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B-L Violation
BSM sources of B-L violation could explain matter-antimatter asymmetry

Dim 9: B-L violating, B violating 
Majorana neutron mass
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Neutron-antineutron 
oscillations

Post-sphaleron 
baryogengesis
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Dim 6: B-L conserving, B violating 
proton decay operators
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Proton decay

Sphaleron 
washout (?)
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See talk by Julian Heeck this morning

Dim 5: B-L violating, L violating 
Majorana neutrino mass
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        oscillation phenomenology similar to meson, neutrino oscillations 

Baldo-Ceolin et al, Zeitschrift für 
Physik C Particles and Fields (1994)
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Neutron-Antineutron Oscillations

Institut Laue-Langevin (ILL)
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In order to turn experimental constraints into BSM physics constraints, we need theory 
predictions of  including QCD strong interaction effectsτnn

⌧nn > 0.89⇥ 108 s
<latexit sha1_base64="p+oh8AQMM9k2coyCTDcSleI4RGs=">AAACGnicbVDLSsNAFJ34rPUVdelmsAiuSqKCFUQKblxWsA9oYplMJ+3QySTM3Igl5Dvc+CtuXCjiTtz4N04fC229MHA459x7554gEVyD43xbC4tLyyurhbXi+sbm1ra9s9vQcaooq9NYxKoVEM0El6wOHARrJYqRKBCsGQyuRnrzninNY3kLw4T5EelJHnJKwFAd2/WApJ1MerFxjYZkMs/xJXbKlXPsAY+Yxq5zVzGYPUCGdd6xS07ZGReeB+4UlNC0ah370+vGNI2YBCqI1m3XScDPiAJOBcuLXqpZQuiA9FjbQEnMTj8bn5bjQ8N0cRgr8yTgMfu7IyOR1sMoMM6IQF/PaiPyP62dQljxMy6TFJikk0VhKjDEeJQT7nLFKIihAYQqbv6KaZ8oQsGkWTQhuLMnz4PGcdk9KTs3p6XqxTSOAtpHB+gIuegMVdE1qqE6ougRPaNX9GY9WS/Wu/UxsS5Y05499Kesrx+nRZ/w</latexit>

Mohapatra, J. Phys. G 36 (2009)

Future experiments at the European Spallation Source could increase sensitivity to    
by an order of magnitude

τnn

Addazi et al, J. Phys. G. 48 (2021)

<latexit sha1_base64="VZogeWbmnHeQLQY8WTUM6n2C0YA=">AAACJnicbVDLSgMxFM3Ud31VXboJFsGNZUakKlQR3HRZwdZCpw6ZNNOGZjJDckco0/kaN/6KGxeKiDs/xfSxqNYDgcM55ya5x48F12DbX1ZuYXFpeWV1Lb++sbm1XdjZbegoUZTVaSQi1fSJZoJLVgcOgjVjxUjoC3bv929G/v0jU5pH8g4GMWuHpCt5wCkBI3mFSxdI4qXSjUxqdEkqs+whPXYyfIldwQKozFrDqpdeZEPpKt7twZVXKNoleww8T5wpKaIpal7hze1ENAmZBCqI1i3HjqGdEgWcCpbl3USzmNA+6bKWoZKETLfT8ZoZPjRKBweRMkcCHquzEykJtR6EvkmGBHr6rzcS//NaCQTn7ZTLOAEm6eShIBEYIjzqDHe4YhTEwBBCFTd/xbRHFKFgms2bEpy/K8+TxknJKZfKt6fF68q0jlW0jw7QEXLQGbpGVVRDdUTRE3pBb+jderZerQ/rcxLNWdOZPfQL1vcPzWanMw==</latexit>
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See talk by John Womersley up next!
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nn        and LQCD
High-scale new physics can be parametrized in SM EFT:
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<latexit sha1_base64="daZmiZZPQyxVENDC077mJYNGJB8="></latexit>

Complete basis of six-quark 
operators

Ratio of        and neutron correlation functions gives matrix elements plus excited 
state effects that can be studied by e.g. two-state fits

Three-point correlation functions involving         computable in LQCD
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<latexit sha1_base64="xZNP+Fzq1lvQ6ngxCLq2S2dWbzU=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5U0MIiYKNdguYDkiPsbeaSJXt7x+6eEI78BBsLRWz9RXb+GzfJFRp9MPB4b4aZeUEiuDau++UUVlbX1jeKm6Wt7Z3dvfL+QUvHqWLYZLGIVSegGgWX2DTcCOwkCmkUCGwH45uZ335EpXksH8wkQT+iQ8lDzqix0n2jf9cvV9yqOwf5S7ycVCBHvV/+7A1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3VKTqwyIGGsbElD5urPiYxGWk+iwHZG1Iz0sjcT//O6qQmv/IzLJDUo2WJRmApiYjL7mwy4QmbExBLKFLe3EjaiijJj0ynZELzll/+S1lnVO6+6jYtK7TqPowhHcAyn4MEl1OAW6tAEBkN4ghd4dYTz7Lw574vWgpPPHMIvOB/f83ONjQ==</latexit>
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<latexit sha1_base64="sPhuvB1VGD7K2FIWkWcarafSbOw="></latexit>

Rinaldi, Sryitsyn, MW et al, PRL 122 (2019); PRD 99 (2019)
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Neutron-Antineutron Oscillations

Standard Model EFT:

 
ILL:

⇤BSM

(�f3evB�L)
1/5
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<latexit sha1_base64="R7jM5BeKapaJiFaHxpUOmBGkIqw="></latexit>

