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IntroducFon
Transverse momentum distribuFons (TMDs) encode the quantum correlaFons between 
hadron polarizaFon and the moFon and polarizaFon of quarks and gluons inside it.

Imaging a hadron 
would provide 
insights on QCD

• Both longitudinal and transverse 
moFon 

• Large Lorentz boost in longitudinal 
direcFon, but not in transverse 
momentum 

• CorrelaFon between hadron spin with 
parton(quark, gluon) orbital angular 
momentum
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Transverse momentum distribuFons of quarks
• Three classical processes used to probe quark TMDs

• Typical “two-scale” problem:  
transverse momentum of final parFcle (qT)   <<   sca?ering energy (Q) 

• Theory tools: TMD factorizaFon theorem, effecFve field theory Collins-Soper-

Sterman, Ji-Ma-Yuan, So5-Collinear Effec9ve Theory …… 
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Jets and 3D imaging

~sT<latexit sha1_base64="aYu9vrRRzJEbQd3kEUpXDOageFw="></latexit>

• Jets are complementary to standard SIDIS 
extrac9ons of TMDs  

• Jet measurements allow independent 
constraints on TMD PDFs and FFs from a single 
measurement 

• Azimuthal correla9on between jet and lepton 
sensi9ve to TMD PDFs

Kang, Lee, DYS, Zhao ’23 JHEP

Collins type EEC

Kang, Liu, Mantry, DYS ’20 PRL

Jet charge

Arra9a, Kang, Prokudin, Ringer ’19 
Liu, Ringer, Vogelsang, Yuan ’19
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Jets and 3D imaging

H1 2108.12376

• NLL resumma9on result is consistent with 

HERA data  

• Open ques9ons: 

• Higher accuracy? SIDIS is known at N3LL’ 

accuracy 

• Beder angular resolu9on? 

• Reduce contamina9on from UE? 

• One possible solu9on: 

• Recoil-free jet defini9on   

E.g. an9-kT clustering algorithm +  pTn 

-weighted recombina9on scheme

(Gu9errez-Reyes, Scimemi, 
Waalewijn, Zoppi ’18 ’19)



• Recoil absent for the      -weighted recombinaFon scheme (Banfi, Dasgupta & Delenda ’08) 

• N3LL resummaFon for jet qT @ ee and ep (Gu9errez-Reyes, Scimemi, Waalewijn, Zoppi ’18 ’19) 

• NNLL resummaFon for       @ pp (Chien, Rahn, DYS, Waalewijn & Wu  ’22  JHEP + Schrignder ’21 PLB) 
• NNLL resummaFon for       @ ep & eA (Fang, Ke, DYS, Terry ‘23 JHEP)

Recoil-free jet and all-order structure

Winner-take-all scheme (Bertolini, Chan, Thaler ’13)

<latexit sha1_base64="q8netc4eUKHmmIX0oooTMgEYe8M=">AAACC3icbZDLSgMxFIYzXut4q7p0EyyCqzIjXncFNy4r2At2hpLJZNrQTCYkZ4Qy9BHcudWXcCdufQjfwYcwvSy09YfAx3/O4Zz8kRLcgOd9OUvLK6tr66UNd3Nre2e3vLffNFmuKWvQTGS6HRHDBJesARwEayvNSBoJ1ooGN+N665FpwzN5D0PFwpT0JE84JWCthyBmAkig+rxbrnhVbyK8CP4MKmimerf8HcQZzVMmgQpiTMf3FIQF0cCpYCM3yA1ThA5Ij3UsSpIyExaTi0f42DoxTjJtnwQ8cX9PFCQ1ZphGtjMl0DfztbH5X62TQ3IVFlyqHJik00VJLjBkePx9HHPNKIihBUI1t7di2ieaULAhua7NI8GBynLAheoWgU6x5dHItfH482EsQvO06l9Uz+/OKrXrWVAldIiO0Any0SWqoVtURw1EkUTP6AW9Ok/Om/PufExbl5zZzAH6I+fzB/FfmvM=</latexit>
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pnT
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Recoil-free azimuthal angle for electron-jet correlaFon

ph ⇠ Q(1, 1, 1)

Following the standard steps in SCET and CSS, we obtain the following resummaFon formula

Hard factor

Lab frame

TMD PDF Jet func9onFourier transforma9on 
in 1-dim

Fang, Ke, DYS, Terry ’23 JHEP

Standard TMD in back to back limit: Q >> qT ~ lT 𝛿𝝓

<latexit sha1_base64="X/BcGpQABQ5WmbKHvBwmPy1V/sY="></latexit>

pµci ⇠ lT
�
��2, 1, ��

�
nin̄i

<latexit sha1_base64="Ew87pL9e6YADqMaGLomTxvKz9y4="></latexit>

pµs ⇠ lT (��, ��, ��)

