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Dissipation of Magnetic Field
• crust
Pons+’07, Vigano+’13, DeGrandis+’21, 

Igoshev&Hollerbach’21,23, Dehman+’21,22,23

?

• core

Goldreich&Reisenegger’92, Castillo+’20, 

Passamonti+’17, Moraga+’24, Elfritz+’16, 

Bransgrove+’18, Igoshev&Hollerbach’23, 

Dehman+’21,22,23, Gusakov,Kantor&DO+’17, 

DO&Gusakov’18, Gusakov,Kantor&DO’20,…, 

this talk

➢ 𝒏𝒑𝒆𝝁 scattering (diffusion)

➢ nonequilibrium Urca-processes

➢ 𝒆𝒁 scattering (Ohm) + Hall
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➢ 𝒑-pairing ⇒ 

scattering off flux tubes 
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B and T inside NS cores

𝑻
𝑩𝒑

𝑳𝜸

heat 

blanket

𝚫𝑩𝐬𝐮𝐫𝐟

𝚫𝑳𝜸

𝚫
blanket
compos.

𝚫𝑻

𝑩𝒑 < 𝑩 𝐢𝐧𝐬𝐢𝐝𝐞

DO, Gusakov & Potekhin 2023

Ambipolar Diffusion Operator



A Simplistic Approach

6/23Dima Ofengeim Ambipolar Diffusion Operator

DO, Gusakov & Potekhin 2023

• Newtonian MHD

• normal

• 𝒏𝒑𝒆



Dominating Mechanisms
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• Newtonian MHD

• normal

• 𝒏𝒑𝒆

𝒑𝒆 

friction

non-equilibrium 

MUrca

𝒏𝒑 

friction

strong-coupling regime

𝒗𝒏 ≈ 𝒗𝒑 ≈ 𝒗𝒆 ≈ 𝒗

weak-coupling regime
𝒗𝒏 ≠ 𝒗𝒑 ≈ 𝒗𝒆 ≈ 𝒗𝒄

ambipolar diffusion
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Outline
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• Pons & Vigano (2019, Liv. Rev. Comp. Astrophys): 

a simplistic model for ambipolar diffusion

𝒗𝒄 = 𝜶𝒇𝑳𝒇𝑳 =
𝟏

𝟒𝝅
𝐜𝐮𝐫𝐥 𝑩 × 𝑩 𝝏𝒕𝑩 = 𝐜𝐮𝐫𝐥 𝒗𝒄 × 𝑩

• Neutron star cores, normal 𝒏𝒑𝒆 + axisymmetry: 

𝒗𝒄
𝒑

= 𝑨 𝒑 𝒇𝑳𝒇𝑳 =
𝟏

𝟒𝝅
𝐜𝐮𝐫𝐥 𝑩 × 𝑩 𝝏𝒕𝑩 𝐢𝐬 𝐝𝐞𝐭𝐞𝐫𝐦𝐢𝐧𝐞𝐝 𝐛𝐲 𝒗𝒄

𝒑

velocity of charged species

poloidal projection

𝑨 𝒑  – ambipolar diffusion operator

• linear & independent of 𝐵
• explicit analytic form

• completely drives 𝐵 evolution

• ker መ𝐴 𝑝 = equilibrium 𝐵’s

• self-adjoint



Basic Equations
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Quasistationarity

