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0.  Introduction 
•  Efimov effect & discrete scale invariance 

1.  Non-relativistic charged particles 
•  Efimovian states in hydrogen molecular ion 

Y. Nishida, Phys. Rev. A 105, L010802 (2022) 

2.  Relativistic charged particles 
•  Atomic collapse resonances 

& vacuum polarization in graphene 
Y. Nishida, Phys. Rev. B 90, 165414 (2014); 94, 085430 (2016) 

3.  Coulomb + short-range potentials 
•  Universality & generalized Bethe-Peierls 

S. Mochizuki & Y. Nishida, arXiv:2408.06011
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Efimov effect & 
discrete scale inv.



/ 284Efimov effect

✓  3 bosons 

✓  3 dimensions 

✓  s-wave resonance

Infinite bound states 

with universal scaling

V. Efimov, PLB (1970)

R
22.7 × R

(22.7)2 × R

. . .. . .

Discrete scale invariance

<latexit sha1_base64="zmv8Vdo5lYz3oxtvm5D76tQAghI="></latexit>
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3-body Schrodinger equation

Zero-range and infinite scattering length

Hyperradial motion

Scale invariant potential with s2 = -1.013 < 0 
induced by hyperangular motion

Its solution
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Its solution

has to be fixed by short-range B.C.
<latexit sha1_base64="3PZc3su0uvPBhLAnmEKP9xyY/Y8="></latexit>
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If                 is a solution for                  , 

                                       are also solutions
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•  Scale invariance is broken by short-range B.C. 
down to discrete scale invariance 

•  Long-range Coulomb potential is usually obstacle

Discrete scale invariance in charged particles
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Non-relativistic 
charged particles

L. D. Landau & E. M. Lifshitz, “Quantum Mechanics”
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1 2

8Hydrogen molecular ion

+ +
R

-
V(R) ~ R-1 =>  R-2

Born-Oppenheimer approximation (M >> m)

•  Schrodinger equation for a light particle

•  Schrodinger equation for two heavy particles

3
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1 2

9Hydrogen molecular ion

+ +
- 3r

Hydrogen-like atom

under electric field produced by far separated charge

V(R) ~ R-1 =>  R-2

1st-order perturbation

<latexit sha1_base64="bfVXJe8BGZnBBJwnrLsguR3UijI="></latexit>
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(n = 1,2, . . .)

aB << R

Scale invariant attraction for n=2,3,…
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continuum

1 2

10Hydrogen molecular ion

+ +
- 3r

V(R) ~ R-1 =>  R-2

aB << R

Infinite bound states obeying discrete scale invariance 
toward thresholds of  (H)n=2,3,…E

n=1

n=2

n=3

•  Efimovian states are resonances 
embedded into continuum of  (H)n=1 

•  Relevant to H2+ ions or trions 
(nuclear systems?) 

•  Generalization to 2D, 1D 
& logarithmic Coulomb potential

Y. Nishida, Phys. Rev. A 105, L010802 (2022)
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Doubly excited resonances via photo detachment

VOLUME 65, NUMBER 3 PHYSICAL REVIEW LETTERS 16 JULY 1990

Observation of High-Lying Resonances in the H Ion

P. G. Harris, H. C. Bryant, A. H. Mohagheghi, R. A. Reeder, H. Sharifian, ' C. Y. Tang,
and H. Tootoonchi

The University of New MexicoA, lbuquerque, New Mexico 87I31

J. B. Donahue, C. R. Quick, and D. C. Rislove '
Los Alamos National Laboratory, Los Alamos, Ne~ Mexico 87545

W. W. Smith
The Unicersity of Connecticut, Storrs, Connecticut 06268

J. E. Stewart
Western Washington University, Bellingham, Washington 98225

(Received 12 March 1990)

Several series of doubly excited resonances have been observed in H photodetachment, appearing as
dips in the production cross section of excited neutral hydrogen. At least three resonances are clearly
visible converging on each of the thresholds n 5, 6, 7, and 8. The data support recent theoretical calcu-
lations for the energies of doubly excited resonances and verify a Rydberg-dipole formula for the main
resonance positions.