Similar to Transverse-EEC in back to back

Chien, Rahn, DYS, Waalewijn & Wu  
’22 JHEP + Schrignder ’21 PLB 
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PredicFons in e-p

TMD PDF (CSS treatment)

scale choice 

b*-prescripFon to avoid Landau pole 

non-perturbaFve model 

Jet funcFon

µb⇤ = 2e��E/b⇤
<latexit sha1_base64="lP6TsBBVRY0VOLLtmgQWbh3JeSs="></latexit>

μH varies between Q/2 and 2Q. μb is fixed 

Sun, Isaacson, Yuan, Yuan ‘14

<latexit sha1_base64="qp4xFSZ6YKkrO2O4ZpR/houcPeU="></latexit>
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Collinear dynamics (nPDF) using EPPS16

We include LO momentum broadening of 
the jet within SCETG 

ρG : density of the medium 
ξ : the screening mass 
L: the length of the medium 
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PredicFons in e-A
We apply nuclear modified TMD PDFs

The process is primarily sensi9ve to the 
ini9al state’s broadening effects, thereby 
serving as a clean probe of nTMD PDF 

(Alrashed, Anderle, Kang, Terry & Xing, ’22)

Parameter values are taken from a recent 
comparison between SCETG in e-A from the 
HERMES Ke and Vitev ‘23

(Gyulassy, Levai, & Vitev ’02)

Opacity parameter

Fang, Ke, DYS, Terry ’23 JHEP
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Precision calculaFon for jets in DIS
• Precision calculaFons in DIS are essenFal for enhancing our understanding of partonic 

interacFons and the internal structure of nucleons. 
• The high-order calculaFon has reached N3LO accuracy for jet producFon in DIS Currie,  

Gehrmann, Glover, Huss, Niehues, & Vogt ’18 
• Several global event shape distribuFons in DIS are know at N3LL + 𝓞(ɑs2) 

• thrust Kang, Lee, & Stewart ‘15 
• (transverse) energy energy correlator Li, Vitev, & Zhu ’20, Li, Makris, Vitev ‘21 
• 1-jenness Cao, Kang, Liu & Mantry ‘23

Arra9a, Kang, Prokudin, Ringer ’19 Li, Vitev, & Zhu ’20, Li, Makris, Vitev ‘21
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N3LL + 𝓞(ɑs2) predicFons on lepton jet azimuthal correlaFon in DIS
Fang, Gao, Li, DYS 2408.XXXXX

• All ingredients are known at N3LL+ 𝓞(ɑs2), except the two loop jet funcFon j2 .  
• It was extracted numerically from the Event2 (Gu9errez-Reyes, Scimemi, Waalewijn, Zoppi ’19) 
• A preliminary numerical results are also calculated from SooSERVE (Brune SCET2023) 

• We study dijet producFon in e+e-, and compare two-loop singular cross secFon and 𝓞(ɑs2) 
predicFons from NLOJET++ generator to extract j2

Integrated cross secFon:

Two-loop coefficient:
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N3LL + 𝓞(ɑs2) predicFons on lepton jet azimuthal correlaFon in DIS

• We also compare the resummaFon expanded singular contribuFon in DIS with the full 
predicFon from NLOJET++ up to 𝓞(ɑs2).  

• Good agreement in the back-to-back limit (𝛿𝝓 —> 0) is observed. 
• Matching correcFons (Y term) are important in the large 𝛿𝝓 region

Fang, Gao, Li, DYS 2408.XXXXX
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Comparison of resummaFon results at N2LL and N3LL

• The uncertainty bands 
are narrower at N3LL 
(red) compared to NNLL 
(blue) 

• At N3LL the dominant 
scale uncertainFes are 
from  𝜇b variaFon

Fang, Gao, Li, DYS 2408.XXXXX
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N3LL + 𝓞(ɑs2) predicFons on lepton jet azimuthal correlaFon in DIS

• In the large 𝛿𝝓 region the resummaFon formula receives significant matching correcFons 
• It is necessary to switch off the resummaFon and instead employ fixed-order calculaFons 

Fang, Gao, Li, DYS 2408.XXXXX



TMDs in the large-x limit

How to give a reliable framework for extracFng TMDs at large x value ?