⌧nn > 0.89⇥ 108 s
<latexit sha1_base64="p+oh8AQMM9k2coyCTDcSleI4RGs=">AAACGnicbVDLSsNAFJ34rPUVdelmsAiuSqKCFUQKblxWsA9oYplMJ+3QySTM3Igl5Dvc+CtuXCjiTtz4N04fC229MHA459x7554gEVyD43xbC4tLyyurhbXi+sbm1ra9s9vQcaooq9NYxKoVEM0El6wOHARrJYqRKBCsGQyuRnrzninNY3kLw4T5EelJHnJKwFAd2/WApJ1MerFxjYZkMs/xJXbKlXPsAY+Yxq5zVzGYPUCGdd6xS07ZGReeB+4UlNC0ah370+vGNI2YBCqI1m3XScDPiAJOBcuLXqpZQuiA9FjbQEnMTj8bn5bjQ8N0cRgr8yTgMfu7IyOR1sMoMM6IQF/PaiPyP62dQljxMy6TFJikk0VhKjDEeJQT7nLFKIihAYQqbv6KaZ8oQsGkWTQhuLMnz4PGcdk9KTs3p6XqxTSOAtpHB+gIuegMVdE1qqE6ougRPaNX9GY9WS/Wu/UxsS5Y05499Kesrx+nRZ/w</latexit>

LR-symmetric example:

MMS
I (700 TeV) [10�5 GeV6]

<latexit sha1_base64="SuReVlWhf6HGVQMYTDpKDDQPOhs="></latexit>
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<latexit sha1_base64="ai2/7EB5OXBRi2vX4UYbzg7Kccs=">AAAB7XicbVA9SwNBEJ2LXzF+RS1tFoMQC8NdFGNhEbCxjGA+IDnC3mYvWbO3e+zuCeHIf7CxUMTW/2Pnv3GTXKHRBwOP92aYmRfEnGnjul9ObmV1bX0jv1nY2t7Z3SvuH7S0TBShTSK5VJ0Aa8qZoE3DDKedWFEcBZy2g/HNzG8/UqWZFPdmElM/wkPBQkawsVLrrHpZrp32iyW34s6B/hIvIyXI0OgXP3sDSZKICkM41rrrubHxU6wMI5xOC71E0xiTMR7SrqUCR1T76fzaKTqxygCFUtkSBs3VnxMpjrSeRIHtjLAZ6WVvJv7ndRMTXvkpE3FiqCCLRWHCkZFo9joaMEWJ4RNLMFHM3orICCtMjA2oYEPwll/+S1rVindece8uSvXrLI48HMExlMGDGtThFhrQBAIP8AQv8OpI59l5c94XrTknmzmEX3A+vgGaoY3P</latexit>
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<latexit sha1_base64="eLTuhePuubXgjevkygiCN1nE6QI=">AAAB7nicbVA9TwJBEJ3DL8Qv1NJmIzHBhtwhUQsLEhtLTERI4EL2ljnYsLd32d0zIYQfYWOhMbb+Hjv/jQtcoeBLJnl5byYz84JEcG1c99vJra1vbG7ltws7u3v7B8XDo0cdp4phk8UiVu2AahRcYtNwI7CdKKRRILAVjG5nfusJleaxfDDjBP2IDiQPOaPGSi2vVitXL897xZJbcecgq8TLSAkyNHrFr24/ZmmE0jBBte54bmL8CVWGM4HTQjfVmFA2ogPsWCpphNqfzM+dkjOr9EkYK1vSkLn6e2JCI63HUWA7I2qGetmbif95ndSE1/6EyyQ1KNliUZgKYmIy+530uUJmxNgSyhS3txI2pIoyYxMq2BC85ZdXyWO14l1U3PtaqX6TxZGHEziFMnhwBXW4gwY0gcEInuEV3pzEeXHenY9Fa87JZo7hD5zPHxEsjg4=</latexit>

�47(11)
<latexit sha1_base64="iooQxIrjSVr37A57iP0Fr7V3wGs=">AAAB7nicbVA9SwNBEJ3zM8avqKXNYhBiYbjTQCwsAjaWEcwHJEfY20ySJXt7x+6eEI78CBsLRWz9PXb+GzfJFZr4YODx3gwz84JYcG1c99tZW9/Y3NrO7eR39/YPDgtHx00dJYphg0UiUu2AahRcYsNwI7AdK6RhILAVjO9mfusJleaRfDSTGP2QDiUfcEaNlVqXlWrJ8y56haJbducgq8TLSBEy1HuFr24/YkmI0jBBte54bmz8lCrDmcBpvptojCkb0yF2LJU0RO2n83On5NwqfTKIlC1pyFz9PZHSUOtJGNjOkJqRXvZm4n9eJzGDGz/lMk4MSrZYNEgEMRGZ/U76XCEzYmIJZYrbWwkbUUWZsQnlbQje8surpHlV9q7L7kOlWLvN4sjBKZxBCTyoQg3uoQ4NYDCGZ3iFNyd2Xpx352PRuuZkMyfwB87nDwZ9jgc=</latexit>

�0.23(10)
<latexit sha1_base64="fyYYpXvhxX7pBq0EmiPoFcDC5K4=">AAAB8HicbVA9SwNBEJ2LXzF+RS1tDoMQC4+9RNDCImBjGcF8SHKEvc1esmR379jdE0LIr7CxUMTWn2Pnv3GTXKGJDwYe780wMy9MONMGoW8nt7a+sbmV3y7s7O7tHxQPj5o6ThWhDRLzWLVDrClnkjYMM5y2E0WxCDlthaPbmd96okqzWD6YcUIDgQeSRYxgY6XHC+RVqmUfnfeKJeShOdxV4mekBBnqveJXtx+TVFBpCMdad3yUmGCClWGE02mhm2qaYDLCA9qxVGJBdTCZHzx1z6zSd6NY2ZLGnau/JyZYaD0Woe0U2Az1sjcT//M6qYmugwmTSWqoJItFUcpdE7uz790+U5QYPrYEE8XsrS4ZYoWJsRkVbAj+8surpFnx/KqH7i9LtZssjjycwCmUwYcrqMEd1KEBBAQ8wyu8Ocp5cd6dj0VrzslmjuEPnM8f1t6Ocg==</latexit>

