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Ant-Man and the Wasp

In theaters February 17, 2023

1. Rigorous, mathematical
• QCD, perturbative and nonperturbative 

methods, factorization theorems, Monte-Carlo 
simulations,…

• Quantitative control of accuracy
• Mostly in energy-momentum (𝐸𝐸, 𝑝⃗𝑝) coordinates

2. Simplified, conceptual
• for general education, cross-domain 

collaborations, outreach…
• Parton model, quantum Minecraft, movies,…
• inherently approximate
• Mostly in time-space (𝑡𝑡, 𝑟𝑟) coordinates

Visualizations of subatomic dynamics
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Large Hadon Collider

𝑝𝑝/𝐴𝐴 beams

Particle colliders are the most powerful microscopes



Physical structures 
on a logarithmic scale 
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LHC
Partons at the 
LHC (> 5 ⋅ 10−20 m)

Milky Way

𝑝𝑝/𝐴𝐴 beams



Picturing a fast-moving proton
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How does its instant photo in 
our TeV-band microscope 
look like?

???
Simplified



Zooming in on the atom and atomic nucleus

Atom Nucleus Nucleon Quarks & 
gluons

A short-distance probe (virtual photon, heavy boson, gluon) 
resolves increasingly small structures inside the nucleon.  
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Simplified



Quantum Minecraft

Nature is simulated using a discrete cycle time Δ𝑡𝑡 and 
elastic 3-dimensional elementary blocks of size Δ𝑟𝑟

The record of each block is given by its quantum numbers 
(position 𝑟𝑟, size Δ𝑟𝑟, energy 𝐸𝐸, charges, etc.)

Important quantum numbers (charges) are conserved 
(=their global or local sums do not change)

Image dynamics is limited by two fundamental constants, 
ℏ (“precision of the record”) and 𝑐𝑐 (“connectivity speed 
between the blocks”)
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A proton at rest

𝑽𝑽 ≈ 𝟎𝟎

- Proton structure is described 
by nonperturbative and lattice 
quantum chromodynamics

At the LHC, the proton appearance is very different!

Simplified
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In the collider detector reference frame:

- Proton structure is practically frozen in time

- A proton appears as a narrow high-density 
shock wave followed  by an extended low-
density afterglow [relativistic Doppler effect]

A proton at a collider

moving with speed 𝑉𝑉 ≈ 𝑐𝑐 to the right

- Parton distribution functions (PDFs) 
describe densities of quarks and gluons in 
the shock-wave (light-cone) region

Simplified
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A  hydrogen atom flying toward the viewer

Reality: valence quarks are like flickering, rotating quantum vortices with color 
predominantly at their centers
The proton spins. Quark’s internal angular momenta contribute < 30% of the net 
longitudinal proton spin, the rest is due the gluons and orbital angular momentum 
 

Simplified






2024-06-13 P. Nadolsky, QCD at the Femtoscale in the Era of Big Data 12

Unpolarized collinear parton distributions 
𝑓𝑓𝑎𝑎/ℎ 𝑥𝑥,𝑄𝑄  are associated with probabilities 
for finding a parton 𝑎𝑎 with the “+” 
momentum 𝑥𝑥𝑝𝑝+ in a hadron ℎ with the “+” 
momentum 𝑝𝑝+ for  𝑝𝑝+ → ∞ , at a resolution 
scale 𝑄𝑄 > 1 GeV 

𝑓𝑓𝑎𝑎/ℎ 𝑥𝑥,𝑄𝑄



Parton distributions describe 
long-distance dynamics in high-energy collisions

𝜎𝜎𝑝𝑝𝑝𝑝→𝐻𝐻→𝛾𝛾𝛾𝛾𝛾𝛾 𝑄𝑄 = �
𝑎𝑎,𝑏𝑏=𝑔𝑔,𝑞𝑞, �𝑞𝑞
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× 𝑓𝑓𝑎𝑎 𝜉𝜉𝑎𝑎, 𝜇𝜇𝐹𝐹 𝑓𝑓𝑏𝑏 𝜉𝜉𝑏𝑏, 𝜇𝜇𝐹𝐹 + 𝑂𝑂
Λ𝑄𝑄𝑄𝑄𝑄𝑄2

𝑄𝑄2
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�𝜎𝜎  is the hard cross section; computed order-by-order in 𝛼𝛼𝑠𝑠(𝜇𝜇𝑅𝑅)
𝒇𝒇𝒂𝒂(𝒙𝒙,𝝁𝝁𝑭𝑭)  is the distribution for parton 𝒂𝒂 with momentum fraction 𝒙𝒙, at scale 𝝁𝝁𝑭𝑭

Rigorous



Global fits of proton scattering data at (N)NNLO accuracy
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Theory
Precision 

PDFs, 
specialized 

PDFs

Statistics
Hessian, Monte-Carlo 

techniques, neural 
networks, AI/ML, 

reweighting, meta-
PDFs…

Experi-
ment

New collider and 
fixed-target 

measurements
Parton distribution functions 
with uncertainties

14



CT18 NNLO parton distributions
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Recent PDFs from the CTEQ-TEA group
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arXiv:1912.10053 [hep-ph] 

PDF parametrizations provide central (best-fit) PDFs and uncertainty estimates for parton flavors (quarks, 
antiquarks, gluons). PDF dependence on the energy scale 𝑄𝑄  is computed using perturbative evolution equations.