PACS numbers: 32.80.Fb

+2Re —2z(m —n)/a„ q'
(n p) '—

Here E~ is the double-detachment threshold energy, &
is the Rydberg constant, a„ is a parameter associated
with the hydrogenic threshold of principal quantum
number n, g=l —a includes a screening factor, p is a
quantum defect, and m =n, n+1, n+2, . . . . The cross
section in the vicinity of a resonance at energy Fo and of
width I, which is embedded in a continuum, is described
by a Fano profile

o =crt, +o.(q+ e) '/(I +e'),
where e=2(E—Ep)/I .

(2)

The dipole potential of an excited hydrogen atom po-
larized by a second electron will support series of reso-
nances associated with the relevant hydrogenic state.
The resonances that lead to the threshold of the outgoing
channel H(n)+e can be observed in the continuum
above the H (n —1)+e threshold. These doubly excit-
ed resonances may be classified by "+"and "—"quan-
tum numbers, ' which emphasize whether the wave func-
tion is approximately odd (for —) or even (for +) under
radial exchange r~ r2. By combining a modified Ryd-
berg formula for the energy of the lowest resonance in
each series with a recursion formula' for the energies of
successive resonances within a series, we obtain an ana-
lytic expression for the energies (in eV) of all of the +-
type P resonances in H associated with all of the hy-
drogenic thresholds:

Ep(m, n) E+- R
Il

Using a method of crossed laser and relativistic H
beams, described elsewhere, the fourth harmonic of a
Nd-doped yttrium-aluminum-garnet laser is "Doppler
tuned" to excite the transition

H +y H *(~n)+e (3)
where n is typically between four and eight, and the"~" sign indicates that the atom may, instead, be excit-
ed to any state lower than n, with the electron carrying
off the excess energy. The asterisk indicates an excited
electron.
As the photon energy is increased, successively higher

n states are produced. If, however, the photon energy
should match that of a resonance in the H continuum,
then the process

H +y H * H (~n)+e (4)
may also take place. The amplitudes for excitation of
the neutral hydrogen atom via production of the doubly
excited resonant state H * (4) and that of direct exci-
tation (3) add coherently, resulting in structure on the
continuum cross section.
A strong electric field is used to detach the electron

from the excited hydrogen atom in state n, leaving lower
excited states unaffected. The resulting proton then con-
stitutes the signal of H (n). The strength of the field is
successively reduced to observe production of n =4, 5, 6,
and 7; isolation of the individual partial cross sections in
this way is essential for observing the resonance struc-
tures.
The data from each hydrogenic continuum channel

studied (n =4, 5,6, 7) were combined to produce the sets
of data displayed in Figs. 1(a)-1(d). Each contains at

1990 The American Physical Society 309

P. G. Harris et al. 
PRL 65, 309 (1990)

VOLUME 65, NUMBER 3 PHYSICAL REVIEW LETTERS 16 JULY 1990
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FIG. 1. Partial photodetachment cross sections of H, showing production of neutral hydrogen in (a) n) 4 (g /v=0. 97, 55%
C.L.), (b) n& 5 (g'/v 1.85, 0.01% C.L.), (c) n~ 6 (g-'/v 0.88, 73% C.L.), and (d) n) 7 (Zi/v=0. 98, 50% C.L.). Instrumental
resolution is 8.3 meV. Threshold energies are n=4, 13.5054 eV; n=5, 13.8084 eV; n=6, 13.9746 eV; n=7, 14.0748 eV; n 8,
14.1398 eV.

