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Epistemic uncertainties of parton distributions

}



3rd PDFLattice workshop 
by the the global-fitting and lattice-QCD communities 

November 18-20, 2024 at Jefferson Lab

• Co-organized by Jefferson Lab and CTEQ collaboration 
• This workshop will be dedicated to uncertainty quantification of nonperturbative 

correlation functions in phenomenology and lattice QCD, and the best ways to 
integrate lattice inputs as the calculations mature. The workshop will focus on 
collinear PDFs without excluding uncertainty quantification studies of other 
hadronic functions, such as GPDs and TMDs, especially if there are lessons that 
can be learned and applied to PDFs.
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PDFs are the simplest nonperturbative functions for hadron structure
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This talk

Figure: B. Pasquini, C. Lorcé

Belitsky, Ji,Yuan (2003)
Lorce, Pasquini (2011)



Parton distributions describe 
long-distance dynamics in high-energy collisions

𝜎𝜎𝑝𝑝𝑝𝑝→𝐻𝐻→𝛾𝛾𝛾𝛾𝛾𝛾 𝑄𝑄 = �
𝑎𝑎,𝑏𝑏=𝑔𝑔,𝑞𝑞, �𝑞𝑞

�
0

1
𝑑𝑑𝜉𝜉𝑎𝑎 �

0

1
𝑑𝑑𝜉𝜉𝑏𝑏 �𝜎𝜎𝑎𝑎𝑏𝑏→𝐻𝐻→𝛾𝛾𝛾𝛾

𝑥𝑥𝑎𝑎
𝜉𝜉𝑎𝑎

,
𝑥𝑥𝑏𝑏
𝜉𝜉𝑏𝑏

,
𝑄𝑄
𝜇𝜇𝑅𝑅

,
𝑄𝑄
𝜇𝜇𝐹𝐹

;𝛼𝛼𝑠𝑠 𝜇𝜇𝑅𝑅

× 𝑓𝑓𝑎𝑎 𝜉𝜉𝑎𝑎 , 𝜇𝜇𝐹𝐹 𝑓𝑓𝑏𝑏 𝜉𝜉𝑏𝑏, 𝜇𝜇𝐹𝐹 + 𝑂𝑂
Λ𝑄𝑄𝑄𝑄𝑄𝑄2

𝑄𝑄2

4P. Nadolsky, Inverse problems and UQ in nuclear physics2024-07-08

�𝜎𝜎  is the hard cross section; computed order-by-order in 𝛼𝛼𝑠𝑠(𝜇𝜇𝑅𝑅)
𝒇𝒇𝒂𝒂(𝒙𝒙,𝝁𝝁𝑭𝑭)  is the distribution for parton 𝒂𝒂 with momentum fraction 𝒙𝒙, at scale 𝝁𝝁𝑭𝑭
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Global QCD 
analysis

NNLO global analyses
of QCD data 

Nonperturbative models
and lattice QCD

Precision tests at LHC, Jlab, EIC, AMBER, CERN FPF, …

New insights about unpolarized  
parton distribution functions

CONNECTION?
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How to relate the x dependence of the perturbative and nonperturbative pictures? 

Relevant for processes 
at Q2 ≈ 1 𝐺𝐺𝐺𝐺𝑉𝑉2?

Determined from processes 
at Q2 ≫ 1 𝐺𝐺𝐺𝐺𝑉𝑉2

Does the evidence from primordial dynamics survive PQCD radiation?

PDFs in nonperturbative QCD Phenomenological PDFs
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Global fits of proton scattering data at (N)NNLO accuracy

2024-07-08
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Theory
Precision 

PDFs, 
specialized 

PDFs

Statistics
Hessian, Monte-Carlo 

techniques, neural 
networks, AI/ML, 

reweighting, meta-
PDFs…

Experi-
ment

New collider and 
fixed-target 

measurements
Parton distribution functions 
with uncertainties
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Global fits of proton scattering data at (N)NNLO accuracy
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A profound inverse problem with many parameters and a wide range of implications

Multiloop QCD and EW computations

Exploration of most complex experimental data sets

Accurate and fast high-performance computing

A testing bed for multidimensional uncertainty quantification, ML/AI, …
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Snowmass’21 whitepaper: 
Proton structrure at the precision frontier

1. Status of modern NNLO PDFs and their applications
2. Future experiments to constrain PDFs
3. Theory of PDF analysis at N2LO and N3LO
4. New methodological advancements

