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One dimensional bosons: From condensed matter systems to ultracold gases k,w,
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Motivation and Outline
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Lower dimension \
/ More quantum
Stronger interaction

Outline:
» Strong coupling ansatz w.f. of 1D strongly interacting spinor gas
» Observation of spin-charge separation in 1D Fermi gas




Hard-core spinless bosons: fermionization

Bose-Fermi mapping:

1D hard-core spinless bosons = free fermions

>

Yo (X Xy ) = {Hsgn(xi —xj)} P (X Xy )

Girardeau, J. Math. Phys. 1, 516 (1960)



Hard-core spinless bosons: fermionization

Bose-Fermi mapping:

Yo (X Xy ) = Hsgn(xl. —-X;) P (X5 Xy )

>
Girardeau, J. Math. Phys. 1, 516 (1960)
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Physical quantities directly related to the w.f. are in general different!



Hard-core spinless anyon: wavefunction

\.IJK(...xj,xj_l_l’ ...) — einKE(x]+1_xj) LIJK(...xj_I_l, xj’ ...)

Exp. realization

1 >0 (Greiner group)
x=0: boson arxiv:2306.01737
(@) =90 x=0 x =1: fermion .
' Spinless anyons can
1 z2<0 help us understand
\ strongly interacting
spinor gas!

Anyon-fermion mapping: hard-core anyons also fermionize!

Y (x,eeXy) :{ H A" (x; —xl.)}llg(xl,...,x]v)

I<i<j<N

7(1-K)0(x; —x,
A5 (x, —x) = 0

Girardeau, PRL 97, 100402 (2006)



Hard-core particles with spin

=3 | Ly (o) (5

i i<j
g—>®
\P(xl,al;xz,az;...;xN,O'N)xi:xj =0
—0< X1 < Xy < o . < Xy <o
w.f. in spatial sector with x, < x, <--- <x,
W (X, %y, ,%,)0 @ y z . arb. spin w.f.

0'=1,if x, <x,<---<x, (0, otherwise)



Hard-core particles with spin

—00 < X1 < X9 < rreees e < XN <

w.f. 1n one spatial sector determines the full w.f.

For N spinful bosons or fermions: strong coupling ansatz

W (X,,005%,,0,5..5Xy,0y ) = Z:(il)PP[\P?,,(xl,xz,...,xN)é?1 ®;d

P

spin degeneracy: (2s +1)"

Deuretzbacher et al., PRL 100, 160405 (2008)
Guan, Chen, Wang, and Ma, PRL 102, 160402 (2009)



Away from hard-core limit

—00 < X1 < X9 < rreees e < XN <

Vy=82.(x—x,)

i<j

Y

4 - .
V., =—§Zaxya(xy.)axg, X; =X, =X,
i<j

Cheon and Shigehara, PRL 82, 2536 (1999)




Away from hard-core limit

—00 < X1 < X9 < rreees e < XN <

For N spinful bosons or fermions:
W (X,,05%,,0,5..5Xy,0 ) = Z:(J_rl)PP[LP}),(xl,xz,---,xN)é?1 ®;d
P

Spin w.f. y determined by an effective spin-chain Hamiltonian:
1 N-1

H.=E ——)» C(ltg. . =
eff s P 1( l,l+l) Ci :2SI(deJ)|a,¢o|2 (915(xi+1—xi)

Charge d.o.f. = spinless fermion

) ] ) Yang, Guan, HP, PRA 91, 043634 (2015)
Spin d.o.f. = spin-chain




One-Body Density Matrix

Given many-body wavefunction: YW(x,,0,;-+;x,,0,)

the one-body density matrix (OBDM) 1s defined as:

Py (X,x") = Z jdxz---de T*(X,G;Xz,Uz;“°;XN,GN)LP()C',G';X2,02;'";XN,GN)

Difficulty 1in evaluating OBDM:
(N-1)-dim spatial integral
Many-body wavefunction ¥ 1s very complicated




One-Body Density Matrix

For strong coupling ansatz,

Y (%x,,005X,,055 .3 Xy, O ) = Z(J_rl)PP[\Pg(xl,xz,...,xN)Hl ®){]
P

pa,a'('x’ x') = me,n (x’x')Sm,n (O-’ O-')

Yang, Guan, and HP, PRA 91, 043634 (2015)

S,.(o,0)=)"" <;(|c;mca.,m (m- n)|;(>
loop permutation (m---n): m—>m+1l—->m+2...>n, n—>m

pm,n(xax'):(_l)n_m (N_l)!jrm,n dx, ---dx, ‘Pg*(x,xz,---,xN)\I’%(x',xz,---,xN)

. !
L, ix,<-<x, <x<x, <-<x,<x'<x,, <--<x,

m+1

@ O 0 00 L @

Xm X Kty o0 Xy X’ Xn+1



One-Body Density Matrix

pm,n(x’x'):(_l)n_m (N_l)!.[ Fonn dxz'“de LP?«"*(xaxz""9XN)LP?V(X'9X2>“'>XN)