Q1
<latexit sha1_base64="+sAvxl2kxoeXgrWSlYAhBNKwCXE=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5U0MIiYGOZoPmA5Ah7m7lkyd7esbsnhCM/wcZCEVt/kZ3/xk1yhSY+GHi8N8PMvCARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8d3Mbz+h0jyWj2aSoB/RoeQhZ9RY6aHR9/rlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzU6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrO/yYArZEZMLKFMcXsrYSOqKDM2nZINwVt+eZW0LqreZdVtXFVqt3kcRTiBUzgHD66hBvdQhyYwGMIzvMKbI5wX5935WLQWnHzmGP7A+fwBzxONdQ==</latexit>

Q2
<latexit sha1_base64="fQhAPTBS4NI8xKEXdzfJesgA3L8=">AAAB6nicbVA9SwNBEJ3zM8avqKXNYhCswl0UtLAI2FgmaD4gOcLeZi5Zsrd37O4J4chPsLFQxNZfZOe/cZNcoYkPBh7vzTAzL0gE18Z1v5219Y3Nre3CTnF3b//gsHR03NJxqhg2WSxi1QmoRsElNg03AjuJQhoFAtvB+G7mt59QaR7LRzNJ0I/oUPKQM2qs9NDoV/ulsltx5yCrxMtJGXLU+6Wv3iBmaYTSMEG17npuYvyMKsOZwGmxl2pMKBvTIXYtlTRC7WfzU6fk3CoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrO/yYArZEZMLKFMcXsrYSOqKDM2naINwVt+eZW0qhXvsuI2rsq12zyOApzCGVyAB9dQg3uoQxMYDOEZXuHNEc6L8+58LFrXnHzmBP7A+fwB0JeNdg==</latexit>

Q3
<latexit sha1_base64="njwop4LhSxccwjYYduGbBuOnd7Q=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5U0MIiYGOZoPmA5Ah7m7lkyd7esbsnhCM/wcZCEVt/kZ3/xk1yhSY+GHi8N8PMvCARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8d3Mbz+h0jyWj2aSoB/RoeQhZ9RY6aHRv+yXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/NT52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasIbP+MySQ1KtlgUpoKYmMz+JgOukBkxsYQyxe2thI2ooszYdEo2BG/55VXSuqh6l1W3cVWp3eZxFOEETuEcPLiGGtxDHZrAYAjP8ApvjnBenHfnY9FacPKZY/gD5/MH0huNdw==</latexit>

Q5
<latexit sha1_base64="MuhcgNenuMzeTSDy4IpBDBKdi7w=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKez6QA8eAl48JmgekCxhdtKbDJmdXWZmhbDkE7x4UMSrX+TNv3GS7EGjBQ1FVTfdXUEiuDau++UUVlbX1jeKm6Wt7Z3dvfL+QUvHqWLYZLGIVSegGgWX2DTcCOwkCmkUCGwH49uZ335EpXksH8wkQT+iQ8lDzqix0n2jf9kvV9yqOwf5S7ycVCBHvV/+7A1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3VKTqwyIGGsbElD5urPiYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mwy4QmbExBLKFLe3EjaiijJj0ynZELzll/+S1lnVO6+6jYtK7SaPowhHcAyn4MEV1OAO6tAEBkN4ghd4dYTz7Lw574vWgpPPHMIvOB/f1SONeQ==</latexit>

Rinaldi, Sryitsyn, MW et al, PRL 122 (2019)
LQCD calculations performed with

      ~physical quark masses

      nonperturbative renormalization 

      1 lattice spacing / volume

FV ChEFT: Bijens and Kofoed, Eur Phys J C (2017)
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Experimental Implications
nn

For fixed BSM parameters, QCD predicts experimental sensitivity is 25 - 64 
times higher than predicted using MIT bag model 

For                                                       example, lower bound on BSM 
couplings from ILL 390 TeV instead of 290 TeV
SU(2)L ⇥ SU(2)R ⇥ SU(4)C

<latexit sha1_base64="qpPe+lhytB1+bmKCxq6qJJQZeLQ=">AAACDHicbVC7TgJBFL2LL8QXamkzkZhAQ3aRRAsLEhoLC3wskADZzA6zMGH2kZlZE7LhA2z8FRsLjbH1A+z8GwfYRAVPMsm559ybO/e4EWdSmeaXkVlZXVvfyG7mtrZ3dvfy+wdNGcaCUJuEPBRtF0vKWUBtxRSn7UhQ7LucttxRfeq37qmQLAzu1DiiPR8PAuYxgpWWnHzh1i5WSs5VVzGfSjSvbn6qasmp6y6zbM6AlomVkgKkaDj5z24/JLFPA0U4lrJjmZHqJVgoRjid5LqxpBEmIzygHU0DrJf1ktkxE3SilT7yQqFfoNBM/T2RYF/Kse/qTh+roVz0puJ/XidW3nkvYUEUKxqQ+SIv5kiFaJoM6jNBieJjTTARTP8VkSEWmCidX06HYC2evEyalbJ1Wjavq4XaRRpHFo7gGIpgwRnU4BIaYAOBB3iCF3g1Ho1n4814n7dmjHTmEP7A+PgGlCqYwg==</latexit>

Rao, Shrock, Nucl. Phys. B 232 (1984)

MMS
I (700 TeV) [10�5 GeV6]