least three prominent resonances, which appear as a
series of "dips" becoming progressively narrower and
closer together as they converge on the next threshold.
Figure 1(a) also hints at a broad shallow dip at 13.55 eV
which was not included in this particular analysis.
Each cross section was fitted with sets of Fano profiles

using the program MINUIT. Results of the fits are rep-
resented by the solid lines in the figures. The continuum
amplitude crab was assumed to vary linearly with photon
energy. The absolute uncertainty in the energy scale is 1

meV, with an energy resolution of 8.3 meV being includ-
ed in each of the fits. The fits were terminated 4 meV
below the thresholds, at which point instrumental resolu-
tion should cause production of the next n state to inter-
fere with the structure.
The fitted positions and widths of the resonances are

given in Table I, where the channel n indicates the
threshold to which the resonances converge, rather than
the n —1 excited state detected. Uncertainties in the
fitted parameters are given in parentheses, and corre-

spond to the change in the last significant digit required
to increase the total g by 1. This is a standard ap-
proach, although it clearly becomes invalid if g /v diff'ers
significantly from unity. The reduced g for the fits are
0.97, 1.85, 0.88, and 0.98, with associated confidence lev-
els (C.L.) of 55%, 0.01%, 73%, and 50% for the struc-
tures below n=5, 6, 7, and 8, respectively. However, if
the positions and widths are constrained by the dipole re-
cursion formula, g /v increases dramatically to 4.8, 5.6,
1.7, (0.06% C.L.), and 1.6 (0.3% C.L.), respectively.
The poor fit in the structure below n=6 probably indi-
cates that the linear model of the background continuum
is inadequate, although why it should be so much worse
for this than for the other channels is unclear.
Of interest is the first of the resonances converging to

n =8. It occurs right at the n =7 threshold, and appears
as a delayed onset [visible in Figs. 1(c) and 1(d)j. The
fitted position of this resonance may be subject to addi-
tional uncertainty since it does not appear as a full dip;
only half of the profile can be seen. Figure 1(d) also ap-

310

n=4 n=5

n=6 n=7

continuum

E
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Relativistic 
charged particles
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Hydrogen-like atom from Dirac equation
<latexit sha1_base64="uLza83KWDdvaiyLzQBluzqrM4GI="></latexit>
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Coulomb potential 
is scale invariant
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↵
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“Atomic collapse”

signals discrete scale invariance
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Y. B. Zeldovich & V. S. Popov (1971)
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Hydrogen-like atom from Dirac equation
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Coulomb potential 
is scale invariant

•  Z > 137 is not yet achieved with a single nucleus 
but may be realized by colliding two heavy nuclei 
W. Greiner, B. Muller & J. Rafelski, “Quantum Electrodynamics of  Strong Fields”

•  Because vF/c ~ O(0.01), 

“superheavy nucleus” can be realized 
by a charged impurity with Z ~ O(1) on graphene 

V. M. Pereira, J. Nilsson & A. H. Castro Neto, PRL (2007) 

A. V. Shytov, M. I. Katsnelson & L. S. Levitov, PRL (2007)
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Infinite bound states resonances

15Graphene

2D massless Dirac equation with a charged impurity
<latexit sha1_base64="bo1PDE+3CbEJHcq3Tl/qzoXBt3w="></latexit>
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Scale invariance is broken by short-range B.C. 
down to discrete scale invariance for Zaeff > 1

Infinite bound states
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E
“Atomic collapse resonances” 
=>  DoS peaks probed by STM

Scale invariance
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Infinite bound states resonances

16Graphene
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E

Scale invariance is broken by short-range B.C. 
down to discrete scale invariance for Zaeff > 1

“Atomic collapse resonances” 
=>  DoS peaks probed by STM

M. F. Crommie et al. 
Science 340, 734 (2013)

Cond-mat realization of  “superheavy nucleus”
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e+ e- e- e+

Charge distribution of  electrons
<latexit sha1_base64="sOrE6ASp088z1CmaZgntSg1RQAk="></latexit>

n(r) =
XXX

E<0

| E(~r)|2

•  Scale invariance  => Power law

Power law + log-periodic oscillation

•  Discrete scale invariance  =>

Ze
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Y. Nishida, Phys. Rev. B 90, 165414 (2014); Phys. Rev. B 94, 085430 (2016)
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Comparison to lattice data for Zaeff = 4/3 
(exact diagonalization on honeycomb lattice with 124x124 sites) 