𝝏𝒕 = 𝟎 except 𝝏𝒕𝑩

Ambipolar Diffusion

𝒗𝒆 = 𝒗𝒑 = 𝒗𝒄 ≠ 𝒗𝒏

Ԧ𝒋 = 𝟎 but 𝐜𝐮𝐫𝐥 𝑩 × 𝑩 ≠ 𝟎

Linearization

𝒗𝒏,𝒄, 𝜹𝝁𝒏,𝒑,𝒆 as small perturbations

𝒏𝒏,𝒄 as spherical TOV background

Cowling 

approximation

Weak Coupling Regime

no reactions

𝒏𝒃𝛁𝜹𝝁𝒏 + 𝒏𝒄𝛁𝚫𝝁 = 𝒇𝑳 =
𝟏

𝟒𝝅
𝐜𝐮𝐫𝐥 𝑩 × 𝑩 

𝒏,𝒑,𝒆

𝐄𝐮𝐥𝐞𝐫 = 𝐟𝐨𝐫𝐜𝐞 𝐛𝐚𝐥𝐚𝐧𝐜𝐞

𝒏𝒏𝒏𝒄𝜸 𝒗𝒄 − 𝒗𝒏 = 𝒏𝒏𝛁𝜹𝝁𝒏

−𝒆𝒏𝒄 𝑬 +
𝒗𝒄

𝒄
× 𝑩 = 𝒏𝒄𝛁𝜹𝝁𝒆

𝐄𝐮𝐥𝐞𝐫 𝒏

𝐄𝐮𝐥𝐞𝐫 𝒆

𝐝𝐢𝐯 𝒏𝒏𝒗𝒏 = 𝐝𝐢𝐯 𝒏𝒄𝒗𝒄 = 𝟎 𝐂𝐨𝐧𝐭𝐢𝐧𝐮𝐢𝐭𝐲

𝝏𝒕𝑩 = −𝒄 𝐜𝐮𝐫𝐥 𝑬 = 𝐜𝐮𝐫𝐥 𝒗𝒄 × 𝑩 𝐅𝐚𝐫𝐚𝐝𝐚𝐲

𝛿𝜇𝑝 + 𝛿𝜇𝑒 − 𝛿𝜇𝑛

𝑛𝑝 friction



Basic Equations
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𝒏𝒃𝛁𝜹𝝁𝒏 + 𝒏𝒄𝛁𝚫𝝁 = 𝒇𝑳 =
𝟏

𝟒𝝅
𝐜𝐮𝐫𝐥 𝑩 × 𝑩 

𝒏,𝒑,𝒆

𝐄𝐮𝐥𝐞𝐫 = 𝐟𝐨𝐫𝐜𝐞 𝐛𝐚𝐥𝐚𝐧𝐜𝐞

𝒏𝒏𝒏𝒄𝜸 𝒗𝒄 − 𝒗𝒏 = 𝒏𝒏𝛁𝜹𝝁𝒏

−𝒆𝒏𝒄 𝑬 +
𝒗𝒄

𝒄
× 𝑩 = 𝒏𝒄𝛁𝜹𝝁𝒆

𝐄𝐮𝐥𝐞𝐫 𝒏

𝐄𝐮𝐥𝐞𝐫 𝒆

𝐝𝐢𝐯 𝒏𝒏𝒗𝒏 = 𝐝𝐢𝐯 𝒏𝒄𝒗𝒄 = 𝟎 𝐂𝐨𝐧𝐭𝐢𝐧𝐮𝐢𝐭𝐲

𝝏𝒕𝑩 = −𝒄 𝐜𝐮𝐫𝐥 𝑬 = 𝐜𝐮𝐫𝐥 𝒗𝒄 × 𝑩 𝐅𝐚𝐫𝐚𝐝𝐚𝐲

𝛿𝜇𝑝 + 𝛿𝜇𝑒 − 𝛿𝜇𝑛

𝑛𝑝 friction

Boundary Conditions

crustcore

• 𝑩 continuously matches the crust

• 𝒗𝒏 and 𝒗𝒄 do not come into the crust

• no Ԧ𝒋 matching!

𝒗𝒏,𝒄

𝑩



Axial Symmetry
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𝑩 = 𝛁𝚿 𝒓, 𝜽 × 𝛁𝝋 + 𝑰 𝒓, 𝜽 𝛁𝝋

𝒓𝜽

𝚿 𝒓, 𝜽

𝝋

Poloidal flux function 𝑩 𝒑 Poloidal current function 𝑩 𝒕

𝑛𝑏∇𝛿𝜇𝑛 𝑟, 𝜃 + 𝑛𝑐∇Δ𝜇 𝑟, 𝜃 = Ԧ𝑓𝐿 𝑰 = 𝑰 𝚿, 𝒕𝑓𝐿𝜑 = 0

𝑩 𝒑

𝒓𝜽

𝑰 𝒓, 𝜽

𝝋

𝑩 𝒕

Ԧ𝒋 𝒑



Magic of Axisymmetry - I
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𝒏𝒄𝒗𝒄
𝒑