<latexit sha1_base64="SuReVlWhf6HGVQMYTDpKDDQPOhs="></latexit>

�26(7)
<latexit sha1_base64="ai2/7EB5OXBRi2vX4UYbzg7Kccs=">AAAB7XicbVA9SwNBEJ2LXzF+RS1tFoMQC8NdFGNhEbCxjGA+IDnC3mYvWbO3e+zuCeHIf7CxUMTW/2Pnv3GTXKHRBwOP92aYmRfEnGnjul9ObmV1bX0jv1nY2t7Z3SvuH7S0TBShTSK5VJ0Aa8qZoE3DDKedWFEcBZy2g/HNzG8/UqWZFPdmElM/wkPBQkawsVLrrHpZrp32iyW34s6B/hIvIyXI0OgXP3sDSZKICkM41rrrubHxU6wMI5xOC71E0xiTMR7SrqUCR1T76fzaKTqxygCFUtkSBs3VnxMpjrSeRIHtjLAZ6WVvJv7ndRMTXvkpE3FiqCCLRWHCkZFo9joaMEWJ4RNLMFHM3orICCtMjA2oYEPwll/+S1rVindece8uSvXrLI48HMExlMGDGtThFhrQBAIP8AQv8OpI59l5c94XrTknmzmEX3A+vgGaoY3P</latexit>

144(26)
<latexit sha1_base64="eLTuhePuubXgjevkygiCN1nE6QI=">AAAB7nicbVA9TwJBEJ3DL8Qv1NJmIzHBhtwhUQsLEhtLTERI4EL2ljnYsLd32d0zIYQfYWOhMbb+Hjv/jQtcoeBLJnl5byYz84JEcG1c99vJra1vbG7ltws7u3v7B8XDo0cdp4phk8UiVu2AahRcYtNwI7CdKKRRILAVjG5nfusJleaxfDDjBP2IDiQPOaPGSi2vVitXL897xZJbcecgq8TLSAkyNHrFr24/ZmmE0jBBte54bmL8CVWGM4HTQjfVmFA2ogPsWCpphNqfzM+dkjOr9EkYK1vSkLn6e2JCI63HUWA7I2qGetmbif95ndSE1/6EyyQ1KNliUZgKYmIy+530uUJmxNgSyhS3txI2pIoyYxMq2BC85ZdXyWO14l1U3PtaqX6TxZGHEziFMnhwBXW4gwY0gcEInuEV3pzEeXHenY9Fa87JZo7hD5zPHxEsjg4=</latexit>

�47(11)
<latexit sha1_base64="iooQxIrjSVr37A57iP0Fr7V3wGs=">AAAB7nicbVA9SwNBEJ3zM8avqKXNYhBiYbjTQCwsAjaWEcwHJEfY20ySJXt7x+6eEI78CBsLRWz9PXb+GzfJFZr4YODx3gwz84JYcG1c99tZW9/Y3NrO7eR39/YPDgtHx00dJYphg0UiUu2AahRcYsNwI7AdK6RhILAVjO9mfusJleaRfDSTGP2QDiUfcEaNlVqXlWrJ8y56haJbducgq8TLSBEy1HuFr24/YkmI0jBBte54bmz8lCrDmcBpvptojCkb0yF2LJU0RO2n83On5NwqfTKIlC1pyFz9PZHSUOtJGNjOkJqRXvZm4n9eJzGDGz/lMk4MSrZYNEgEMRGZ/U76XCEzYmIJZYrbWwkbUUWZsQnlbQje8surpHlV9q7L7kOlWLvN4sjBKZxBCTyoQg3uoQ4NYDCGZ3iFNyd2Xpx352PRuuZkMyfwB87nDwZ9jgc=</latexit>

�0.23(10)
<latexit sha1_base64="fyYYpXvhxX7pBq0EmiPoFcDC5K4=">AAAB8HicbVA9SwNBEJ2LXzF+RS1tDoMQC4+9RNDCImBjGcF8SHKEvc1esmR379jdE0LIr7CxUMTWn2Pnv3GTXKGJDwYe780wMy9MONMGoW8nt7a+sbmV3y7s7O7tHxQPj5o6ThWhDRLzWLVDrClnkjYMM5y2E0WxCDlthaPbmd96okqzWD6YcUIDgQeSRYxgY6XHC+RVqmUfnfeKJeShOdxV4mekBBnqveJXtx+TVFBpCMdad3yUmGCClWGE02mhm2qaYDLCA9qxVGJBdTCZHzx1z6zSd6NY2ZLGnau/JyZYaD0Woe0U2Az1sjcT//M6qYmugwmTSWqoJItFUcpdE7uz790+U5QYPrYEE8XsrS4ZYoWJsRkVbAj+8surpFnx/KqH7i9LtZssjjycwCmUwYcrqMEd1KEBBAQ8wyu8Ocp5cd6dj0VrzslmjuEPnM8f1t6Ocg==</latexit>

Q1
<latexit sha1_base64="+sAvxl2kxoeXgrWSlYAhBNKwCXE=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5U0MIiYGOZoPmA5Ah7m7lkyd7esbsnhCM/wcZCEVt/kZ3/xk1yhSY+GHi8N8PMvCARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8d3Mbz+h0jyWj2aSoB/RoeQhZ9RY6aHR9/rlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzU6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrO/yYArZEZMLKFMcXsrYSOqKDM2nZINwVt+eZW0LqreZdVtXFVqt3kcRTiBUzgHD66hBvdQhyYwGMIzvMKbI5wX5935WLQWnHzmGP7A+fwBzxONdQ==</latexit>

Q2
<latexit sha1_base64="fQhAPTBS4NI8xKEXdzfJesgA3L8=">AAAB6nicbVA9SwNBEJ3zM8avqKXNYhCswl0UtLAI2FgmaD4gOcLeZi5Zsrd37O4J4chPsLFQxNZfZOe/cZNcoYkPBh7vzTAzL0gE18Z1v5219Y3Nre3CTnF3b//gsHR03NJxqhg2WSxi1QmoRsElNg03AjuJQhoFAtvB+G7mt59QaR7LRzNJ0I/oUPKQM2qs9NDoV/ulsltx5yCrxMtJGXLU+6Wv3iBmaYTSMEG17npuYvyMKsOZwGmxl2pMKBvTIXYtlTRC7WfzU6fk3CoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrO/yYArZEZMLKFMcXsrYSOqKDM2naINwVt+eZW0qhXvsuI2rsq12zyOApzCGVyAB9dQg3uoQxMYDOEZXuHNEc6L8+58LFrXnHzmBP7A+fwB0JeNdg==</latexit>