https://arxiv.org/abs/1912.10053
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Publications by CTEQ-TEA authors

Figure credit: G. Salam



HEP Research increasingly invests in AI/ML
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FY 2014 FY 2015 FY 2016 FY 2017 FY 2018 FY 2019 FY 2020 FY 2021 FY 2022 FY 2023

Research Core SBIR/STTR QIS AI/ML Microelectronics ASTI Advanced Computing RENEW FAIR Accelerate

FY 2014 FY 2015 FY 2016 FY 2017 FY 2018 FY 2019 FY 2020 FY 2021 FY 2022 FY 2023
Research Core 360,932 334,225 320,816 321,892 316,750 321,034 310,934 302,856 281,307 325,930
SBIR/STTR 21,601 20,768 20,847 22,151 24,427 24,095 25,212 25,465 25,298 15,867
QIS 18,000 27,500 38,500 43,469 39,639 48,901
AI/ML 15,000 32,269 34,308 38,539
Microelectronics 4,825 6,740 6,745
ASTI 16,980 9,653
Adv. Computing 4,000 4,957
RENEW 4,000
FAIR

8,000
1,927

Accelerate 3,854
Total Research 382,533 354,993 341,663 344,043 359,177 372,629 389,646 408,884 412,272 464,373

Units: $k

CTEQ-TEA group has 20+ years of experience in uncertainty quantification for multivariate/AI-based inference  
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“Fundamental physics and cosmology are built on statistical analyses of 
data to test theory, so they require a deep understanding of the 
probabilities in the interpretation of data. This requirement is driving 
the mathematical development of AI that can handle probabilistic rigor. 
Assessing uncertainties is crucial for fundamental physics, and 
probabilistically rigorous AI would be a game changer for many other 
fields of science as well, in addition to being invaluable for applications 
beyond science.”

Sec. 3.4, Revealing the Fundamental Physics of the Universe

PCAST report “Supercharging Research: Harnessing AI to Meet Global 
Challenges”

https://www.whitehouse.gov/wp-content/uploads/2024/04/AI-Report_Upload_29APRIL2024_SEND-2.pdf

Particle physics & probabilistically rigorous AI

https://www.whitehouse.gov/wp-content/uploads/2024/04/AI-Report_Upload_29APRIL2024_SEND-2.pdf


Replicability across STEM fields
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Will AI/AGI hurt or help replicability?

“… AI can help verify what we already know by addressing science’s replicability 
crisis. Around 70% of scientists report having been unable to reproduce another 
scientist’s experiment—a disheartening figure. As AI lowers the cost and effort 
of running experiments, it will in some cases be easier to replicate results or 
conclude that they can’t be replicated, contributing to a greater trust in 
science.”

Eric Schmidt, This is how AI will transform the way science gets done, 
MIT Technology Review, 2023-07-05

https://www.technologyreview.com/2023/07/05/1075865/eric-schmidt-ai-will-transform-science/
https://www.technologyreview.com/2023/07/05/1075865/eric-schmidt-ai-will-transform-science/


Hessian PDFs, uncertainties (CT18 PDFs)
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Preliminary fits explore experimental, theoretical, 
parametrization, methodological uncertainties

The final PDFs are released as one quasi-Gaussian 
(Hessian) error set (50-60) that approximates the total 
uncertainty due to the above factors. 

These error sets are constructed with a fixed choice of 
polynomial parametrization forms. The totality of error 
sources (not only experimental) is emulated by introducing 
tolerance 𝑇𝑇: the final 1𝜎𝜎 uncertainty corresponds to 
Δ𝜒𝜒2 = 𝑇𝑇2 ∼ 10 − 30, rather than 𝑇𝑇2 = 1.

preliminary PDFs for alternative parametrizations

final uncertainty with one parametrization

“Bayesian exploration with Gaussian emulation”

2024-06-13



An alternative: Neural-network PDFs 
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NNPDF4.0 PDF ensemble,
R. Ball et al., arXiv:2109.02653

Use bootstrap to estimate aleatory data fluctuations for a fixed 
training methodology (called “importance sampling” by NNPDF)

Parametrize PDFs using CNNs with optimized hyperparameters 
and restricted by prior conditions (positivity of cross sections, etc.)

[The whole fit is based on one “tuned” NN architecture]

All fitting codes, especially the NNPDF one, employ grid 
techniques for fast integration 



The tolerance puzzle 
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Why do groups fitting similar data sets 
obtain different PDF uncertainties?

The answer has direct implications for high-stake experiments such as 𝑊𝑊 
boson mass measurement, tests of nonperturbative QCD models and 
lattice QCD, high-mass BSM searches, etc. 

2024-06-13

Precision PDFs (Snowmass 21 WP) [2203.13923v2]
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Comparisons of the latest PDF sets



Lattice QCD already predicts some features of PDFs from first principles
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Phenomenological analysis, including the parametrization dependence 
L. Kotz, A. Courtoy, M. Chavez, P. N., F. Olness, arXiv:2311.08447

𝜋𝜋± PDFs

without parametrization 
dependence



Lattice QCD already predicts some features of PDFs from first principles
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Phenomenological analysis, including the parametrization dependence 
L. Kotz, A. Courtoy, M. Chavez, P. N., F. Olness, arXiv:2311.08447

𝜋𝜋± PDFs

are the lattice uncertainties
fully estimated?

without parametrization 
dependence



Fantômas pion PDFs: other results
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L. Kotz, A. Courtoy, M. Chavez, P. Nadolsky, F. Olness, arXiv:2311.08447
NEW

Sea

Gluon

𝜋𝜋±



} NEW

Fantômas pion PDFs: sea and gluon momentum fractions
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L. Kotz, A. Courtoy, M. Chavez, P. Nadolsky, F. Olness, arXiv:2311.08447 

𝜋𝜋±

What does 
lattice QCD 

say about the 
uncertainties 

on 𝑥𝑥𝑥𝑥 𝜋𝜋±? 

a zero-momentum gluon is experimentally allowed



2024-06-13 P. Nadolsky, QCD at the Femtoscale in the Era of Big Data 28

Statistics
& AI/ML

Global 
QCD 

analysis

N!

