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Outline

- The ambiguity of small x evolution variable

. Partial twist expansion and the 3-D gluon distribution

. Top-down approach to Collinearly improved BK equation
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e Saturation regime: breakdown of the parton picture

1

e Relevantd.o.t's: strong classical tields A¥ ~ g=" > 1 (long wave lengths)

Q¢ (x)

e Require an all power resummation: and In"—

Q" X
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Dipole model (coherent scattering)

Q° ~s

Dilute regime

[A. H. Mueller (1990)]
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Wilson-line operators when s >t

Eikonal interaction: P™ > k™ — multiple-scattering / color precession

X

Soft gluons (small x)

+00
U(x,) = P_exp [igJ dy"t* A (y",07, xl)]

Building block of high energy factorization: path ordered exponential (Wilson line)
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Ambiguity of small x evolution

. Two “indistinguishable” rapidity variables ¥ and 7

1 : log — log 0
}/] = Il — = ()g S — — —_
AB; Q- Q(% :

- Small x rational problematic when collinear logis large p > 1

INnclusive DIS: Inclusive TMD:
Q- Q-
p = log p = log—

Q7 q




Ambiguity of small x evolution

Sk W 1<

. Stepl: Factorization of fast logk™ > Y
and slow logk™ <Y modes X‘*

. Step2: Shock wave limit, separate

large and short litetimes
ki < ky B A
. |f no large collinear log Step 1Timplies Step 2
k? k?
kF>k = k=— < k=
kit kit

. |f large collinear logs: shock wave must be dynamically enforced!



Solutions

[
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- Order-by-order in perturbation theory impose a kinematic constraint on

ohase space integration

Beuf (2014)

(2022) ,...]

Beuf (2014)

L

cloue, lancu, Mueller, Soyez, Triantatyllopoulos (2015-2019),

am (1998), S
azar, Schenke, Venugopalan, (2022) Taels, Altinoluk, Beuf, Marquet

DU

i, Wang, Wei, Xiao (2021) Liu, Xie, Kang, Liu, (2022) Caucal,

- Implication: Non-locality in rapidity!

cloue, lancu, Mueller, Soyez, Triantafyllopoulos (2015-2019)



e Aot of activity in NLO small x resummation that leads to negative cross-sections or
instabilities - solved with an ad hoc restoration of kinematic constraint (ordering in
ight cone time)

ln‘! - v R —— ——
— e pPh. 40 <y <43
.o . . .o . ;/ l“; -L()
Beuf, Hanninen, Lappi, Mantysaari (2020) BRAHMS 7 — 2.2, 3.2 clad |
N HERA data = 10
KCBK fit 10* Stasto, Xiao, Zaslavsky: B L.O = |
R ResumBK fit N\ PRL (2014) mm NLO —
..................... TBK fit N A:‘;
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|
% 210!
& ]..O_ U .t )
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' © 10! w= One-loop
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'3) =
0.4- 10—7 5 .
-5 .
10 p1[GeV]

Forward hadron

DIS at small x and Q? oroduction in pPb
(nonlinear small x at NLO)

Shi, Wang, Wei, Xiao:
arXiv:2112.06975
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What else can be done?
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Diagnosing small-x

dipole operator is function of 2 variables: x, ~ 1/k, and
rapidity Y = log k™ (or 1)
k+
k™ integrated out

SCe,, V) ~ (U0 U'(x))),
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Dimensionally enhanced evolution

- Treat ¥ and » as independent

kt variables

5 k™ . The kinematic constraint built
5 iNn the evolution kernel

O

>

D

Y evolution evolution
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Y and evolution

SCe,, V) — SCe,n, V)
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» Perform a partial twist expansion to connect Regge and Bjorken limits

Finite Wilson line

B, UBl — [y+, X+]Bl

[Altinoluk, Armesto, Beuf, Martinez, Salgado]

_|_

D(x —y) ~ ——— "5 P Ug(x*.y*) + O(|Ax,|/|B,])
21TAXT

-(X_Y)%_ +

— Feynman x recovered with the guantum phase 14



x-dependent unintegrated gluon GPD

: [R. Boussarie, Y. M. T. (2020-2022)

: 1 (dzt o[ d%,
GU(x, k) = —e* 7 dsds’ 2309.16576 [hep-ph]
P- ) 2x (27)d 5 | |
2112.01412 [hep-ph
X (p'| Tr|z",07|oF~ (0%, sry) [0, 2], F(z*.sr,) |p) 2006.14569 [hep-ph
(rJ_ ’ Z+)
Fi=(sr,) R Gauge links
&9 Fj‘(s’rl)
(0,,07)

Nonlocal guange-invariant gluon operator in longitudinal ana directions
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Bjorken limit

e Neglecting transverse momentum transfer from the target >

kJ_/ééé*

e uGPD integrates into gluon GPD ——> [ddleij(x, k) = GY(x,k))

i+
X
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Interpolating Factorization scheme tor DIS

5 AL NANS Overarching scheme : 7
) NS dx | dk, HY(x J(x, k ,
1 ( ’ J_) ( ’ J_) p
G
Bjorken limit: Q% — + o Regge limit: s = + o0
x Hi(x,k, = 0) dk  GY(x, k)  GU(x=0,k)) dx HY(x, k)
PDF Dipole
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BK with kinematic constraint
A top down approach
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N-body operator:

000000*0LOOOO*OOOOOOKrOonoOn0OLOLA

Z+

<€

Z+ AX+ o S—1/2

—+ o0 z | _ 82
Sé-n)(azl, ey L, T) = / dz / do/t P ('=2)7 ey

Quantum phase: x dependence

>

Ui QUs ®...Q0 U, (2", 27)

Finite Wilson lines
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X-dependent dipole operator (definition)

/dbS(r,a:)

|[R. Boussarie, Y. M. T. , 2309.16576 [hep-ph]| 2112.01412 [hep-ph] 2006.14569 [hep-ph]

g*(2m)°2P~ (P|P) r'r! zGY (r, x) = /db/dz+/dz'+ eirP™ (27 =)

0’ T+ o+
X ~(P|trUy(2'™, 2

0z1t0z'" /

Finite Wilson lines

VU, (2", 27)|P).