Q3
<latexit sha1_base64="njwop4LhSxccwjYYduGbBuOnd7Q=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5U0MIiYGOZoPmA5Ah7m7lkyd7esbsnhCM/wcZCEVt/kZ3/xk1yhSY+GHi8N8PMvCARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8d3Mbz+h0jyWj2aSoB/RoeQhZ9RY6aHRv+yXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/NT52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasIbP+MySQ1KtlgUpoKYmMz+JgOukBkxsYQyxe2thI2ooszYdEo2BG/55VXSuqh6l1W3cVWp3eZxFOEETuEcPLiGGtxDHZrAYAjP8ApvjnBenHfnY9FacPKZY/gD5/MH0huNdw==</latexit>

Q5
<latexit sha1_base64="MuhcgNenuMzeTSDy4IpBDBKdi7w=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKez6QA8eAl48JmgekCxhdtKbDJmdXWZmhbDkE7x4UMSrX+TNv3GS7EGjBQ1FVTfdXUEiuDau++UUVlbX1jeKm6Wt7Z3dvfL+QUvHqWLYZLGIVSegGgWX2DTcCOwkCmkUCGwH49uZ335EpXksH8wkQT+iQ8lDzqix0n2jf9kvV9yqOwf5S7ycVCBHvV/+7A1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3VKTqwyIGGsbElD5urPiYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mwy4QmbExBLKFLe3EjaiijJj0ynZELzll/+S1lnVO6+6jYtK7SaPowhHcAyn4MEV1OAO6tAEBkN4ghd4dYTz7Lw574vWgpPPHMIvOB/f1SONeQ==</latexit>

�9.1, �7.6
<latexit sha1_base64="4f/BpQ12EsYV3Xus2YeDO130HqI=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBgw2JilXwUPDisYL9gDSUzXbTLt1swu5GKKE/w4sHRbz6a7z5b9y2OWjrg4HHezPMzAsSzpR2nG+rsLK6tr5R3Cxtbe/s7pX3D1oqTiWhTRLzWHYCrChngjY105x2EklxFHDaDkZ3U7/9RKVisXjU44T6ER4IFjKCtZG86o3tnnVRtWZf9coVx3ZmQMvEzUkFcjR65a9uPyZpRIUmHCvluU6i/QxLzQink1I3VTTBZIQH1DNU4IgqP5udPEEnRumjMJamhEYz9fdEhiOlxlFgOiOsh2rRm4r/eV6qw2s/YyJJNRVkvihMOdIxmv6P+kxSovnYEEwkM7ciMsQSE21SKpkQ3MWXl0nr3HYvbOfhslK/zeMowhEcwym4UIM63EMDmkAghmd4hTdLWy/Wu/Uxby1Y+cwh/IH1+QMEF48Z</latexit>

16, 19
<latexit sha1_base64="+fceXvuAUJ80UMxqE/uUTDuk0AI=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8SNhV8QEeAl48RjAPSJYwO5lNhszOLjO9QljyEV48KOLV7/Hm3zhJ9qCJBQ1FVTfdXUEihUHX/XaWlldW19YLG8XNre2d3dLefsPEqWa8zmIZ61ZADZdC8ToKlLyVaE6jQPJmMLyb+M0nro2I1SOOEu5HtK9EKBhFKzW9y9MO8W66pbJbcacgi8TLSRly1Lqlr04vZmnEFTJJjWl7boJ+RjUKJvm42EkNTygb0j5vW6poxI2fTc8dk2Or9EgYa1sKyVT9PZHRyJhRFNjOiOLAzHsT8T+vnWJ47WdCJSlyxWaLwlQSjMnkd9ITmjOUI0so08LeStiAasrQJlS0IXjzLy+SxlnFO6+4Dxfl6m0eRwEO4QhOwIMrqMI91KAODIbwDK/w5iTOi/PufMxal5x85gD+wPn8AUyljjU=</latexit>

�0.28, 0.15
<latexit sha1_base64="3IjMcF7Vu4h+2WuasxpRfVGVRO8=">AAAB83icbVA9SwNBEJ3zM8avqKXNYhAs9NiLiiksAjaWEcwH5I6wt9lLluztHbt7Qgj5GzYWitj6Z+z8N26SKzTxwcDjvRlm5oWp4Npg/O2srK6tb2wWtorbO7t7+6WDw6ZOMkVZgyYiUe2QaCa4ZA3DjWDtVDESh4K1wuHd1G89MaV5Ih/NKGVBTPqSR5wSYyX/AruV6rmPsOtdd0tl7OIZ0DLxclKGHPVu6cvvJTSLmTRUEK07Hk5NMCbKcCrYpOhnmqWEDkmfdSyVJGY6GM9unqBTq/RQlChb0qCZ+ntiTGKtR3FoO2NiBnrRm4r/eZ3MRNVgzGWaGSbpfFGUCWQSNA0A9bhi1IiRJYQqbm9FdEAUocbGVLQheIsvL5NmxfUuXfxwVa7d5nEU4BhO4Aw8uIEa3EMdGkAhhWd4hTcnc16cd+dj3rri5DNH8AfO5w9ttI9P</latexit>

MIT Bag ⇥ RG [10�5 GeV6]
<latexit sha1_base64="pxsfAXLGyx2Mhtq0/twiuQe+mUc="></latexit>