Balancing precision and replicability in PDF uncertainty 
quantification

Ongoing work



World average for the gravitational constant
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Timeline of measurements and 
recommended values for G since 1900: 
values recommended based on the NIST 
combination (red), individual torsion 
balance experiments (blue), other types 
of experiments (green).

The combination error bars are unstable 
after 1995

Some latest precise measurements are 
in a conflict among themselves and with 
the post-2014 combination

https://en.wikipedia.org/wiki/Gravitational_constant#
Modern_value, retrieved on Oct. 22, 2023

https://en.wikipedia.org/wiki/Gravitational_constant#Modern_value
https://en.wikipedia.org/wiki/Gravitational_constant#Modern_value
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US National Academy of Sciences, Engineering, and Medicine, 2019, https://doi.org/10.17226/25303

https://doi.org/10.17226/25303


Reproducibility, Replicability, Rigor: definitions
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Reproducibility is obtaining consistent results using the 
same input data; computational steps, methods, and code; 
and conditions of analysis. 

Replicability is obtaining consistent results across studies 
aimed at answering the same scientific question, each of 
which has obtained its own data.

Rigor -- the strict application of the scientific method to
ensure robust and unbiased experimental design -- makes 
replication of a study more likely

Definitions adopted from “REPRODUCIBILITY AND REPLICABILITY IN SCIENCE”, Conclusion 3.1
National Academy of Sciences, 2019, https://doi.org/10.17226/25303

https://doi.org/10.17226/25303
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Nearly all complex STEM fields encounter replicability challenges. 

Modern particle physics is not an exception. 
1. It is complex! Is it rigorous enough? 

• Many approaches, especially AI-based ones, increase complexity and are not 
rigorously understood

2. It often uses wrong prescriptions for estimating epistemic uncertainties
• Tens to hundreds of systematic uncertainties affect measurements, 

phenomenology, and lattice QCD

Replicability risks for precision QCD

⇒ Part 2



Are 𝑊𝑊 boson mass measurements replicable?
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For instance,  𝑊𝑊 boson mass measurements at the Tevatron and LHC
LHCb:          80,354 ± 32



Replicability and PDF uncertainties
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Quantification of epistemic PDF uncertainties is a central 
factor affecting replicability of upcoming determinations of 
the QCD coupling constant 𝛼𝛼𝑠𝑠 , Higgs couplings, mass of 
weak bosons.

2024-06-13
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A novel determination of 𝛼𝛼𝑍𝑍 𝑀𝑀𝑍𝑍  from 𝑍𝑍 𝑞𝑞𝑇𝑇 data. However, the PDF uncertainties were not estimated 
properly

                                                                                         [Details in T.J. Hou et al., 1912.10053, Appendix F]
 

arXiv:2309.12986

Profiling of global PDFs using Δ𝜒𝜒2 = 1 ⇒ Underestimated uncertainties ⇒  Non-replicable result 

https://arxiv.org/abs/1912.10053
https://arxiv.org/abs/1912.10053


No analysis is an island
entire of itself

• Accuracy is determined both by the individual calculation 
and its ambient connections 

• Aleatory and epistemic uncertainties both play a role
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Prospects
• Expansive reach of EIC/MuIC precision 

experiments in 𝑥𝑥 and 𝑄𝑄 for 𝜇𝜇𝜇𝜇 and 𝜇𝜇𝜇𝜇 DIS
• In-depth SM studies and BSM searches
• 3-dimensional tomography of multiple 

hadron species

Challenges
• Cross-disciplinary nature of QCD 

phenomena at EIC/MuIC
• Reproducibility and replicability of future 

results 

Parton distribution functions in 
future DIS experiments
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Electron-Ion Collider: potentially a wealth of complex studies

38

weak mixing angle arXiv: 2203.13199

heavy neutral lepton 
searches arXiv: 2203.06705

SMEFT Wilson coefficients 

Lorentz/CPT violations
A. R. Vieira et al., 1911.04002

PDFs: arXiv:2103.05419

Abdul-Khalek et al., Snowmass 2021 whitepaper 
“EIC for HEP”, 2203.13199

2024-06-13
P. Nadolsky, QCD at the Femtoscale in the 

Era of Big Data

https://arxiv.org/abs/2203.13199
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collider experiments
2000s

2030s

Non-replicability
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Based on Fig. 5.2 in 
“REPRODUCIBILITY AND 
REPLICABILITY IN SCIENCE”

?
significant risk with current 
practices

similar to non-replicability 
issues in other STEM fields 

Future scenarios for QCD precision analysis
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collider experiments
2000s

2030s

Non-replicability

Future scenarios for QCD precision analysis
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Based on Fig. 5.2 in 
“REPRODUCIBILITY AND 
REPLICABILITY IN SCIENCE”

2030s

?
preferred scenario; requires a 
coordinated community 
strategy to adopt the 
replicability mindset



Universal factors affecting replicability
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• complexity of the system under study;
• understanding of the number and relations among variables within the system 

under study;
• ability to control the variables;
• levels of noise within the system (or signal to noise ratios);
• mismatch of scale of the phenomena and the scale at which it can
• be measured;
• stability across time and space of the underlying principles;
• fidelity of the available measures to the underlying system under study (e.g., 

direct or indirect measurements);
• prior probability (pre-experimental plausibility) of the scientific hypothesis.