= 𝛁𝚼𝒄 𝒓, 𝜽 × 𝛁𝝋

𝒓𝜽
𝚼𝒄 𝒓, 𝜽

𝒏𝒏𝒗𝒏 = 𝒏𝒏𝒗𝒄 −
𝒏𝒏

𝒏𝒄𝜸
𝛁𝜹𝝁𝒏

𝐝𝐢𝐯 𝒏𝒏𝒗𝒏 = 𝟎 𝑛𝑛,𝑐 = const 𝜃

𝑌 𝑟 =
𝑛𝑐

𝑛𝑛 + 𝑛𝑐
ℛ 𝑟 =

d

d𝑟

1

𝑌

−1

ቚ𝜰𝒄
𝜽=𝟎

= ቚ𝜰𝒄
𝜽=𝝅

= 𝟎

𝐂𝐨𝐧𝐭𝐢𝐧𝐮𝐢𝐭𝐲 − 𝒄

𝐂𝐨𝐧𝐭𝐢𝐧𝐮𝐢𝐭𝐲 − 𝒏

𝐄𝐮𝐥𝐞𝐫 − 𝒏

𝟏

𝐬𝐢𝐧 𝜽
𝝏𝜽𝚼𝒄 = 𝒓𝟐𝓡 𝐝𝐢𝐯

𝟏 − 𝒀

𝜸𝒀
𝛁𝜹𝝁𝒏

𝐬𝐢𝐧 𝜽 𝝏𝜽

𝟏

𝐬𝐢𝐧 𝜽
𝝏𝜽𝚼𝒄 = 𝓡 ቈ𝝏𝒓 𝒓𝟐

𝟏 − 𝒀

𝜸𝒀
𝝏𝒓 𝐬𝐢𝐧 𝜽 𝝏𝜽𝜹𝝁𝒏

+
𝟏 − 𝒀

𝜸𝒀
𝐬𝐢𝐧 𝜽 𝝏𝜽

𝟏

𝐬𝐢𝐧 𝜽
𝝏𝜽 𝐬𝐢𝐧 𝜽 𝝏𝜽𝜹𝝁𝒏



𝐜𝐮𝐫𝐥
𝐟𝐨𝐫𝐜𝐞 𝐛𝐚𝐥𝐚𝐧𝐜𝐞

𝒏𝒄
: 𝛁

𝒏𝒃

𝒏𝒄
× 𝛁𝜹𝝁𝒏 = 𝐜𝐮𝐫𝐥

𝒇𝐋

𝒏𝒄

Magic of Axisymmetry - II
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𝐬𝐢𝐧 𝜽 𝝏𝜽𝜹𝝁𝒏 = 𝓡𝒓 𝐬𝐢𝐧 𝜽 𝐜𝐮𝐫𝐥
𝒇𝐋

𝒏𝒄
𝝋

𝚫𝜽
∗

∃𝑼𝒄: 𝚼𝒄 = 𝑼𝒄 𝓡𝒓 𝐬𝐢𝐧 𝜽 𝐜𝐮𝐫𝐥
𝒇𝐋

𝒏𝒄
𝝋

𝐬𝐢𝐧 𝜽 𝝏𝜽

𝟏

𝐬𝐢𝐧 𝜽
𝝏𝜽𝚼𝒄 = 𝓡 ቈ𝝏𝒓 𝒓𝟐

𝟏 − 𝒀

𝜸𝒀
𝝏𝒓 𝐬𝐢𝐧 𝜽 𝝏𝜽𝜹𝝁𝒏

+
𝟏 − 𝒀

𝜸𝒀
𝐬𝐢𝐧 𝜽 𝝏𝜽

𝟏

𝐬𝐢𝐧 𝜽
𝝏𝜽 𝐬𝐢𝐧 𝜽 𝝏𝜽𝜹𝝁𝒏

ቚ𝜰𝒄
𝜽=𝟎

= ቚ𝜰𝒄
𝜽=𝝅

= 𝟎

∃ 𝚫𝜽
∗ −𝟏



Explicit solution for 𝒗𝒄
𝒑
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𝒗𝒄
𝒑