�6.4, �5.2
<latexit sha1_base64="fQo1y9JFoa1A7vdVbs/oHVAT2y0=">AAAB8nicbVDLSsNAFJ34rPVVdelmsAgubEhqfSxcFNy4rGAfkIYymU7aoZNMmLkRSuhnuHGhiFu/xp1/47TNQlsPXDiccy/33hMkgmtwnG9rZXVtfWOzsFXc3tnd2y8dHLa0TBVlTSqFVJ2AaCZ4zJrAQbBOohiJAsHawehu6refmNJcxo8wTpgfkUHMQ04JGMmrXNm18y6uXNrVXqns2M4MeJm4OSmjHI1e6avblzSNWAxUEK0910nAz4gCTgWbFLupZgmhIzJgnqExiZj2s9nJE3xqlD4OpTIVA56pvycyEmk9jgLTGREY6kVvKv7neSmEN37G4yQFFtP5ojAVGCSe/o/7XDEKYmwIoYqbWzEdEkUomJSKJgR38eVl0qra7oXtPNTK9ds8jgI6RifoDLnoGtXRPWqgJqJIomf0it4ssF6sd+tj3rpi5TNH6A+szx/65o8T</latexit>

Nevents / ⌧�2
nn ⇡

 
3X

I=1

bCMS
I (⇤BSM )MMS

I (⇤BSM )

!2

<latexit sha1_base64="+9MSRWCMa1dxFhh0dqr+O1jRnoY="></latexit>

Rinaldi, Sryitsyn, MW et al, PRL 122 (2019)



Abratenko et al [MicroBooNE] JINST 19 (2024)

 violation in nucleiB
Future large-volume detectors such as DUNE 

and Hyper-Kamiokande will provide new 
discoveries or limits of intranuclear 
neutron-antineutron oscillations ( )nn

Intranuclear  simulationnn

Getting from experiments involving nuclei to 
constraints on BSM requires theory: 

• Nuclear models (error bars?)  

• Direct LQCD calculations (computation?) 

• LQCD informed hadronic and nuclear 
effective theories

DUNE

7

See talk by Josh Barrow



     in nuclei

τnn ≳ 1.8 × 108

τnn

Deuteron lifetime related to            in chiral EFT⌧nn
<latexit sha1_base64="Qf/Q659qgas7WZtb98T9a3Ld3yM=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5CRbBVUlU0IWLghuXFWwtNCFMptN26GQmzNwINQR/xY0LRdz6H+78GydtFtp6YOBwzrkzd06UcKbBdb+tytLyyupadb22sbm1vWPv7nW0TBWhbSK5VN0Ia8qZoG1gwGk3URTHEaf30fi68O8fqNJMijuYJDSI8VCwASMYjBTaBz7gNMyEL02quCQTeR7adbfhTuEsEq8kdVSiFdpffl+SNKYCCMda9zw3gSDDChjhNK/5qaYJJmM8pD1DBY6pDrLp9rlzbJS+M5DKHAHOVP09keFY60kcmWSMYaTnvUL8z+ulMLgMMiaSFKggs4cGKXdAOkUVTp8pSoBPDMFEMbOrQ0ZYYQKmsJopwZv/8iLpnDa8s4Z7e15vXpV1VNEhOkInyEMXqIluUAu1EUGP6Bm9ojfryXqx3q2PWbRilTP76A+szx+x1ZYA</latexit>

8

nn

SNO constraint:

��1
d > 1.18⇥ 1031 years

<latexit sha1_base64="QlYLSzo+CQzgamcbgxbdFYGOoDQ="></latexit>

Aharmin et al [SNO], PRD 96 (2017)

⌧nn > 1.6⇥ 108 s
<latexit sha1_base64="B0at9k5kHaRoMCPFCKSflVNkSpk=">AAACGXicbVDLSsNAFJ34rPUVdelmsAiuQqKiXYgU3LisYB/Q1DKZTtuhk0mYuRFLyG+48VfcuFDEpa78G6dtFtp6YeBwzrn3zj1BLLgG1/22FhaXlldWC2vF9Y3NrW17Z7euo0RRVqORiFQzIJoJLlkNOAjWjBUjYSBYIxhejfXGPVOaR/IWRjFrh6QveY9TAobq2K4PJOmk0o+MazwklVmGL7HnnGEfeMg09ty7ssHsAVKss45dch13UngeeDkoobyqHfvT70Y0CZkEKojWLc+NoZ0SBZwKlhX9RLOY0CHps5aBkpid7XRyWYYPDdPFvUiZJwFP2N8dKQm1HoWBcYYEBnpWG5P/aa0EeuV2ymWcAJN0uqiXCAwRHseEu1wxCmJkAKGKm79iOiCKUDBhFk0I3uzJ86B+7HgnjntzWqpc5HEU0D46QEfIQ+eogq5RFdUQRY/oGb2iN+vJerHerY+pdcHKe/bQn7K+fgAbXZ+s</latexit>

Oosterhof, Long, de Vries, Timmermans, 
van Kolck, PRL 122 (2019)

Haidenbauer and Meißner, 
Chinese Physics C 44 (2020)

⌧nn > 2.6⇥ 108 s

<latexit sha1_base64="3ZegSV60ejz9ilH4tUdnXD3phvU=">AAACGXicbVDLSgMxFM34rPVVdekmWARXZaZU7UKk4MZlBfuAzlgyadqGZjJDckcsw/yGG3/FjQtFXOrKvzFtZ6GtFwKHc869N/f4keAabPvbWlpeWV1bz23kN7e2d3YLe/tNHcaKsgYNRajaPtFMcMkawEGwdqQYCXzBWv7oaqK37pnSPJS3MI6YF5CB5H1OCRiqW7BdIHE3kW5oXJMhiUxTfInLpTPsAg+Yxo59VzWYPUCCddotFO2SPS28CJwMFFFW9W7h0+2FNA6YBCqI1h3HjsBLiAJOBUvzbqxZROiIDFjHQEnMTi+ZXpbiY8P0cD9U5knAU/Z3R0ICrceBb5wBgaGe1ybkf1onhn7VS7iMYmCSzhb1Y4EhxJOYcI8rRkGMDSBUcfNXTIdEEQomzLwJwZk/eRE0yyWnUjq9qRRrF1kcOXSIjtAJctA5qqFrVEcNRNEjekav6M16sl6sd+tjZl2ysp4D9Kesrx8e55+z</latexit>