From “REPRODUCIBILITY AND REPLICABILITY IN SCIENCE”
National Academy of Sciences, 2019, https://doi.org/10.17226/25303

https://doi.org/10.17226/25303


Strategies for improving replicability and reproducibility
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Detailed documentation of methods and 
uncertainty quantification in the publications Training of researchers in 

relevant statistical methods

Journal policies that encourage 
replicability Support from the funding agencies for 

the research infrastructure and 
collaborations focusing on replicability

Support for open publication of the 
analysis codes and key data, using 
agreed-upon formats 

“Skin-in-the-game” incentives for 
researchers to produce replicable results

Preselection of planned studies based on 
their likely replicability



A community model of the replicability mindset
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Particle physicists and radiology doctors infer from complex images

A proton at an 𝑒𝑒𝑒𝑒 collider
moving with speed 𝑉𝑉 ≈ 𝑐𝑐 to the right

A 3-dim tomographic image of a COVID-19 patient 

3-dim hadron femtography at the EIC



Particle physicists and radiology doctors
address analogous questions in statistics

M. Giger (U Chicago), FNAL, 
July 20, 2023 452024-06-13 P. Nadolsky, QCD at the Femtoscale in the Era of Big Data



AI and replicability in radiology
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“Within health care, the US Food and Drug 
Administration has already cleared 523 devices 
that use AI—75% of them for use in radiology.”

Eric Schmidt, This is how AI will transform the 
way science gets done, MIT Technology Review, 
2023-07-05

Statistical inference from hadron scattering data and  medical 
images bear many similarities. The medical community 
working on AI is very large and well-funded.

During the COVID-19 pandemic, thousands of medical AI 
applications were developed to diagnose and cure the disease. 
Most have failed.

In response to this replicability crisis, the US medical 
community took numerous actions to implement systemwide 
infrastructure, standards, and procedures for organizing the 
data and quantifying uncertainties in AI-assisted analyses. 

https://www.technologyreview.com/2023/07/05/1075865/eric-schmidt-ai-will-transform-science/
https://www.technologyreview.com/2023/07/05/1075865/eric-schmidt-ai-will-transform-science/
https://www.technologyreview.com/2023/07/05/1075865/eric-schmidt-ai-will-transform-science/


M. Giger (U Chicago), FNAL, July 20, 2023

400+



https://www.midrc.org/

Medical Imaging Community in response to the COVID-19 pandemic

M. Giger (U Chicago), FNAL, July 20, 2023

48

https://www.midrc.org/


3. The center uses a private subset of data to validate statistical 
rigor and replicability of the proposed (AI-assisted or not) 
algorithms

49



https://www.midrc.org/, accessed on 2023-09-17
2024-06-13 P. Nadolsky, QCD at the Femtoscale in the Era of Big Data 50

https://www.midrc.org/
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New HL-LHC and DIS experiments open unique 
opportunities to understand nonperturbative QCD. 
They also create a strong synergistic effect in both 
SM and BSM studies

Progress on this program, especially in precision 
measurements, increasingly depends on cross-
cutting research and replicability of complex 
measurements

Precision QCD results must be replicable. The 
experience from radiology and other fields 
suggests community-wide strategies for 
achieving it.

2024-06-13



Quantification of PDF uncertainties
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Parton distributions describe 
long-distance dynamics in high-energy collisions
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Λ𝑄𝑄𝑄𝑄𝑄𝑄2

𝑄𝑄2
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�𝜎𝜎  is the hard cross section; computed order-by-order in 𝛼𝛼𝑠𝑠(𝜇𝜇𝑅𝑅)
𝒇𝒇𝒂𝒂(𝒙𝒙,𝝁𝝁𝑭𝑭)  is the distribution for parton 𝒂𝒂 with momentum fraction 𝒙𝒙, at scale 𝝁𝝁𝑭𝑭
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Validated 
phenomenological 

predictions

(N)(N)NLO global analyses
of QCD data 

Nonperturbative models
and lattice QCD

Precision tests at LHC, Jlab, EIC, AMBER, CERN FPF, …

New insights about 3-dimensional structure of hadrons

CONNECTION?
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How to relate the x dependence of the perturbative and nonperturbative pictures? 

Relevant for processes 
at Q2 ≈ 1 𝐺𝐺𝐺𝐺𝑉𝑉2?

Determined from processes 
at Q2 ≫ 1 𝐺𝐺𝐺𝐺𝑉𝑉2

Does the evidence from primordial dynamics survive PQCD radiation?

PDFs in nonperturbative QCD Phenomenological PDFs

2023-10-23 P. Nadolsky, EINN'2023
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How to relate the x dependence of the perturbative and nonperturbative pictures? 

Relevant for processes 
at Q2 ≈ 1 𝐺𝐺𝐺𝐺𝑉𝑉2?

