 2a,b suggests that a measurement of a
small neutron skin in 48Ca would provide a critical test for ab
initio models. For the electric dipole polarizability (Fig. 2c) our
prediction 2.19!αD!2.60 fm3 is consistent with the DFT value
of 2.306(89) fm3 (ref. 20). Again, most of the DFT results fall
within the ab initio uncertainty band. The result for αD will be
tested by anticipated experimental data from the Darmstadt–Osaka
collaboration13,14. The excellent correlation between Rp, Rn and αD
seen in Fig. 2b,c demonstrates the usefulness of Rn and αD as probes
of the neutron density.

The weak-charge radiusRW is another quantity that characterizes
the size of the nucleus. The CREX experiment will measure the
parity-violating asymmetry Apv in electron scattering on 48Ca
at the momentum transfer qc = 0.778 fm−1. This observable is
proportional to the ratio of the weak-charge and electromagnetic
charge form factors FW(qc)/Fch(qc) (ref. 12). Making some
assumptions about the weak-charge form factor, one can deduce RW
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Figure 2 | Predictions for observables related to the neutron distribution in 48Ca. Neutron skin Rskin (a), r.m.s. point-neutron radius Rn (b) and electric
dipole polarizability αD (c) plotted versus the r.m.s. point-proton radius Rp. The ab initio predictions with NNLOsat (red circles) and chiral interactions of
ref. 29 (squares) are compared to the DFT results with the energy density functionals SkM∗, SkP, SLy4, SV-min, UNEDF0 and UNEDF1 (ref. 20; diamonds).
This is a representative subset of DFT results; for other DFT predictions, the reader is referred to ref. 20. The theoretical error bars estimate uncertainties
from truncations of the employed method and model space (see Methods for details). The blue line represents a linear fit to the data. The blue band
encompasses all error bars and estimates systematic uncertainties. The horizontal green line marks the experimental value of Rp. Its intersection with the
blue line and the blue band yields the vertical orange line and orange band, respectively, giving the predicted range for the ordinate.
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Figure 3 | Weak-charge observables in 48Ca. a, Root mean square point-neutron radius Rn in 48Ca versus the weak-charge form factor FW(qc) at the CREX
momentum qc=0.778 fm−1 obtained in ab initio calculations with NNLOsat (red circle) and chiral interactions of ref. 29 (squares). The theoretical error
bars estimate uncertainties from truncations of the employed method and model space (see Methods for details). The width of the horizontal orange band
shows the predicted range for Rn and is taken from Fig. 2b. The width of the vertical orange band is taken from Supplementary Fig. 2 and shows the
predicted range for FW(qc). b, Weak-charge form factor FW(q) as a function of momentum transfer q with NNLOsat (red line) and DFT with the energy
density functional SV-min21 (diamonds). The orange horizontal band shows FW(qc). c, Charge density (blue line) and (negative of) weak-charge density
(red line). The weak-charge density extends well beyond ρch as it is strongly weighted by the neutron distribution. The weak charge of 48Ca, obtained by
integrating the weak-charge density is QW=−26.22 (for the weak charge of the proton and neutron see Methods).

is 0.12!Rskin ! 0.15 fm. Figure 2a shows two remarkable features.
First, the ab initio calculations yield neutron skins that are almost
independent of the employed interaction. This is due to the strong
correlation between the Rn and Rp in this nucleus (Fig. 2b). In
contrast, DFT models exhibit practically no correlation between
Rskin and Rp. Second, the ab initio calculations predict a significantly
smaller neutron skin than the DFT models. The predicted range
is also appreciably lower than the combined DFT estimate of
0.176(18) fm (ref. 20) and is well below the relativistic DFT value of
Rskin=0.22(2) fm (ref. 20). To shed light on the lower values of Rskin
predicted by ab initio theory, we computed the neutron separation
energy and the three-point binding energy difference in 48Ca (both
being indicators of the N =28 shell gap). Our results are consistent
with experiment and indicate the pronounced magicity of 48Ca
(Supplementary Table 2), whereas DFT results usually significantly
underestimate the N =28 shell gap30. The shortcoming of DFT for
48Ca is also reflected in Rp. Although many nuclear energy density
functionals are constrained to the Rp of 48Ca (refs 18,30), the results
of DFT models shown in Fig. 2a overestimate this quantity.