KSW

Weinberg

….but results sensitive to choice of power counting

Oxygen lifetime provides stronger but more uncertain constraints

Friedman, Gal, PRD 78 (2008)

State-of-the-art optical potentials:
Super K constraint

Abe et al [Super K], PRD 103 (2021)

See talk by Bira van Kolck yesterday

See talk by Linyan Wan

<latexit sha1_base64="icC42YOaYogVSRbyMnjsyNU7pO4="></latexit>

��1
O16 > 3.6⇥ 1032 years

<latexit sha1_base64="gg9dlbrIW5QVo3Sb6UnOOGu1lEw=">AAACH3icbVDLSgMxFM3UV62vUZdugkVwVWaktF24KLhxWcE+oDOWTJq2oZnMkNwRyzB/4sZfceNCEXHXvzF9LLT1QOBwzn3kniAWXIPjTK3cxubW9k5+t7C3f3B4ZB+ftHSUKMqaNBKR6gREM8ElawIHwTqxYiQMBGsH45uZ335kSvNI3sMkZn5IhpIPOCVgpJ5d8YAkvVR6kamaDUlllmFvCKYlxOVSFXvAQ6ax6zzUDGdPkGKd9eyiU3LmwOvEXZIiWqLRs7+9fkSTkEmggmjddZ0Y/JQo4FSwrOAlmsWEjsmQdQ2VxOz00/l9Gb4wSh8PImWeBDxXf3ekJNR6EgamMiQw0qveTPzP6yYwqPkpl3ECTNLFokEiMER4Fhbuc8UoiIkhhCpu/orpiChCwURaMCG4qyevk9ZVya2UKnflYv16GUcenaFzdIlcVEV1dIsaqIkoekav6B19WC/Wm/VpfS1Kc9ay5xT9gTX9AaFAoqk=</latexit>

⌧nn & 4.7⇥ 108 s



τnn ≳ 1.8 × 108

τnn

9

Dineutron decay with LQCD

nn

Simplest possible lattice QCD 
calculation of  in multi-
nucleon system:

nn

Dineutron decay matrix element 
can be extracted from LQCD 
two-point function

<latexit sha1_base64="vouI5NfVSEIgl/9T2mLet8HOInI=">AAACDHicbVC7SgNBFJ31bXxFLW0GgxCbsCsSLUSCNtoZMCpkY5id3N0MmZ1dZu4KIeQDbPwVGwtFbP0AO//GSbKFrwMDh3PO5c49QSqFQdf9dKamZ2bn5hcWC0vLK6trxfWNK5NkmkODJzLRNwEzIIWCBgqUcJNqYHEg4TronY786zvQRiTqEvsptGIWKREKztBK7WLJlxDiUb19XsZdqtSt32FRBLrs7lJfi6iLx9Sm3Io7Bv1LvJyUSI6LdvHD7yQ8i0Ehl8yYpuem2BowjYJLGBb8zEDKeI9F0LRUsRhMazA+Zkh3rNKhYaLtU0jH6veJAYuN6ceBTcYMu+a3NxL/85oZhoetgVBphqD4ZFGYSYoJHTVDO0IDR9m3hHEt7F8p7zLNONr+CrYE7/fJf8nVXsWrVqr1/VLtJK9jgWyRbVImHjkgNXJGLkiDcHJPHskzeXEenCfn1XmbRKecfGaT/IDz/gX5o5mu</latexit>⌦
QI(t)nn

†(0)
↵

Nonperturbative QCD matrix element contains info to constrain unknown NLO+ 
EFT couplings that may have sizable impact even on deuterium

Oosterhof et al, PRL 122 (2019) Haidenbauer and Meißner, Chinese Physics C 44 (2020)

Future argon lifetime constraints from DUNE will be even more challenging to 
analyze — can LQCD help benchmark the two-nucleon sector?

<latexit sha1_base64="nNSlpwQ1CWAqWw79Fkt/Qov7emM=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRA8KAS8eEzAPSJYwO+lNxszOLjOzQgj5Ai8eFPHqJ3nzb5wke9DEgoaiqpvuriARXBvX/XZya+sbm1v57cLO7t7+QfHwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0d3Mbz2h0jyWD2acoB/RgeQhZ9RYqX7bK5bcsjsHWSVeRkqQodYrfnX7MUsjlIYJqnXHcxPjT6gynAmcFrqpxoSyER1gx1JJI9T+ZH7olJxZpU/CWNmShszV3xMTGmk9jgLbGVEz1MveTPzP66QmvPYnXCapQckWi8JUEBOT2dekzxUyI8aWUKa4vZWwIVWUGZtNwYbgLb+8SpoXZa9SrtQvS9WbLI48nMApnIMHV1CFe6hBAxggPMMrvDmPzovz7nwsWnNONnMMf+B8/gCOkYzG</latexit>=

<latexit sha1_base64="r4OKlzaMfcCeU/8qWn8L08ScIyQ="></latexit>⌦
QI(t)nn

†(0)
↵
⇠

X

J

h0|QJ |nniZJI + . . .