Determined from processes 
at Q2 ≫ 1 𝐺𝐺𝐺𝐺𝑉𝑉2

Does the evidence from primordial dynamics survive PQCD radiation?

PDFs in nonperturbative QCD Phenomenological PDFs

2023-10-23 P. Nadolsky, EINN'2023

Success requires…

…all four!



Electron-Ion Collider: potentially a wealth of complex studies

58

weak mixing angle arXiv: 2203.13199

heavy neutral lepton 
searches arXiv: 2203.06705

SMEFT Wilson coefficients 

Lorentz/CPT violations
A. R. Vieira et al., 1911.04002

PDFs: arXiv:2103.05419

Abdul-Khalek et al., Snowmass 2021 whitepaper 
“EIC for HEP”, 2203.13199

https://arxiv.org/abs/2203.13199


QCD at 1% accuracy

QCD infrastructure 
for these calculations

N2LO and N3LO 
calculations

systemwide processes 
and standards for
accuracy control

representative 
uncertainty estimates

59

Parton showers, fast 
NxLO interfaces, PDFs, 
... must be comparably 
accurate

or The Importance of 
Being Earnest with 
Systematic Errors 
(experiment+theory;
traditional or AI/ML) 

Lots of promise in 
this area

This must be a part of 
the precision-focused 
community culture

2023 US DOE Funding Opportunity Announcement 
DE-FOA-0000315 
Advancing Uncertainty Quantification in Modeling, 
Simulation, and Analysis of Complex Systems 



The tolerance puzzle 
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Why do groups fitting similar data sets 
obtain different PDF uncertainties?

The answer has direct implications for high-stake experiments such as 𝑊𝑊 
boson mass measurement, tests of nonperturbative QCD models and 
lattice QCD, high-mass BSM searches, etc. 

2024-06-13

Precision PDFs (Snowmass 21 WP) [2203.13923v2]
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Comparisons of the latest PDF sets



Replicability and PDF uncertainties

P. Nadolsky, QCD at the Femtoscale in the Era of Big Data 62

Quantification of epistemic PDF uncertainties is a central 
factor affecting replicability of upcoming determinations of 
the QCD coupling constant 𝛼𝛼𝑠𝑠 , Higgs couplings, mass of 
weak bosons.

2024-06-13
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aleatory vs. epistemic uncertainties

Statistical uncertainty 
propagated from 
experiments
— reduced by 
increasing data size

Uncertainty due to lack 
of knowledge

or incomplete models
—bias (may be reduced 

by analysis 
improvements)



Epistemic
PDF 

uncertainty
Bias-variance 

separation

Smoothness

Curse of 
dimensionality

Big-data 
paradox

Likelihood 
ratios

Post-fit PDF 
validations

Precision PDF applications

Acceptable functions

Representative sampling

Tests of PDFs
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…reflects methodological choices such as PDF 
functional forms, NN architecture and hyperparameters, 
or model for systematic uncertainties 

… can dominate the full uncertainty when experimental 
and theoretical uncertainties are small. 

…is associated with the prior probability.
 
… can be estimated by representative sampling of 
the PDF solutions obtained with acceptable 
methodologies. 

Epistemic PDF uncertainty…

⇒ sampling over choices of experiments, PDF/NN 
functional space, models of correlated uncertainties…

⇒ in addition to sampling over data fluctuations

Epistemic uncertainties explain many of 
the differences among the sizes of PDF 
uncertainties by CT, MSHT, and NNPDF 
global fits to the same or similar data

Details in arXiv:2203.05506, arXiv:2205.10444
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https://arxiv.org/abs/2203.05506
https://arxiv.org/abs/2205.10444


Components of PDF uncertainty
In each category, one must 
maximize                 

               PDF fitting accuracy
              (accuracy of     
              experimental, theoretical            
              and other inputs) 

2023-09-19 P. Nadolsky, "Precision QCD for the EIC II" workshop 66

PDF sampling accuracy
              (adequacy of
              sampling in space of     
              possible solutions)

Fitting/sampling classification is borrowed 
from the statistics of large-scale surveys
[Xiao-Li Meng, The Annals of Applied 
Statistics, Vol. 12 (2018), p. 685]



Two tips for improving replicability

1. With 𝑂𝑂(10 − 1000) free parameters, including nuisance parameters, the 
Δ𝜒𝜒2 = 1 criterion for 1𝜎𝜎 PDF uncertainties is almost certainly incomplete. 
Stop using it “as is”. There are strong mathematical reasons. 
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2. Thoroughly estimate the dependence on PDF parametrization forms, NN 
hyperparameters, and analysis settings when other uncertainties are small.

• Public tools for this are increasingly available: xFitter, NNPDF code, ePump, Fantômas, 
MP4LHC,…



1. There is no single global minimum of  𝜒𝜒2 (or another cost function)
2. The law of large numbers may not work

– uncertainty may not decrease as 1/√Nrep, leading to the big-data paradox
      [Xiao-Li Meng, 2018]:

3. Replication of complex measurements is daunting
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The bigger the data, the surer we fool ourselves.

Statistics with many parameters is different!