= 𝑨 𝒑 𝒇𝑳 = 𝑽𝒄
𝑼𝒄

𝑭𝒇𝑳

𝑭 = 𝓡𝒓 𝐬𝐢𝐧 𝜽 𝐜𝐮𝐫𝐥
⋅

𝒏𝒄 𝝋

𝑽𝒄 = −
𝛁𝝋

𝒏𝒄
× 𝛁

𝑼𝒄 = 𝓡 𝝏𝒓 𝒓𝟐
𝟏 − 𝒀

𝜸𝒀
𝝏𝒓𝚫𝜽

∗ −𝟏
+

𝟏 − 𝒀

𝜸𝒀

• linear

• 𝒓-local; 𝝏𝒓
𝟓

𝑩, 𝝏𝒓
𝟔

𝚿

• 𝜽-nonlocal

• 𝜸 ∝ 𝑻𝟐 ⇒ 𝑨 𝒑 ∝ 𝑻−𝟐

𝑌 𝑟 =
𝑛𝑐

𝑛𝑛 + 𝑛𝑐
ℛ 𝑟 =

d

d𝑟

1

𝑌

−1

• 𝒀 → 𝐜𝐨𝐧𝐬𝐭 ⇒  𝓡 → ∞ ⇒ 

Passamonti+’17 @ low T

𝐝𝐢𝐯
𝟏 − 𝒀

𝜸𝒀
𝛁𝜹𝝁𝒏 = 𝟎



How it (should) work
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𝑩𝐦𝐚𝐱 = 𝟓 × 𝟏𝟎𝟏𝟓𝐆, 𝑻 = 𝟐 × 𝟏𝟎𝟖𝐊

Magnetic field evolution in NS cores

𝒗𝒄
𝒑

= 𝑨 𝒑 𝒇𝑳 = 𝑽𝒄
𝑼𝒄

𝑭𝒇𝑳

∃𝑽𝒏, 𝑼𝒏:  𝒗𝒏
𝒑

= 𝑽𝒏
𝑼𝒏

𝑭𝒇𝑳

𝒗𝒆 − 𝒗𝒑 = −
𝐜𝐮𝐫𝐥 𝑩

𝟒𝝅𝒆𝒏𝒄

𝒗𝒄 ≳ 𝟎. 𝟏 𝒗𝒄 − 𝒗𝒏 ≫ 𝒗𝒆 − 𝒗𝒑

Ԧ𝑣𝑐
𝑝 Ԧ𝑣𝑐 − Ԧ𝑣𝑛 Ԧ𝑣𝑒 − Ԧ𝑣𝑝



Theorem I:
𝑨 𝒑  determines 𝑩 evolution
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𝒗𝒄
𝒑

= 𝑨 𝒑 𝒇𝑳

𝝏𝒕𝚿 = −𝛁𝚿 ⋅ 𝑨 𝒑 𝒇𝑳

𝝏𝒕𝑩 𝒑 = 𝐜𝐮𝐫𝐥 𝒗𝒄
𝒑

× 𝑩 𝒑

𝝏𝒕𝑩 𝒕 = 𝐜𝐮𝐫𝐥 𝒗𝒄
𝒑

× 𝑩 𝒕 + 𝒗𝒄
𝒕

× 𝑩 𝒑 𝒗𝒄
𝒕

= ?

𝑩 𝒑 = 𝛁𝚿 𝒓, 𝜽 × 𝛁𝝋

𝑩 𝒕 = 𝑰 𝚿, 𝒕 𝛁𝝋

𝑰 𝚿, 𝒕 = 𝑰 𝚿, 𝟎
ቚ𝚿

𝒅ℓ Τ𝛁𝝋 𝟐 𝑩 𝒑

𝒕=𝟎

ቚ𝚿
𝒅ℓ Τ𝛁𝝋 𝟐 𝑩 𝒑

𝒕

න𝒅𝑽 𝛁𝝋 𝟐𝑰 𝚿 𝒈 𝚿 = 𝐜𝐨𝐧𝐬𝐭 𝒕

Magnetic helicity between 

𝚿𝟏 and 𝚿𝟐 = const

𝓠. 𝓔. 𝓓.