V. M. Pereira, J. Nilsson & A. H. Castro Neto, PRL (2007)

1 2 5 10 20 50 100
r
a

0.0

0.1

0.2

0.3

0.4

0.5
r2nHrL

•  Envelop fits well our prediction 
but fast oscillation exists with its origin unknown

Amplitude & phase 
are fit parameters

Shape & period 
are predictions
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Coulomb + short-range 
potentials
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Short-range universality arises when R << a, k-1

R               <<               a, k-1

V

<latexit sha1_base64="VrHfXON5vdLBTO4vWEiJ+BZOqgQ="></latexit>
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•  Universal physics is described 
by zero-range interaction with R~0 under fixed a

•  Bethe-Peierls B.C. + Born-Oppenheimer approx. 
provides intuitive understanding of  Efimov effect 

=>  Generalization to charged particles

H. Bethe and R. Peierls 
Proc. R. Soc. Lond. A (1935)

•  Bethe-Peierls B.C. is its direct implementation
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S-wave radial Hamiltonian 

has to be not only hermitian but also self-adjoint

                                                 is usually imposed, but
<latexit sha1_base64="rot6bUXiVHJ6i1lSJkBDW2sYOgE="></latexit>
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Generalized Bethe-Peierls boundary condition

(Coulomb modified) scattering length
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•  Information of  short-range potential enters 
only through (Coulomb modified) scattering length 

•  (Coulomb modified) effective ranges are all zero 

=>  Suitable to directly describe universal physics 
for R << a, a0, k-1

2-body bound-state solution
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Repulsive Coulomb Attractive Coulomb

•  Infinite resonances 

•  One of  them turns into 
a bound state for a>0 
See also, C. H. Schmickler, H.-W. Hammer & A. G. Volosniev, PLB (2019)

•  Infinite bound states 

•  No resonances
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3 equally charged heavy-heavy-light particles at a=oo
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Energy expectation value of  a light particle

0.5 1.0 1.5 2.0
R
a0
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2

ϵ /ϵ0

Heavy-heavy Schrodinger equation

scale invariant attraction Coulomb repulsion
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Heavy-heavy Schrodinger equation
<latexit sha1_base64="9mYPkvKS3M3kcaTSn0EvZfW9izE="></latexit>
�

1

M

d2

dR2
�

1/4 + s2

MR2
+

2

Ma0
0R

�
�(R) = �

2

M
�(R)

<latexit sha1_base64="Kq71Sp0PQfoSm6HrFyIUI3tAhcA="></latexit>

)
✓



⇤

◆2is

=
�
�
1
2
+ is

�
�
�
1
2
� is + 1

a0
0

�

�
�
1
2
� is

�
�
�
1
2
+ is + 1

a0
0

�

•  Three-body parameter        fixes the phase at R~0 

•  This equation is invariant under                                 , 
so that one solution generates infinite solutions 

=>  Consequence of  discrete scale invariance
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3-body bound states & resonances
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•  Bound state turns resonance by Coulomb repulsion 

•  Infinite solutions are obtained by

bound resonance

<latexit sha1_base64="sIg97FXJt63qM0ow7EXuTUdlM/k="></latexit>

⇤ ! e�n⇡/s⇤

S. Mochizuki & Y. Nishida 

arXiv:2408.06011

s=1



/ 2828Summary and future work

0.  Introduction 
•  Efimov effect & discrete scale invariance 

1.  Non-relativistic charged particles 
•  Efimovian states in hydrogen molecular ion 

2.  Relativistic charged particles 
•  Atomic collapse resonances 

& vacuum polarization in graphene 

3.  Coulomb + short-range potentials 
•  Universality & generalized Bethe-Peierls 

=>  Applications to nuclear systems ?