In many applications, especially AI/ML ones:



Ongoing studies of systematic uncertainties are essential and still insufficient
• from the experiment side
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• from the theory side

Examples: studies of theory uncertainties in 
the PDFs by NNPDF3.1 and ATLAS21

Overreliance on Gaussian distributions and 
covariance matrices for poorly understood effects 
may produce very wrong uncertainty estimates
[N. Taleb, Black Swan & Antifragile]

Strong dependence on the definition of corr. syst. 
errors raises a general concern: 

S. Amoroso et al., 2203.13923, Sec. 5.A



Two common forms of 𝜒𝜒2 in PDF fits
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1. In terms of nuisance parameters 𝝀𝝀𝜶𝜶,𝒆𝒆𝒆𝒆𝒆𝒆 

𝐷𝐷𝑖𝑖 ,𝑇𝑇𝑖𝑖, 𝑠𝑠𝑖𝑖 are the central data, theory, uncorrelated error
𝛽𝛽𝑖𝑖,𝛼𝛼 is the correlation matrix for 𝑁𝑁𝜆𝜆 nuisance parameters.

Experiments publish 𝜎𝜎𝑖𝑖,𝛼𝛼 (up to hundreds per data set). To reconstruct 𝛽𝛽𝑖𝑖,𝛼𝛼, we need to decide 
on the normalizations 𝑋𝑋𝑖𝑖. Possible choices:

a. 𝑋𝑋𝑖𝑖 = 𝐷𝐷𝑖𝑖         : “experimental scheme”; can result in a bias
b. 𝑋𝑋𝑖𝑖 = fixed or varied 𝑇𝑇𝑖𝑖 : “𝒕𝒕𝟎𝟎, T, extended 𝑇𝑇 schemes”; can result in (different) biases

𝜒𝜒2 = �
𝑖𝑖,𝑗𝑗

𝑁𝑁𝑝𝑝𝑝𝑝

𝑇𝑇𝑖𝑖 − 𝐷𝐷𝑖𝑖 cov−1 𝑖𝑖𝑖𝑖 𝑇𝑇𝑗𝑗 − 𝐷𝐷𝑗𝑗

2. In terms of the covariance matrix algebraic minimization of 
𝜒𝜒2 with respect to 𝜆𝜆𝛼𝛼,𝑒𝑒𝑒𝑒𝑒𝑒



Global minimum: all 𝜕𝜕
2𝜒𝜒2

𝜕𝜕𝑎𝑎𝑖𝑖𝜕𝜕𝑎𝑎𝑗𝑗
> 0 (improbable)

Saddle point: some 𝜕𝜕
2𝜒𝜒2

𝜕𝜕𝑎𝑎𝑖𝑖𝜕𝜕𝑎𝑎𝑗𝑗
> 0 (probable)

An average global minimum: in properly chosen 
coordinates, 𝜕𝜕

2𝜒𝜒2

𝜕𝜕𝑧𝑧𝑖𝑖𝜕𝜕𝑧𝑧𝑗𝑗
> 0 for dominant coordinate 

components 
Y. Bengio, 2019 Turing lecture (YouTube)
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https://www.youtube.com/watch?v=llGG62fNN64&t=905s
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The Loss Surfaces of Multilayer Networks
A. Choromanska, M. Henaff, M. Mathieu, G. 
Ben Arous, Y. LeCun PMLR 38:192-204, 2015

Many dimensions introduce 
major difficulties with finding a 
global minimum…
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Many dimensions introduce 
major difficulties with finding a 
global minimum…

…as well as with representative 
exploration of uncertainties

Nature v. 600 (2021) 695

Courtoy et al., PRD 107 (2023) 034008

https://www.nature.com/
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AI/ML techniques are superb for finding an excellent fit to data. 
Are these techniques adequate for uncertainty estimation [exploring all good fits]? 

A common resampling procedure used by experimentalists and theorists:

1. Train a neural network model 𝑇𝑇𝑖𝑖 with Npar (hyper)parameters on a randomly fluctuated replica of 
discrete data 𝐷𝐷𝑖𝑖. Repeat Nrep times. In a typical application: Npar > 102 , Nrep < 104.

2. Out of Nrep replicas 𝑇𝑇𝑖𝑖  with “good” description of data [i.e., with a high likelihood 𝑃𝑃 𝐷𝐷𝑖𝑖 𝑇𝑇𝑖𝑖 ∝
𝑒𝑒− ⁄𝜒𝜒2(𝐷𝐷𝑖𝑖,𝑇𝑇𝑖𝑖) 2], discard “badly behaving” (overfitted, not smooth, …) replicas

3. Estimate the uncertainties of 𝑇𝑇𝑖𝑖 using the remaining “well-behaved” replicas

Is this procedure rigorous? How many 𝑵𝑵𝒓𝒓𝒓𝒓𝒓𝒓  replicas does one need?



A likelihood-ratio test of NN models 𝑇𝑇1 and 𝑇𝑇2
From Bayes theorem, it follows that 

 
𝑃𝑃 𝑇𝑇2 𝐷𝐷
𝑃𝑃 𝑇𝑇1 𝐷𝐷

 =  
𝑃𝑃 𝐷𝐷 𝑇𝑇2
𝑃𝑃 𝐷𝐷 𝑇𝑇1

 ×  
𝑃𝑃 𝑇𝑇2
𝑃𝑃(𝑇𝑇1)
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≡ 𝑟𝑟posterior

epistemic + aleatoryaleatory

Suppose replicas 𝑇𝑇1 and 𝑇𝑇2 have the same 𝜒𝜒2 [𝑟𝑟likelihood = exp 𝜒𝜒12−𝜒𝜒22

2
= 1] , but 𝑇𝑇2 is disfavored 

compared to 𝑇𝑇1 [𝑟𝑟posterior ≪ 1]. 