• Experimental systematic uncertainties in PDF fits
• Theoretical uncertainties in PDF fits
• Machine learning/AI connections 

5. Delivery of PDFs; PDF ensemble correlations in critical applications
6. PDFs and QCD coupling strength on the lattice
7. Nuclear, meson, transverse-momentum dependent PDFs
8. Public PDF fitting codes
9. Fast (N)NLO interfaces
10. PDF4LHC21 recommendation and PDF4LHC21 PDFs for the LHC analyses
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A summary of recent trends in the global analysis of proton PDFs  
S. Amoroso et al., Acta Physica Polonica B 53 (2022) 12, A1 



Phenomenological PDF analyses for a nucleon
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Pursued by several groups – ABM, ATLAS, CTEQ-TEA (CT), CTEQ-Jlab, MSHT, NNPDF, JAM, …
Precision state-of-the art: NNLO QCD + NLO EW; partial N3LO results (NNPDF and MSHT groups)  
Data from fixed-target experiments and colliders (HERA, Tevatron, LHC, …) and increasingly lattice QCD



Asymmetry nominally reaches ≈ 50% at 𝑥𝑥 ≈ 0.25 in 
three global fits. Is there a dynamical mechanism to 
produce it at such 𝒙𝒙?

CT18As NNLO: Strangeness asymmetry with 
a lattice QCD constraint

T.-J. Hou et al., arXiv: 2204.07944

differences 
reflect the 
pulls of LHC 
and other 
experiments

Include lattice data on 𝑠𝑠_ obtained by 
the MSULat/quasi-PDF method 
(2005.12015, Zhang, Lin, Yoon) 

The lattice QCD prediction 
disfavors a large 𝑠𝑠−(𝑥𝑥,𝑄𝑄)  
at 𝑥𝑥 > 0.3 ⇒ reduction in 
𝑠𝑠−(𝑥𝑥,𝑄𝑄)/𝑠𝑠+ 𝑥𝑥,𝑄𝑄  in 
CT18As_Lat fit



Lattice QCD already predicts some features of PDFs from first principles
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Phenomenological analysis, including the parametrization dependence 
L. Kotz, A. Courtoy, M. Chavez, P. N., F. Olness, arXiv:2311.08447

𝜋𝜋± PDFs

without parametrization 
dependence



Lattice QCD already predicts some features of PDFs from first principles
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Phenomenological analysis, including the parametrization dependence 
L. Kotz, A. Courtoy, M. Chavez, P. N., F. Olness, arXiv:2311.08447

𝜋𝜋± PDFs

are the lattice uncertainties
fully estimated?

without parametrization 
dependence



The tolerance puzzle 
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Why do groups fitting similar data sets 
obtain different PDF uncertainties?

The answer has direct implications for high-stake experiments such as 3D 
femtography, 𝑊𝑊 boson mass measurement, tests of nonperturbative QCD 
models and lattice QCD, high-mass BSM searches, etc. 

2024-07-08

Precision PDFs (Snowmass 21 WP) [2203.13923v2]



The role of epistemic uncertainties 
in understanding 

the PDF tolerance

2024-07-08 P. Nadolsky, Inverse problems and UQ in nuclear physics 15



2024-07-08 P. Nadolsky, Inverse problems and UQ in nuclear physics 16

epistemic vs. aleatory uncertainties

Statistical uncertainty 
propagated from experiments
— reduced by increasing data 
size

Uncertainty due to lack 
of knowledge

—bias (may be reduced 
by analysis 

improvements)



Two types of modern error PDFs
Analytic parametrizations +
Hessian PDF eigenvector sets 
(ABM, CTEQ, HERA, MMHT,…)
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Neural network parameterizations 
+ Monte Carlo PDF replicas 
(NNPDF)

Two powerful, complementary representations. 
Hessian PDFs can be converted into MC ones, and vice versa.

a textbook 
application of 
ML in particle 
physics

since 1980’s since 2000’s



…reflects methodological choices such as PDF 
functional forms, NN architecture and hyperparameters, 
or model for systematic uncertainties 

… can dominate the full uncertainty when experimental 
and theoretical uncertainties are small. 

…is associated with the prior probability.
 
… can be estimated by representative sampling of 
the PDF solutions obtained with acceptable 
methodologies. 