Up and down quark Sivers distribuFons as a funcFon of the transverse momentum kT for 
different values of x 

EIC Yellow report ‘21



TMDs in the large-x limit
• The usual TMD factorizaFon is defined at moderate x value, i.e the x is not too 

low or too high  

• TMDs at small x is important for gluon saturaFon in the Regge asymptoFc of QCD, 
which was invesFgated in Balitsky, Tarasov ’15, Zhou ’16, Xiao, Yuan, Zhou ’17 

• In the limit x->1 (threshold), the phase space of real radiaFons is restricted 

E.g. : One-loop quark TMDs in the parton model

<latexit sha1_base64="f/baQ/rkpyEijsw6LQKV11AlrjY="></latexit>

x ! 1divergent as



Threshold resummaFon
• The threshold effect is important for a reliable theoreFcal predicFon near the 

right edge of the phase space, e.g. threshold resummaFon of pion FFs Anderle, 
Ringer, Vogelsang ’13 

• The NLL joint resummaFon framework of threshold and TMD logarithms was 
first developed by Laenen, Sterman & Vogelsang ’00 … 

• A factorizaFon formula based on SCET then was given by Lustermans, Waalewijn, 
Zeune ’16 . Y. Li, Neill, Zhu ’16 

• We apply the joint threshold and TMD factorizaFon theorem to introduce new 
threshold-TMDs — TTMDs Kang, Samanta, Shao, Zeng ’22 JHEP



From TMDs to TTMDs
• Consider Drell-Yan process 

• As qT  << Q, we have the TMD factorizaFon theorem 

• Threshold variables: 

• TMDPDFs aoer Mellin transformaFon: 

• When the partonic threshold variable is close to 1, i.e.               , the above 
factorizaFon is not complete 

• To include both the TMD and threshold effects, we perform a re-factorizaFon for 
the TMDPDF 

<latexit sha1_base64="+/R8lhQ94t891KcyJfKQWw2x2WQ="></latexit>

⌧̂DY ⌘ ⌧DY/(x1x2)

<latexit sha1_base64="c4vA2iqdrsv6xUqOwTIKa/VQmac="></latexit>

f̃ TMD
i/h (N, bT , µ, ⇣)

N!1����! S̃c(N, bT , µ, ⇣)f̃i/h(N,µ)

<latexit sha1_base64="5QhN9VPqmRiImzz/EsRBiY39mnY=">AAACF3icbZDLSgMxFIYz9VbHW73s3ASL4KrMiFaXBTeupIK9QKeUTJppQzPJkJxR6tAHcedWX8KduHXpO/gQppeFtv4Q+Pj/c8jhDxPBDXjel5NbWl5ZXcuvuxubW9s7hd29ulGppqxGlVC6GRLDBJesBhwEayaakTgUrBEOrsZ5455pw5W8g2HC2jHpSR5xSsBancLBDQ407/WBaK0ecMBlBMNOoeiVvInwIvgzKKKZqp3Cd9BVNI2ZBCqIMS3fS6CdEQ2cCjZyg9SwhNAB6bGWRUliZtrZ5PoRPrZOF0dK2ycBT9zfGxmJjRnGoZ2MCfTNfDY2/8taKUSX7YzLJAUm6fSjKBUYFB5XgbtcMwpiaIFQze2tmPaJJhRsYa4bdFmEg0SlgLOkkwU6xpZHI9fW48+XsQj105JfLp3fnhUr5VlReXSIjtAJ8tEFqqBrVEU1RNEjekYv6NV5ct6cd+djOppzZjv76I+czx8T0587</latexit>

N ! 1



EFT in the joint limit 
In the threshold limit, the new scale hierarchy introduces an addiFonal degrees of 
freedom known as collinear-soo degrees of freedom

<latexit sha1_base64="dtBg8qxxxfGq8UTcIsSbaU10REE=">AAACGXicbZDLSgMxGIUz9VbHW1Vw4yZYhLqwzIjXXcGNyxZ6g04ZMmmmDU1mQpIR6jhP4s6tvoQ7cevKd/AhTC8LbT0Q+Djn/8nPCQSjSjvOl5VbWl5ZXcuv2xubW9s7hd29pooTiUkDxyyW7QApwmhEGppqRtpCEsQDRlrB8Hact+6JVDSO6nokSJejfkRDipE2ll84qEGv34cl9/ThBBpWlEPh1/1C0Sk7E8FFcGdQBDNV/cK314txwkmkMUNKdVxH6G6KpKaYkcz2EkUEwkPUJx2DEeJEddPJ/Rk8Nk4PhrE0L9Jw4v7eSBFXasQDM8mRHqj5bGz+l3USHV53UxqJRJMITz8KEwZ1DMdlwB6VBGs2MoCwpOZWiAdIIqxNZbbt9UgIPREnGqbCTz3JoeEss0097nwZi9A8K7uX5YvaebFyMysqDw7BESgBF1yBCrgDVdAAGDyCZ/ACXq0n6816tz6mozlrtrMP/sj6/AElCJ32</latexit>

Q � (1� z)Q ⇠ pT

TMD soo funcFon is the same as usual, so the rapidity div. is not changed



Collinear-soft function
In the threshold limit, the new scale hierarchy introduces an addiFonal 
degrees of freedom known as collinear-soo degrees of freedom

To validate the factorizaFon 

theorem, we employ the 

threshold expressions of the 

perturbaFve matching 

coefficients to ascertain the 

three-loop collinear-soo 

funcFon.