This only happens if 𝑟𝑟prior ≪ 1 ∶ 𝑇𝑇2 is discarded based on its prior probability.

≡ 𝑟𝑟likelihood ≡ 𝑟𝑟prior



Complexity and PDF tolerance
• Bad news: The tolerance puzzle is intractable in very complex fits  

– In a fit with 𝑁𝑁𝑝𝑝𝑝𝑝𝑝𝑝  free parameters, the minimal number of PDF replicas to 
estimate the expectation values for ∀ 𝜒𝜒2  function grows as 𝑁𝑁𝑚𝑚𝑚𝑚𝑚𝑚 ≥ 2𝑁𝑁𝑝𝑝𝑝𝑝𝑝𝑝

– Example: 𝑁𝑁𝑚𝑚𝑚𝑚𝑚𝑚 > 1030 for 𝑁𝑁𝑝𝑝𝑝𝑝𝑝𝑝 = 100
[Sloan, Wo´zniakowski, 1997]

[Hickernell, MCQMC 2016, 1702.01487]

Good news: expectation values for typical QCD observables can be 
estimated with fewer replicas by reducing dimensionality of the problem 
or a targeted sampling technique.

Example: a “hopscotch scan”, see 2205.10444
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Example: the impact of epistemic uncertainty on NNLO 
Higgs and Z cross sections

68%CL

Details in 
A. Courtoy et al.,
arXiv:2205.10444

} obtained with the same NNPDF4.0 fitting code 
using a “hopscotch scan” of the PDF param. space

all ellipses contain acceptable predictions 
according to the likelihood-ratio test
Nominal NN4.0 uncertainty is too small!

https://arxiv.org/abs/2205.10444
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Impact of epistemic uncertainties on other cross sections

Ellipses at 68% CL

The ellipses are 
projections of 68% c.l. 
ellipsoids in 𝑁𝑁𝑝𝑝𝑝𝑝𝑝𝑝-dim. 
spaces

𝑁𝑁𝑝𝑝𝑝𝑝𝑝𝑝 = 28 and 50 for 
CT18 and NNPDF4.0
Hessian PDFs

arXiv:2205.10444



We knew about the PDF mini-landscape (now viewed as 
a saddle-point manifold) for 20+ years!
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Profound implications for uncertainty quantification

Justification of the PDF tolerance due to 
•  incomplete agreement of experiments
•  epistemic uncertainty



Multi-dimensional PDF error analysis

ai

𝜒𝜒2

Pitfalls to avoid

□ “Landscape”
- disagreements between 

the experiments

Pavel Nadolsky (MSU) LHC workshop @ KITP 2024-06-13 P. 
Na

February 13, 2008

https://online.kitp.ucsb.edu//online/lhc08/nadolsky/
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https://online.kitp.ucsb.edu/online/lhc08/nadolsky/


ai

Pitfalls to avoid

□ Flat directions
- unconstrained 

combinations of PDF 
parameters

Pavel Nadolsky (MSU) LHC workshop @ KITP 2024-06-13 P. 
Na

February 13, 2008

https://online.kitp.ucsb.edu//online/lhc08/nadolsky/

𝜒𝜒2
Multi-dimensional PDF error analysis

81

https://online.kitp.ucsb.edu/online/lhc08/nadolsky/


Multi-dimensional PDF error analysis

The actual χ2 function shows

□ a well pronounced global
minimum near 𝜒𝜒02

□ weak tensions between 
data sets in the vicinity of 
𝜒𝜒02(mini-landscape)

ai
□ some dependence on

assumptions about flat 
directions

The likelihood is approximately described by a quadratic 𝜒𝜒2 with 
a revised tolerance condition ∆𝜒𝜒2  ≤  𝑇𝑇 2

Pavel Nadolsky (MSU) LHC workshop @ KITP 2024-06-13 P. 
Na

February 13, 2008

𝜒𝜒2
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Multi-dimensional PDF error analysis

The actual χ2 function shows

□ a well pronounced global
minimum near 𝜒𝜒02

□ weak tensions between 
data sets in the vicinity of 𝜒𝜒02
(mini-landscape)

ai
□ some dependence on

assumptions about flat 
directions

The likelihood is approximately described by a quadratic 𝜒𝜒2 with 
a revised tolerance condition ∆𝜒𝜒2  ≤  𝑇𝑇 2

Pavel Nadolsky (MSU) LHC workshop @ KITP 2024-06-13 P. 
Na

February 13, 2008

𝜒𝜒2

Δ𝜒𝜒2

ai+ai- ai0

83



Weak and strong 
goodness-of-fit criteria
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Kovarik, P. N., Soper, arXiv:1905.06957



Weak (common) goodness-of-fit (GOF) criterion 
Based on the global 𝜒𝜒2

A  fit of a PDF model to 𝑁𝑁𝑒𝑒𝑒𝑒𝑒𝑒 experiments with 𝑁𝑁𝑝𝑝𝑝𝑝 points 
(𝑁𝑁𝑝𝑝𝑝𝑝 ≫ 1) is good at the probability level 𝑝𝑝 if 𝜒𝜒𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔2 ≡ ∑𝑛𝑛=1

𝑁𝑁𝑒𝑒𝑒𝑒𝑒𝑒 𝜒𝜒𝑛𝑛2 
satisfies

𝑃𝑃 𝜒𝜒2 ≥ 𝜒𝜒𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔2 ,𝑁𝑁𝑝𝑝𝑝𝑝 ≥ 𝑝𝑝;  𝑒𝑒.𝑔𝑔. 