Quantum phase: x dependence
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Small-x evolution with dynamical shock wave

X1
t(’(((‘u\“ | Y =log A"
'k |
‘ A x2 ‘ / +
‘ ( Y=10gk

Y 1
53}/(2131(),517) 292/ dY,/ dZIL’//dZ KY/(ZE12,£E2(),£IZ,£E/) X SY/(CIHQ,ZBQLQ?/)
O xT
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Fvolution Kernel Kinematic constraint

\

ko + k)2
K+ (€19, T20, 1, 7') = / dko / dk15<a¢’—x (;k__ Pi) >

« k2 ) kl (e—’ikz'wlz L e—ik2°w20) (eikzl-mlg o eik1°m20)

(k2 + 2zk+tP~)(k? 4+ 2zk+P~)

N the limitx = 0 and P~ — oo it reduces to BK

K+ (12, T20, T = Oawl)

( A Xy

‘ (
——'
+ X +
X, 70 X#0 X
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Collinearly improved BK (real term): x < x’

S(pay..Y) = G / ay” / Ay [ A=KEE, 507 = = ) [S(pas s/ V) + S(psy V') .

where p=In(k; + k2)?/Q; k,
A z {l‘-Q—Q_L(((
(
|
f

Dimensional reduction: Y =p + ¢ y

S(p,n,p+n) = S(p-n),
Rapidity shift operator

1 evolution Y evolution

d _ . . B
IS — K e ©@0@=2)p=0)% (n) S(p
5 (p,m) e (n)S(p'sn), 5

L 5(p,Y) =K 0220 (Y — p)§(4,Y)
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Comparing with the literature:

Several forms of the equation exist |[Beuf (2014) Ducloue, lancu, Mueller, Soyez,
Triantatyllopoulos (2015-2019)]

0Szy(Y) as / d’z (x—y)* O(Y — prmin) [Swz (Y — Ayz)Szy (Y — Agya) — Say(Y)],

Y 2 ) (x—2)%(z—y)?

-quivalent to our formulation after converting p = log(k, + k,)* = log(1/min[(x — z)%, (y —2)*])
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Summary

- New 3D-gluon distribution that encodes dipole operator and PDF at finite x

 Provides systematic approach to resum large collinear double logs at small x

« At small x after dim
two forms non-loco
constraint)

ensional reductior

forms of collinear

, guantum evolution reduces to the
v improved BK (including kinematic

. Outlook: investigate corrections beyond BK, are there other logarithmic
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Beyond shockwave approximation

. Sub-eikonal expansion around the shock wave &(x™) [Agostini, Altinoluk,
Armesto, Beuf, Martinez, Moscoso, Salgado]

- Expansion in the boost parameter [Chirilli] ; [Altinoluk, Beuf, Czajka, Tymowskal]

- Addition of a single hard scattering [Jalilian-Marian]

Our approach:

> Revisit the shock wave factorization scheme to restore the x dependence of
the gluon distribution - consistent with factorization in k™ [Balitsky-Tarasov]

~ Perform a partial twist expansion to connect Regge and Bjorken limits
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» Expand around the classical trajectory: Ax;, =x;, —y, < B, =X, +y,)/2

+ 2

.(X—=y) n
D(x —y) ~ ——— &5 7" Uy(xt,y") + O(|Ax, |/|B,|)
2ITAXT
Quantum phase Wilson line [Altinoluk, Armesto, Beuf, Martinez, Salgado]

e Standard approximation: Pt — + oo : De(x —y) ~ 6(x; —y ) U x",y")
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ut=Qy-—x)"

Quantum phase 1 +ixut+ 0k  Eikonal expansion
ixu™ /

Kinematic constraint

N
O < 1iu) (ordering in k™)

.« Observation: kinematic constraint involves all powers of § |
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Regge limit
e Setting x = 0 inthe 3D gluon operator

e \We recover the dipole operator at small x:

'l Gi(x =0,r)) - (P|TryU, U |P)
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Bjorken limit

e Inthe collinear limit 0% = o0, we reproduce the 1-

loop contribution to the DIS structure function

&
aS
Frxp), Q) = — 2 qu J dy xg(xBj/Y»ﬂz)
f

1
xBj

I [ere\" 0*(1 —y)
X [; (4—ﬂ> P (y)+ [(1 - y) +}’2] log [ 12y ] — 1 +4y(l —Y)]

J. Collins, Foundations of pQCD 2011
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Comparing with the literature:

Several forms of the equation exist |[Beuf (2014) Ducloue, lancu, Mueller, Soyez,
Triantatyllopoulos (2015-2019)]

0Szy(Y) @, / d*z (z—y)?
(

ot = o | ity O i) [Sas(¥ ~ By Sy (¥~ Aaye) Sy (V)]

1 . .
Y — p)O (Y — O(p; — p)p1) = OY — pmin),  Pmin = In — 0 with  ryin = min{|lz—y|, [z—2|, [y—2[}.

Tmin 0

r min{(x—z)?, (z—y)*
Aa:yzE@(P—Pl)(f’_ﬂl)=@(T<—7‘)lnr—§:max{0,ln {( (w—)y,)(z y) }}

- quivalent to our formulation after converting p = log(k, + k,)* — log(1/min[(x — z), (y — 2)*])
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Small-x evolution with dynamical shock wave
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