Epistemic PDF uncertainty…

⇒ sampling over choices of experiments, PDF/NN 
functional space, models of correlated uncertainties…

⇒ in addition to sampling over data fluctuations

Epistemic uncertainties explain many of 
the differences among the sizes of PDF 
uncertainties by CT, MSHT, and NNPDF 
global fits to the same or similar data

Details in arXiv:2203.05506, arXiv:2205.10444
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https://arxiv.org/abs/2203.05506
https://arxiv.org/abs/2205.10444


A likelihood-ratio test of models 𝑇𝑇1 and 𝑇𝑇2
From Bayes theorem, it follows that 

 
𝑃𝑃 𝑇𝑇2 𝐷𝐷
𝑃𝑃 𝑇𝑇1 𝐷𝐷

 =  
𝑃𝑃 𝐷𝐷 𝑇𝑇2
𝑃𝑃 𝐷𝐷 𝑇𝑇1

 ×  
𝑃𝑃 𝑇𝑇2
𝑃𝑃(𝑇𝑇1)
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≡ 𝑟𝑟posterior

epistemic + aleatoryaleatory

Suppose replicas 𝑇𝑇1 and 𝑇𝑇2 have the same 𝜒𝜒2 [𝑟𝑟likelihood = exp 𝜒𝜒12−𝜒𝜒22

2
= 1] , but 𝑇𝑇2 is disfavored 

compared to 𝑇𝑇1 [𝑟𝑟posterior ≪ 1]. 

This only happens if 𝑟𝑟prior ≪ 1 ∶ 𝑇𝑇2 is discarded based on its prior probability.

≡ 𝑟𝑟likelihood ≡ 𝑟𝑟prior



Components of PDF uncertainty
In each category, one must 
maximize                 

               PDF fitting accuracy
              (accuracy of     
              experimental, theoretical            
              and other inputs) 
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PDF sampling accuracy
              (adequacy of
              sampling in space of     
              possible solutions)

Fitting/sampling classification is borrowed 
from the statistics of large-scale surveys
[Xiao-Li Meng, The Annals of Applied 
Statistics, Vol. 12 (2018), p. 685]

4 types of uncertainties from 
Kovarik et al., arXiv: 1905.06957

https://arxiv.org/abs/1905.06957


Epistemic
PDF 

uncertainty
Bias-variance 

separation

Smoothness

Curse of 
dimensionality

Big-data 
paradox

Likelihood 
ratios

Post-fit PDF 
validations

Precision PDF applications

Acceptable functions

Representative sampling

Tests of PDFs
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Estimating the epistemic uncertainty is hard
because statistics with many parameters is different!

1. As a rule, there is no single global minimum of  𝜒𝜒2 (or another cost function)
– “Best fits” are dominated by saddle points with the same low 𝜒𝜒2

2. The law of large numbers may not work
– uncertainty may not decrease as 1/√Nrep, leading to the big-data paradox
      [Xiao-Li Meng, 2018]:

3. Replication of complex measurements is daunting
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The bigger the data, the surer we fool ourselves.

In typical applications, especially AI/ML ones:



Some insights from our recent work
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1. Log-likelihood. The commonly used 𝜒𝜒2 forms,  

𝜒𝜒2 = �
𝑖𝑖,𝑗𝑗

𝑁𝑁𝑝𝑝𝑝𝑝

𝑇𝑇𝑖𝑖 − 𝐷𝐷𝑖𝑖 cov−1 𝑖𝑖𝑗𝑗 𝑇𝑇𝑗𝑗 − 𝐷𝐷𝑗𝑗 ,and

are deficient when there are many systematic parameters. [in preparation]

2. ML/AI-based methods. Any neural network is associated with a Bayesian prior. The prior depends on 
the architecture, hyperparameters, and training procedure. It is a source of an epistemic uncertainty.  
[A. Courtoy et al.,arXiv:2205.10444].

https://arxiv.org/abs/2205.10444
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Example: different 𝜒𝜒2 treatments produce discrepant uncertainty estimates

68%CL

Details in 
A. Courtoy et al.,
arXiv:2205.10444

} obtained with the same NNPDF4.0 fitting code 
using a “hopscotch scan” of the PDF param. 
space

all ellipses contain acceptable predictions 
according to the likelihood-ratio test
Nominal NN4.0 uncertainty is too small!

https://arxiv.org/abs/2205.10444


Fantômas: the parametrization uncertainty on the valence pion PDF
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L. Kotz, A. Courtoy, M. Chavez, P. Nadolsky, F. Olness, and others, arXiv:2309.00152, arXiv:2311.08447

We obtained an NLO PDF error ensemble for 
charged pions from experimental data in xFitter
using a C++ module Fantômas to parameterize
PDFs using Bézier curves

These polynomial curves are universal
approximators. 