𝜒𝜒𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔2 − 𝑁𝑁𝑝𝑝𝑝𝑝 ≲ 2𝑁𝑁𝑝𝑝𝑝𝑝  for 𝑝𝑝 = 0.68
Even when the weak GOF criterion is satisfied, parts of data 
can be poorly fitted

Then, tensions between experiments may
 lead to multiple solutions or local 𝝌𝝌𝟐𝟐 minima
 for some PDF combinations 
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An excellent fit requires more than a good global 𝜒𝜒2 
It passes a number of quality tests, called together the strong 
set of goodness-of-fit criteria

1. Each possible partition 𝑛𝑛 of the global data set has a good 𝜒𝜒2
– differences between theory and data for this partition are 

indistinguishable from random fluctuations 
– 𝑃𝑃 {𝜒𝜒𝑛𝑛2} ≥ 0.68 for the distribution of 𝜒𝜒𝑛𝑛2  over 𝑁𝑁𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝 partitions 

2. Best-fit nuisance parameters obey the expected probability 
distribution

3. Resampling test: the data are neither underfitted nor 
overfitted 

4. A closure test is passed, such as the one used in NNPDF 3.x
5. …
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Functional forms of PDFs
and resampling test

The uncertainty due to the PDF functional form contributes as much as 50% 
of the total PDF uncertainty in CT fits. The CT18 analysis estimates this 
uncertainty using 100 trial functional forms. 



Explore various non-perturbative 
parametrization forms of PDFs

 CT17par – sample result of using various non-perturbative parametrization forms.
 No data constrain very large 𝑥𝑥 or very small 𝑥𝑥 regions.
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If too few parameters
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The solution can be consistent and false

2D projection 3D reality
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• Randomly split the CT14HERA data set into two halves, 𝐷𝐷1 and 𝐷𝐷2
• Find parameter vectors 𝑎𝑎1 and 𝑎𝑎2 from the best fits for 𝐷𝐷1 and 𝐷𝐷2, 

respectively

Kovarik, Nadolsky, Soper, 2019

If too many parameters
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If too many parameters

• Fitted samples: 𝜒𝜒2(𝐷𝐷1,𝑎𝑎1) and 𝜒𝜒2(𝐷𝐷2, 𝑎𝑎2)  uniformly decrease with 
the number of parameters; eventually the fits become unstable 
(“fitting noise”)

• Control samples: 𝜒𝜒2(𝐷𝐷2,𝑎𝑎1) and 𝜒𝜒2(𝐷𝐷1,𝑎𝑎2)  fluctuate when the 
number of parameters is larger than about 30

Kovarik, Nadolsky, Soper, 2019
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If too many parameters

≲ 30 parameters (26 in CT14HERA2) is optimal for describing the 
CT14HERA2 data set. 15 parameters or less is optimal for nuclear 
PDFs 

Kovarik, Nadolsky, Soper, 2019



How well are the data described?
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Note: It is convenient to define 𝑆𝑆𝑛𝑛(𝜒𝜒2,𝑁𝑁𝑝𝑝𝑝𝑝) that 
approximately obeys the standard normal distribution 
(mean=0, width=1) independently of 𝑁𝑁𝑝𝑝𝑝𝑝



Example: data residuals 𝑟𝑟𝑛𝑛

𝑟𝑟𝑛𝑛 ≡
𝑇𝑇𝑛𝑛 𝑎𝑎 − 𝐷𝐷𝑛𝑛

𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠( 𝑎𝑎 )
𝜎𝜎𝑛𝑛𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢

The distribution of residuals 
is consistent with the 
standard normal distribution

Full definition of 𝑟𝑟𝑛𝑛 in the backup slides
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Example: individual experiments
Define 
𝑆𝑆𝑛𝑛 𝜒𝜒2,𝑁𝑁𝑝𝑝𝑝𝑝 ≡ 2𝜒𝜒2 − 2𝑁𝑁𝑝𝑝𝑝𝑝 − 1 

𝑆𝑆𝑛𝑛(𝜒𝜒𝑛𝑛2,𝑁𝑁𝑝𝑝𝑝𝑝,𝑛𝑛) are Gaussian 
distributed with mean 0 and 
variance 1 for 𝑁𝑁𝑝𝑝𝑝𝑝,𝑛𝑛 ≥ 10 
[R.A.Fisher, 1925]

Even more accurate (𝜒𝜒2,𝑁𝑁𝑝𝑝𝑝𝑝): 
T.Lewis, 1988

An empirical 𝑆𝑆𝑛𝑛 distribution can be 
compared to N(0,1) visually or using 
a statistical (KS or related) test



Effective Gaussian variables
Tensions 
between HERA 
𝑒𝑒+𝑝𝑝  and 𝑒𝑒−𝑝𝑝 
partly improved 
by the x-dep. 
fact. scale 
(CT18Z)

𝑆𝑆𝑛𝑛 > 5 
for HERA I+II, 
also BCDMS DIS

Better 𝑆𝑆𝑛𝑛(HERA I+II) 
⇑ fitted charm and/or 
small-x resummation 

Best consistency 
of experiments 
(𝑆𝑆𝑛𝑛 = 0.08 ± 1.4)
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