For Rn (Fig. 2b) we find 3.47!Rn ! 3.60 fm. Most of the DFT
results for Rn are outside this range, but fall within the blue
band. Comparing Fig. 2a,b suggests that a measurement of a
small neutron skin in 48Ca would provide a critical test for ab
initio models. For the electric dipole polarizability (Fig. 2c) our
prediction 2.19!αD!2.60 fm3 is consistent with the DFT value
of 2.306(89) fm3 (ref. 20). Again, most of the DFT results fall
within the ab initio uncertainty band. The result for αD will be
tested by anticipated experimental data from the Darmstadt–Osaka
collaboration13,14. The excellent correlation between Rp, Rn and αD
seen in Fig. 2b,c demonstrates the usefulness of Rn and αD as probes
of the neutron density.

The weak-charge radiusRW is another quantity that characterizes
the size of the nucleus. The CREX experiment will measure the
parity-violating asymmetry Apv in electron scattering on 48Ca
at the momentum transfer qc = 0.778 fm−1. This observable is
proportional to the ratio of the weak-charge and electromagnetic
charge form factors FW(qc)/Fch(qc) (ref. 12). Making some
assumptions about the weak-charge form factor, one can deduce RW
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•  overlap integrals sensitive to neutron density
μ → e

S(n) ∼ ∫
∞

0
dr r2ρn(r) s(r)

Hagen et al., Nat. Phys. 12 (2016)
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Key ideas: 
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Basic setup
• Input Hamiltonian:


• NN-only pionless EFT up to , 


• Expansion around unitary limit


• Caveat: No 3N force at , no 4N force at , benchmarks only! 

• Comparison with results from Faddeev-Yakubovsky (FY) calculations 
by Sebastian König for 


• Main goal: Quantitative agreement  
to validate approach and implementation


• Keep in mind: IMSRG(2) and MBPT are not exact methods

N2LO Λ = 400 MeV

LO NLO

4He
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IMSRG flow

• Good agreement with FY results 
within expected uncertainties


• Less than  at 


• IMSRG(2) solution seems to 
roughly decouple 


• 


• LO IMSRG(2) solution dominates 
many-body uncertainty

300 keV LO

VNLO

ΔE(1,1)
N2LO ≪ ΔE(2)

N2LO, s → ∞
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Convergence 
behavior

• Reasonable model-space 
convergence


• Flat in  at 


• Trends for  suggest that 
 reference state may be 

suboptimal


• Full nonperturbative IMSRG(2) 
solution very compatible
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•  relative correction 

looks similar to Yang et al.


• Model-space convergence 
behavior still reasonable


• Can consider larger cutoffs, 
but not too large


• Overall promising approach, 
 also feasible

LO → NLO

N3LO
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What about larger cutoffs?

• Many-body methods have errors that 
scale with correlation energy 


• Hard interactions  large correlation 
energies  large uncertainties


• Operate at moderate cutoffs to 
keep many-body uncertainties low

Ecorr

→
→
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In coupled-cluster theory, there is the well-established rule
of thumb that CCSD captures 90% of the correlation energy
Eexact − EHF, triples account for an additional 9%, and the rest
comes from high-order effects [13]. Additionally, CC calcula-
tions typically estimate the effect of triples for charge radii to
be on the order of 1% [26,63]. These uncertainty estimates
are rough, but generally applicable owing to the fact that
coupled-cluster is a size-extensive method. As the IMSRG
is also size extensive, the insights we provide here will be
more broadly applicable but should still be considered a rough
rule of thumb that can be refined by actually performing a
VS-IMSRG(3)-N7 calculation.