L% <<x, <x<x,,<-<x, <x'<x, <-<xy
Take a discrete Fourier transformation:
pm,n (X v, .X) — N—2pr,x‘ (X " x)eimc'me—imcn
K, k'=2j/N; j=0,1, ..., N-1
] N %k O*
P (x,x") =N_“a’x2 cedxy [TAY (x5, = 0)YWE (x,x,,00,xy)
j=2

X A’“'(xj —x')‘P(}(x',xz,---,xN)

r(1-x)0(x;—x;
A5 (x, —x) = 00

P (x',x) 1s the OBDM of hardcore spinless anyons with w.f.

Y (X, Xy) 2{ H A" (x, —xl.)}Pg,(xl,...,xN)

1<i<j<N



One-Body Density Matrix

Homogeneous system with periodic boundary condition:
Pua(65) = py (- 2)= N (= 1)
k=2j/N; j=0,1, ..., N-1

p"(x'-x): OBDM of homogeneous hard-core spinless anyon

Lp""" (x'x) =D p"(x'=x)S"(o", aﬂ $*(c,0)=N"}S, e

Yang, and HP, PRA 95, 051602(R) (2017)

Generalization to arb. trapping potential: Patu, arXiv:2408.06060



Momentum Distribution

. . . N ! ip(x—x’) !
Momentum distribution: n,(p) = oy j j dxdx'e Po.o(,x")

{n(,(p) = > (p)S" (0. a)]

. : . 10 —
k= 0.0 =12
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p/hkg

Santachiara and Calabrese, J. Stat. Mech. P06005 (2008) Yang, and HP, PRA 95, 051602(R) (2017)



An example: single impurity in a TG gas

Bloch oscillations in the absence of
a lattice

Florian Meinert,! Michael Knap,? Emil Kirilov,! Katharina Jag-Lauber,’ .
Mikhail B. Zvonarev,” Eugene D:nnler,4 HannsZChrisboph Nigerl'* , SClence 3 569 945 (2 O 1 7)
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For a single impurity:

N-1 N-1

Ha == 2.0 (148,) & Ho=— o S0 lden +Hel [ ]fZDn,




Single impurity in Tonks gas: momentum distribution

N-1

\/Z_N)/,ZC[CCJH_'_HC]—'_I: ]fZDn, >

Hsc =

n,(p,t) =) n"(p,0)S*(c,1)
S ()= 5K,Ft — ynpurity (P 1) = n"~"(p)

~—

\

Yang, and HP, PRA 95, 051602(R) (2017)
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L K2 2 b
H = 2 jo ¢; (x) <_%W) ¢; (x)dx

= Antiferromagnetic coupling: g1p >0

L
+01p jo bF ()BT ()P ()b (1) dx

Yang, PRL 19, 1312 (1967)

H (" .
_iJ (4’? (x)Pr(x) — ¢f(x)¢l(x)) dx Gaudin, Phys. Lett. 24, 55 (1967)
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Collective excitation in TLL

4l : [ Charge: Particle-hole continuum
lllvc 1
=3 ! “ wy =v.qt 2
€3 / ’ t Cq o Zm* q
< 2F , 1/ 1 e
Uy 1 Ve # Vg spin-charge separation
1hg Hh(m/a + ok)
00 | | lel-'l . 2hkr
q
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Spin: Two-spinon excitation
@) o v.q°> H f\LU/? ‘
w = vs|q| — + -
s+\q s1d 2K2 g | | g
B 2v,q°
ws-(q) = vslq| - K2 T A single spin flip decouples into 2 spinons

Faddeev and Takhtajan, Phys. Lett. 85, 49 (1981)
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Observing spin-charge separation in cold atoms

Extracting spin and charge velocities

Charge mode (arb. units)

Spin mode (arb. units)
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Senaratne et al. Science 376, 1305 (2022)



What about lattice system?

O\ O\ /\/ Y\ Y/
Original System @

O/ I

Mapped System

Spinless fermions + Spin-chain

) 0000000

Momentum distribution
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S. Basak and HP, PRA 108, 063315 (2023)



Neural Networks for spin chain

Variational QMC + deep CNN b

PBC H_\_ 1D SU(N) spin chain:

/ sum / FC
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(@) . (b)
Importance Sampling

Gradient Optimizer —0.05  Netimige=1
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Yang et al. PR Research 2, 012039(R) (2020)
Juetal., arX1v:2210.00692



Summary and Outlook

* Concepts of fermionization are extended to 1D strongly interacting [
spinful particles, using the strong coupling ansatz.

* It provides new insights into the system and serves as an extremely
efficient computational tool.

* Spin-charge separation unambiguously observed in cold atoms.

LiYang  Shah Saad Alam  Sagarika Basak R. Hulet Xiwen Guan

(Wuhan)
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