Collins-Soper scale in the joint limit
The Collins-Soper equaFon is the same as the one for TMD PDFs 

  

where                               and        is determined from RG consistency  

RG equaFons for the hard funcFon, collinear-soo funcFon and collinear PDFs read 

We find the Collins-Soper scale in the threshold limit is given by 

which is different from the standard TMD one 

with



Threshold-TMDPDF
Aoer solving RG evoluFon and CS evoluFon, we have TTMDPDF 

  

where the funcFon form of the perturbaFve Sudakov factor and non-perturbaFve 
parts are the same as the usual TMD ones, but the CS scale is modified 

<latexit sha1_base64="/12r3gPQmG/zSDmeLx9gxfcEeiU="></latexit>

⇣i = µ2
b ⇠ q2T

TMD

TTMD

<latexit sha1_base64="tOq1v2UhG+yMXb2MVUGG12ZVr0w=">AAACGHicbZC7SsRAFIYn6z3eVsXKZnARrJZEvDWCoIWNoLA32KxhMnuyDk4uzJwIa8iL2NnqS9iJrZ3v4EM4eynU9YeBj/8/hzn8QSqFRsf5tEpT0zOzc/ML9uLS8spqeW29oZNMcajzRCaqFTANUsRQR4ESWqkCFgUSmsHd2SBv3oPSIolr2E+hE7FeLELBGRrLL296D4DMD29yT0W0dnlenFzf7PnlilN1hqKT4I6hQsa68stfXjfhWQQxcsm0brtOip2cKRRcQmF7mYaU8TvWg7bBmEWgO/nw/ILuGKdLw0SZFyMduj83chZp3Y8CMxkxvNV/s4H5X9bOMDzu5CJOM4SYjz4KM0kxoYMuaFco4Cj7BhhXwtxK+S1TjKNpzLa9LoTUS5MMaZ76w4IMF4Vt6nH/ljEJjb2qe1g9uN6vnB6Oi5onW2Sb7BKXHJFTckGuSJ1wkpMn8kxerEfr1Xqz3kejJWu8s0F+yfr4BvatnxU=</latexit>

⇣TMD
f = Q2

<latexit sha1_base64="jM1x7/8qNjt2qrsCxaiGfF31Jdg="></latexit>

⇣TTMD
f = Q2/N2 ⇠ Q2(1� ⌧̂)2

For large value of N, the Collins-Soper scale 
may go down the non-perturbaFve region, 
so we introduce a prescripFon to freeze the 
value of  CS scale  

where Q0 is given in the NP Sudakov



Numerical results for threshold-TMDPDF
TMD  TTMD  TTMD (    -prescripFon)
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Numerical results for threshold-TMDPDFs

The uncertainty bands correspond to the 1-σ variaFon from CT18 PDFs using the Hessian 
method 

CT18



Threshold-TMDFFs
We show the universality of threshold-TMD funcFons among three standard processes, i.e. 
the Drell-Yan producFon in pp collisions, semi-inclusive deep-inelasFc sca?ering and back-

to-back two hadron producFon in e+e− collisions 

JAM20

The uncertainty bands correspond to 1-σ variaFon of JAM FFs using the replica method. 



Cross secFon for SIDIS 

HERMES COMPASS

EIC Jlab-12



We provide a theoreFcal formalism for the threshold improved TMDs 

In our analysis, we observe that to have a kinemaFc consistence result, one needs 
to modify Collins-Soper scale 

We introduce a new     -prescripFon to freeze the CS scale  

Our formalism will serve as a reliable theoreFcal input for extracFng the TMD 
funcFons at large x value 

Future experimental analysis and global finng analysis will help in unveiling the 
three-dimensional picture of a hadron in the large x limit  

The corresponding theoreFcal predicFons on the spin asymmetry in the threshold 
limit will be explored in future work  

Summary and outlook

<latexit sha1_base64="jM1x7/8qNjt2qrsCxaiGfF31Jdg="></latexit>

⇣TTMD
f = Q2/N2 ⇠ Q2(1� ⌧̂)2
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⇣⇤

Thank you