Table I lists IMSRG and VS-IMSRG results for sev-
eral quantities computed with the (VS-)IMSRG(2) and
(VS-)IMSRG(3)-N7 in 40Ca, 44Ca, 48Ca, and 52Ca. Our
IMSRG(3)-N7 corrections are always computed using our
largest model-space truncation, emax,3b = 6, E3max = 18. For
IMSRG(2) correlation energies Ecorr = EIMSRG(2) − EHF, we
find small corrections from the IMSRG(3)-N7 of around
2 MeV, which correspond to 1–2% corrections to the cor-
relation energy. Recall that our remaining model-space
uncertainty is estimated to be 1.5 MeV, meaning that this
percentage is likely in the range 2–3% for fully converged
calculations. We note that the VS-IMSRG(3)-N7 corrections
are generally smaller than the IMSRG(3)-N7 corrections. We
understand this to be a result of the exact treatment of part
of the many-body problem in the valence-space diagonaliza-
tion. In 48Ca, the valence-space diagonalization accounts for
around −78 MeV of the binding energy of the system. At the
same time, the valence-space decoupling is more complicated
than the single-reference decoupling, leading to larger missing
induced three-body interactions, which the VS-IMSRG(3)-N7

partially resolves. This situation seems to balance out such
that IMSRG(3)-N7 corrections to the correlation energy are
smaller in valence-space calculations than in single-reference
calculations. Our estimate for the general VS-IMSRG(2) un-
certainty on the correlation energy is thus 1–2%.

Charge radii are quantitatively well described at the mean-
field level, with only small corrections from the IMSRG(2).
The IMSRG(3)-N7 corrections are also small (although not
fully converged at emax,3b = 6, E3max = 18). We see that on
the total charge radius, the IMSRG(3)-N7 and VS-IMSRG(3)-
N7 provide corrections of around 0.5% at our truncations.
Accounting for a similar further increase from reaching full
model-space convergence, we estimate the IMSRG(2) and
VS-IMSRG(2) uncertainty for charge radii to be 1–1.5%. For
the neutron skin, we find larger relative corrections, which
is to be expected as Rskin is a differential quantity that is
relatively small. We already benefit from significant cancel-
lations between correlated changes to the point-proton and
point-neutron radii to give a smaller (VS-)IMSRG(3)-N7 cor-
rection to Rskin than, for instance, Rch. It is likely based on
Fig. 1 that our (VS-)IMSRG(3)-N7 predictions for neutron
skins are nearly fully converged at emax,3b = 6, E3max = 18,
so we conservatively estimate a (VS-)IMSRG(2) uncertainty
of 5–7.5% on neutron skins.

Our work establishes that the VS-IMSRG(3)-N7 brings in
important corrections necessary for a quantitative description
of the 2+ energy of 48Ca and similar corrections for many

TABLE I. Comparison of IMSRG(2) and IMSRG(3)-N7 predic-
tions for several observables in several calcium isotopes. We consider
both single-reference IMSRG calculations (top) and valence-space
IMSRG calculations (bottom), showing the IMSRG(2) result, the
IMSRG(3)-N7 correction (at emax,3b = 6, E3max = 18), and the per-
centage change induced by the IMSRG(3)-N7 correction. IMSRG(2)
correlation energies Ecorr = EIMSRG(2) − EHF and excitation energies
are given in MeV. Charge radii and neutron skins are given in fm.