Theorem II:
𝐤𝐞𝐫 𝑨 𝒑 = Grad-Shafranov fields
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𝓠. 𝓔. 𝓓.

• Grad-Shafranov equilibrium & Grad-Shafranov equation

𝒇𝑳 = 𝒏𝒄𝛁𝚫𝝁 𝚫∗𝚿 + 𝑰 𝚿 𝑰′ 𝚿 + 𝟒𝝅𝒏𝒄𝒓𝟐 𝐬𝐢𝐧𝟐 𝜽 𝚫𝝁 𝚿 = 𝟎

• ⟸

• ⟹

𝒗𝒄
𝒑

= 𝑽𝒄
𝑼𝒄 𝓡𝒓 𝐬𝐢𝐧 𝜽 𝐜𝐮𝐫𝐥

𝒇𝑳

𝒏𝒄
𝝋

= 𝟎𝐜𝐮𝐫𝐥
𝒇𝑳

𝒏𝒄
= 𝟎

𝐆𝐒 ⊂ 𝐤𝐞𝐫 𝑨 𝒑

] 𝑩 𝒓 ∈ 𝐤𝐞𝐫 𝑨 𝒑 𝒗𝒄
𝒑

= 𝟎 𝝏𝒕𝑩 = 𝟎 𝐤𝐞𝐫 𝑨 𝒑 ⊂ 𝐆𝐒



Key Quantity for Evolution
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𝚽 = 𝓡𝒓 𝐬𝐢𝐧 𝜽 𝐜𝐮𝐫𝐥
𝒇𝑳

𝒏𝒄
𝝋

𝒗𝒄
𝒑

= 𝑽𝒄
𝑼𝒄𝚽

𝑩 𝒇𝑳

𝑩 𝝏𝒕𝑩 = 𝐜𝐮𝐫𝐥 𝒗𝒄 × 𝑩



𝚽

𝚽 = 𝟎 𝚽 ≠ 𝟎

no evolution evolution rate ∝ 𝚽

curvature of 𝑩 lines curvature of 𝒇𝑳 lines



Dissipation of Magnetic Field
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ሶ𝑾𝑩 =
𝐝

𝐝𝒕
න 𝐝𝑽

𝑩𝟐

𝟖𝝅
= −𝑯𝑹 − 𝑯𝒏𝒑 − 𝑯𝒑𝒆

𝑯𝑹 = න𝐝𝑽 𝝀𝚫𝝁𝟐 ∝ 𝑩𝟒𝑻𝟔

𝑯𝒏𝒑 = න 𝐝𝑽 𝒏𝒏𝒏𝒄𝜸 𝒗𝒏 − 𝒗𝒑
𝟐

= න𝐝𝑽𝒇𝑳 ⋅ 𝑨 𝒑 𝒇𝑳 ∝
𝑩𝟒

𝑻𝟐

𝑯𝒑𝒆 = න 𝐝𝑽 𝒏𝒄
𝟐𝜸𝒑𝒆 𝒗𝒑 − 𝒗𝒆

𝟐
= න 𝐝𝑽 𝜸𝒑𝒆

𝒄 𝐜𝐮𝐫𝐥 𝑩

𝟒𝝅𝒆

𝟐

∝ 𝑩𝟐𝑻 Τ𝟓 𝟑…𝟐

nonequilibrium [modified] Urca reactions

strong-force friction

electromagnetic friction

Ambipolar Diffusion Operator



Heating vs Cooling: Naive Estimate
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ሶ𝑾𝑩 + 𝑳𝝂 + 𝑳𝜸 = 𝟎

heat balance line

AtmosphereHeat blanketing
envelo

p
e

Crust

Core

𝝂
𝑳𝝂

− ሶ𝑾𝑩

𝑳𝜸

𝜸

𝑩

Pons+’07: 

from 𝜕𝑡𝐵 in 

the crust

Here: 

from 𝝏𝒕𝑩 in 

the core

Ambipolar Diffusion Operator



Theorem III:
𝑨 𝒑  is self-adjoint

21/23Dima Ofengeim Ambipolar Diffusion Operator

𝓠. 𝓔. 𝓓.