The Fantomas PDF error band is based on      
∼ 100 alternative parametrization forms with the 
same or better 𝜒𝜒2 as in the 2021 xFitter study 
[Novikov et al., arXiv:2002.02902]

The PDF error bands are enlarged compared to 
xFitter’20 and JAM’21 due to estimating the 
parametrization uncertainty using the Fantômas 
& METAPDF [arXiv:1401.00013] techniques

𝜋𝜋± NEW

Valence
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Slide by A. Courtoy
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Slide by A. Courtoy
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Slide by A. Courtoy



Fantômas pion PDFs: other results
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NEW

Sea

Gluon

𝜋𝜋±

H1 leading-neutron
data is included

L. Kotz, A. Courtoy, M. Chavez, P. Nadolsky, F. Olness, and others, arXiv:2309.00152, arXiv:2311.08447



NLO pion PDFs 
(Fantômas, JAM, xFitter)
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Sea

Gluon

LO Dyson-Schwinger predictions
(Ding:2019lwe,Sufian:2019bol, …) 

𝑄𝑄 = 𝜁𝜁2 = 2 GeV

Leading-order DGLAP evolution necessitates the 
faster rise of glue and sea at 𝑥𝑥 → 0 than at NLO. 
Naturally explains different growth rates at 𝑥𝑥 → 0 
between LO DSE and NLO pheno PDFs. 



} NEW

Fantômas pion PDFs: sea and gluon momentum fractions
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𝜋𝜋±

What does 
lattice QCD 

say about the 
uncertainties 

on 𝑥𝑥𝑓𝑓 𝜋𝜋±? 

a zero-momentum gluon is experimentally allowed
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Slide by A. Courtoy
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𝐶𝐶𝑉𝑉
𝑒𝑒𝑒𝑒𝑒𝑒 𝑄𝑄 ≡

𝜕𝜕 𝑥𝑥𝑉𝑉 𝑥𝑥,𝑄𝑄
𝜕𝜕 1 − 𝑥𝑥



Electron-Ion Collider: potentially a wealth of complex studies

34

weak mixing angle arXiv: 2203.13199

heavy neutral lepton 
searches arXiv: 2203.06705

SMEFT Wilson coefficients 

Lorentz/CPT violations
A. R. Vieira et al., 1911.04002

PDFs: arXiv:2103.05419

Abdul-Khalek et al., Snowmass 2021 whitepaper 
“EIC for HEP”, 2203.13199
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https://arxiv.org/abs/2203.13199


The Muon-Ion Collider, Large Hadron Electron Collider, FCC-eh
D. Acosta et al., “The Potential of a TeV-Scale Muon-Ion Collider,” arXiv:2203.06258 [hep-ph]
LHeC, FCC-he Study Group, arXiv:1206.2913, 2007.14491 

35

Exceptional machines for 
BSM discoveries, Higgs 
physics such as 
measurement of 𝜅𝜅𝐻𝐻→𝑐𝑐 ̅𝑐𝑐, 
and SM tests at 
(sub)percent precision
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Epistemic PDF uncertainty: recap
Epistemic uncertainty (due to parametrization, methodology, parametrization/NN 
architecture, smoothness, data tensions, model for syst. errors, ...) is increasingly 
important in upcoming studies as experimental and theoretical uncertainties 
decrease. We make progress in understanding it.

With 𝑂𝑂(10 − 1000) free parameters, including nuisance parameters, the Δ𝜒𝜒2 = 1 
criterion for 1𝜎𝜎 PDF uncertainties is almost certainly incomplete. Stop using it “as 
is”. There are strong mathematical reasons. 

Nominal PDF uncertainties in high-stake measurements at the HL-LHC and EIC 
thus should be tested for robustness of sampling over acceptable methodologies 
and demonstrate absence of biases in this sampling. 

Public tools for this are increasingly available: xFitter, NNPDF code, ePump, 
Fantômas, MP4LHC,…
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