IMSRG IMSRG(2) !IMSRG(3)-N7 %

Ecorr(40Ca) −96.9 −1.7 1.7

Ecorr(48Ca) −112.2 −1.8 1.6

Ecorr(52Ca) −119.9 −2.0 1.6

Rch(40Ca) 3.319 0.011 0.3

Rch(48Ca) 3.300 0.018 0.5

Rch(52Ca) 3.340 0.017 0.5

Rskin(40Ca) −0.041 −0.001 2.5

Rskin(48Ca) 0.145 0.005 3.1
Rskin(52Ca) 0.283 0.003 1.2

VS-IMSRG VS-IMSRG(2) !VS-IMSRG(3)-N7 %

Ecorr(44Ca) −108.2 −1.4 1.3

Ecorr(48Ca) −113.5 −1.2 1.1

Ecorr(52Ca) −121.4 −1.3 1.1

Rch(44Ca) 3.316 0.013 0.4

Rch(48Ca) 3.306 0.015 0.5

Rch(52Ca) 3.347 0.014 0.4

Rskin(44Ca) 0.070 0.005 7.4

Rskin(48Ca) 0.142 0.007 5.2

Rskin(52Ca) 0.278 0.008 2.8
44Ca -Eex(2+

1 ) 1.238 −0.110 −8.9
44Ca -Eex(4+

1 ) 1.875 −0.172 −9.2
44Ca -Eex(4+

2 ) 2.156 −0.201 −9.3
48Ca -Eex(2+

1 ) 4.930 −0.677 −13.7
48Ca -Eex(0+

2 ) 8.044 −1.211 −15.0
48Ca -Eex(4+

1 ) 5.266 −0.704 −13.4
52Ca -Eex(2+

1 ) 2.844 −0.148 −5.2
52Ca -Eex(1+

1 ) 3.302 −0.133 −4.0
52Ca -Eex(0+

2 ) 5.055 −0.225 −4.5

other excited states. In Table I, we see that the overall re-
duction of the spectrum by the VS-IMSRG(3)-N7 for each
system is visible in the percentages given on the right. In
44Ca, the energies of states are consistently reduced by around
9%. In 48Ca this effect is larger, around 13.5–15%, and in
52Ca this effect is smaller, only around 4–5%. It is somewhat
surprising and interesting that all states are modified similarly,
which may be connected back to leading IMSRG(3) con-
tributions being related to modified single-particle energies
[48]. Nonetheless, it is clear that the VS-IMSRG(3) gives
important (but probably not larger than 25%) corrections to
excitation energies. The actual size of these corrections is not
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IMSRG(2) correlation energies Ecorr = EIMSRG(2) − EHF, we
find small corrections from the IMSRG(3)-N7 of around
2 MeV, which correspond to 1–2% corrections to the cor-
relation energy. Recall that our remaining model-space
uncertainty is estimated to be 1.5 MeV, meaning that this
percentage is likely in the range 2–3% for fully converged
calculations. We note that the VS-IMSRG(3)-N7 corrections
are generally smaller than the IMSRG(3)-N7 corrections. We
understand this to be a result of the exact treatment of part
of the many-body problem in the valence-space diagonaliza-
tion. In 48Ca, the valence-space diagonalization accounts for
around −78 MeV of the binding energy of the system. At the
same time, the valence-space decoupling is more complicated
than the single-reference decoupling, leading to larger missing
induced three-body interactions, which the VS-IMSRG(3)-N7

partially resolves. This situation seems to balance out such
that IMSRG(3)-N7 corrections to the correlation energy are
smaller in valence-space calculations than in single-reference
calculations. Our estimate for the general VS-IMSRG(2) un-
certainty on the correlation energy is thus 1–2%.

Charge radii are quantitatively well described at the mean-
field level, with only small corrections from the IMSRG(2).
The IMSRG(3)-N7 corrections are also small (although not
fully converged at emax,3b = 6, E3max = 18). We see that on
the total charge radius, the IMSRG(3)-N7 and VS-IMSRG(3)-
N7 provide corrections of around 0.5% at our truncations.
Accounting for a similar further increase from reaching full
model-space convergence, we estimate the IMSRG(2) and
VS-IMSRG(2) uncertainty for charge radii to be 1–1.5%. For
the neutron skin, we find larger relative corrections, which
is to be expected as Rskin is a differential quantity that is
relatively small. We already benefit from significant cancel-
lations between correlated changes to the point-proton and
point-neutron radii to give a smaller (VS-)IMSRG(3)-N7 cor-
rection to Rskin than, for instance, Rch. It is likely based on
Fig. 1 that our (VS-)IMSRG(3)-N7 predictions for neutron
skins are nearly fully converged at emax,3b = 6, E3max = 18,
so we conservatively estimate a (VS-)IMSRG(2) uncertainty
of 5–7.5% on neutron skins.