𝑯𝒏𝒑 = න𝐝𝑽𝒇𝑳 ⋅ 𝑨 𝒑 𝒇𝑳 = 𝒇𝑳
𝑨 𝒑 𝒇𝑳 ≥ 𝟎

𝒇𝑳𝟏
𝑨 𝒑 𝒇𝑳𝟐 = 𝒇𝑳𝟐

𝑨 𝒑 𝒇𝑳𝟏∀𝒇𝑳𝟏, 𝒇𝑳𝟐:

• eigenvalues: 𝟎 = 𝝀𝟎 < 𝝀𝟏 < 𝝀𝟐 <…

• eigenspaces: Grad-Shafranov fields

𝝀𝟎 = 𝟎
𝝀𝟎 = 𝟎

𝝀𝟏

𝝀𝟐

𝝀𝟐

𝝀𝟏 𝒇𝑳 𝑩



More Realistic NSs
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GR MHD npe𝝁+ pairing

only quantitative 

changes

𝑨 𝒑  exists, but = 𝐯𝐚𝐫 𝑩

I’m not 

purely 

spherical!
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Conclusions

• Operator representation of the magnetic field 

evolution in NS cores is developed for the 

simplest case

• The ambipolar diffusion operator 𝑨 𝒑  is linear, 

self-adjoint, its kernel = equilibrium fields, and it 

determines 𝑩 evolution

• The key feature for evolution is 𝐜𝐮𝐫𝐥 ൗ𝒇𝑳 𝒏𝒄

➢Many things to explore in the future work



Thank you!
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Simulations of Evolution

25/23Dima Ofengeim

𝑩 𝒗𝒏 𝒗𝒏 − 𝒗𝒑
• Castillo, Reisenegger & Valdivia’20

artificial friction

r.h.s. of Euler eqn. for 𝒏 + −𝜻𝒖𝒏

initial 

𝑩

quasistaionary 

evolution of 𝑩

Grad-Shafranov 

equilibrium for 𝑩

stabilize numerical scheme

Troubles:

Realistic 𝜻 → 𝟎

Computational 

costs → ∞

Ambipolar Diffusion Operator

• Moraga+’24



Sketch of the Evolution
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Non-magnetic 

cooling

Evolution along the 

heat balance line

Grad-Shafranov 

equilibrium for B

Ambipolar Diffusion Operator
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Quasistationary MHD + 𝒏, 𝒑 Pairing

𝑻 ≪ 𝑻𝒄𝒑, 𝑻𝒄𝒏 𝑩 < 𝑯𝒄𝟏

𝛁𝜹𝝁𝒏 = 𝟎

𝒆, 𝝁 − 𝒑 friction

𝑱𝒆𝒑 𝒖𝒆 − 𝒖𝒑

𝒆, 𝝁 − 𝑳 friction

𝑫𝒆 𝒖𝒆 − 𝑽𝑳 ⊥

new “component”: flux tubes = “Lines”



ℓ=𝒆,𝝁

𝑫ℓ 𝒖ℓ − 𝑽𝑳 ⊥
+ 𝒆𝒏𝒑

𝒖𝒑 − 𝑽𝑳

𝒄
× 𝑩 +

𝟏

𝟒𝝅
𝐜𝐮𝐫𝐥 𝑯𝒄𝟏 × 𝑩 = 𝟎

𝟏

𝟒𝝅
𝐜𝐮𝐫𝐥 𝑩 × 𝑩

𝟏

𝟒𝝅
𝐜𝐮𝐫𝐥 𝑯𝒄𝟏 × 𝑩

Lorenz force Boyancy+Tension force

Euler eqn. for 𝒏

Total force balance on flux tubes

𝑽𝑳

Gusakov, Kantor & DO 2020

Ambipolar Diffusion Operator
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