Our work establishes that the VS-IMSRG(3)-N7 brings in
important corrections necessary for a quantitative description
of the 2+ energy of 48Ca and similar corrections for many

TABLE I. Comparison of IMSRG(2) and IMSRG(3)-N7 predic-
tions for several observables in several calcium isotopes. We consider
both single-reference IMSRG calculations (top) and valence-space
IMSRG calculations (bottom), showing the IMSRG(2) result, the
IMSRG(3)-N7 correction (at emax,3b = 6, E3max = 18), and the per-
centage change induced by the IMSRG(3)-N7 correction. IMSRG(2)
correlation energies Ecorr = EIMSRG(2) − EHF and excitation energies
are given in MeV. Charge radii and neutron skins are given in fm.
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Ecorr(40Ca) −96.9 −1.7 1.7
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Rch(48Ca) 3.300 0.018 0.5

Rch(52Ca) 3.340 0.017 0.5

Rskin(40Ca) −0.041 −0.001 2.5

Rskin(48Ca) 0.145 0.005 3.1
Rskin(52Ca) 0.283 0.003 1.2

VS-IMSRG VS-IMSRG(2) !VS-IMSRG(3)-N7 %

Ecorr(44Ca) −108.2 −1.4 1.3

Ecorr(48Ca) −113.5 −1.2 1.1

Ecorr(52Ca) −121.4 −1.3 1.1

Rch(44Ca) 3.316 0.013 0.4

Rch(48Ca) 3.306 0.015 0.5

Rch(52Ca) 3.347 0.014 0.4

Rskin(44Ca) 0.070 0.005 7.4
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44Ca -Eex(2+
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other excited states. In Table I, we see that the overall re-
duction of the spectrum by the VS-IMSRG(3)-N7 for each
system is visible in the percentages given on the right. In
44Ca, the energies of states are consistently reduced by around
9%. In 48Ca this effect is larger, around 13.5–15%, and in
52Ca this effect is smaller, only around 4–5%. It is somewhat
surprising and interesting that all states are modified similarly,
which may be connected back to leading IMSRG(3) con-
tributions being related to modified single-particle energies
[48]. Nonetheless, it is clear that the VS-IMSRG(3) gives
important (but probably not larger than 25%) corrections to
excitation energies. The actual size of these corrections is not
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• Normal ordering of 3N forces





• Reformulation in terms of Jacobi 
momenta


• Similar approach would work for 
short-range 4N forces,  
but not long-range

V(3,NO)
1234 = ∑

ij

ρijV(3)
12i34j
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Miyagi et al., PRC 105 (2022)

What about 4N forces?

Hebeler et al., PRC 107 (2023)
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Conclusions
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• Combination of IMSRG & MBPT 
to treat subleading potentials 
perturbatively


• Scalable to medium-mass and 
heavy systems


• Still challenged by large cutoffs, 
4N interactions

16O



Open challenges and questions
• Need to be clear about our goals, cost/benefit analysis


• Where can we improve? Where does current nonpert. approach fail? 

• LO reference state is probably pretty poor, need to test validity of PT


• Can we actually reasonably do perturbation theory in this case? 

• Similar approach not possible with valence space calculations yet


• How do we do PT in large-scale diagonalizations? 

• Considering other operators is more challenging


• How to evaluate PT for other operators? 

• Overall, it is unclear what precision we can expect from this treatment; 
need to stay at moderate cutoffs b/c of many-body approximation
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