τnn ≳ 1.8 × 108

τnn

<latexit sha1_base64="wEBBXLcADOkmJWH4y/dc9WtraIQ=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoJVgETyURqV7EohePFewHtKFsttN26WYTdjdCDfklXjwo4tWf4s1/47bNQasPBh7vzTAzL4g5U9p1v6zCyura+kZxs7S1vbNbtvf2WypKJMUmjXgkOwFRyJnApmaaYyeWSMKAYzuY3Mz89gNKxSJxr6cx+iEZCTZklGgj9e1yT2lCJxJ5epWll1nfrrhVdw7nL/FyUoEcjb792RtENAlRaMqJUl3PjbWfEqkZ5ZiVeonC2GwgI+waKkiIyk/nh2fOsVEGzjCSpoR25urPiZSESk3DwHSGRI/VsjcT//O6iR5e+CkTcaJR0MWiYcIdHTmzFJwBk0g1nxpCqGTmVoeOiSRUm6xKJgRv+eW/pHVa9WrV2t1ZpX6dx1GEQziCE/DgHOpwCw1oAoUEnuAFXq1H69l6s94XrQUrnzmAX7A+vgEmiZNt</latexit>

?
=

Crossing symmetry

             and crossing symmetrynn

10



             and crossing symmetry

τnn ≳ 1.8 × 108

τnn

nn

<latexit sha1_base64="wEBBXLcADOkmJWH4y/dc9WtraIQ=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoJVgETyURqV7EohePFewHtKFsttN26WYTdjdCDfklXjwo4tWf4s1/47bNQasPBh7vzTAzL4g5U9p1v6zCyura+kZxs7S1vbNbtvf2WypKJMUmjXgkOwFRyJnApmaaYyeWSMKAYzuY3Mz89gNKxSJxr6cx+iEZCTZklGgj9e1yT2lCJxJ5epWll1nfrrhVdw7nL/FyUoEcjb792RtENAlRaMqJUl3PjbWfEqkZ5ZiVeonC2GwgI+waKkiIyk/nh2fOsVEGzjCSpoR25urPiZSESk3DwHSGRI/VsjcT//O6iR5e+CkTcaJR0MWiYcIdHTmzFJwBk0g1nxpCqGTmVoeOiSRUm6xKJgRv+eW/pHVa9WrV2t1ZpX6dx1GEQziCE/DgHOpwCw1oAoUEnuAFXq1H69l6s94XrQUrnzmAX7A+vgEmiZNt</latexit>

?
=

Crossing symmetry

Crossing valid for scattering amplitudes not matrix elements

10



τnn ≳ 1.8 × 108

τnn

Crossing symmetry

Crossing valid for scattering amplitudes not matrix elements

<latexit sha1_base64="ap9IaW2+sgMLyf57+ZWWL99XTFo=">AAACX3iclVFLSwMxGMyuj9a21lVP4iVYBE9lt0j1WPTisYJ9QLeUbJptQ7PZNfm2UJb9k94EL/4T08dBWy8dCAwz8/ElkyARXIPrflr2weHRcaF4UipXTqtnzvlFV8epoqxDYxGrfkA0E1yyDnAQrJ8oRqJAsF4we176vTlTmsfyDRYJG0ZkInnIKQEjjZy5r98VZH4yJRLiKPNDRWjm5Vkjz/E+6l7hfOTU3Lq7At4l3obU0AbtkfPhj2OaRkwCFUTrgecmMMyIAk4Fy0t+qllC6IxM2MBQSSKmh9mqnxzfGmWMw1iZIwGv1N8TGYm0XkSBSUYEpnrbW4r/eYMUwsdhxmWSApN0vShMBYYYL8vGY64YBbEwhFDFzV0xnRJTBJgvKZkSvO0n75Juo+41683X+1rraVNHEV2jG3SHPPSAWugFtVEHUfRl2VbZqljfdsGu2s46alubmUv0B/bVD6ACuSU=</latexit>r
<latexit sha1_base64="OI9g8kGk/S+sFqV6wFCv9ydpQvA=">AAAB7HicbVBNSwMxEJ3Ur1q/qh69BIvgqewWqR6LXrwoFdy20C4lm2bb0Gx2SbJCWfobvHhQxKs/yJv/xrTdg7Y+GHi8N8PMvCARXBvH+UaFtfWNza3idmlnd2//oHx41NJxqijzaCxi1QmIZoJL5hluBOskipEoEKwdjG9mfvuJKc1j+WgmCfMjMpQ85JQYK3k1fNe/75crTtWZA68SNycVyNHsl796g5imEZOGCqJ113US42dEGU4Fm5Z6qWYJoWMyZF1LJYmY9rP5sVN8ZpUBDmNlSxo8V39PZCTSehIFtjMiZqSXvZn4n9dNTXjlZ1wmqWGSLhaFqcAmxrPP8YArRo2YWEKo4vZWTEdEEWpsPiUbgrv88ipp1apuvVp/uKg0rvM4inACp3AOLlxCA26hCR5Q4PAMr/CGJHpB7+hj0VpA+cwx/AH6/AHA9o4D</latexit>

2MN

             and crossing symmetrynn

10

<latexit sha1_base64="dfa12l/r87/D93uS51ywGerJGEM=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRC9C0IvHBMwDkiXMTnqTMbOzy8ysEEK+wIsHRbz6Sd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDfzW0+oNI/lgxkn6Ed0IHnIGTVWqt/0iiW37M5BVomXkRJkqPWKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/mR86JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJr/0Jl0lqULLFojAVxMRk9jXpc4XMiLEllClubyVsSBVlxmZTsCF4yy+vkuZF2auUK/XLUvU2iyMPJ3AK5+DBFVThHmrQAAYIz/AKb86j8+K8Ox+L1pyTzRzDHzifP5BfjMw=</latexit>=



Towards       in nuclei

τnn ≳ 1.8 × 108

τnn

nn

<latexit sha1_base64="dfa12l/r87/D93uS51ywGerJGEM=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRC9C0IvHBMwDkiXMTnqTMbOzy8ysEEK+wIsHRbz6Sd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDfzW0+oNI/lgxkn6Ed0IHnIGTVWqt/0iiW37M5BVomXkRJkqPWKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/mR86JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJr/0Jl0lqULLFojAVxMRk9jXpc4XMiLEllClubyVsSBVlxmZTsCF4yy+vkuZF2auUK/XLUvU2iyMPJ3AK5+DBFVThHmrQAAYIz/AKb86j8+K8Ox+L1pyTzRzDHzifP5BfjMw=</latexit>=

<latexit sha1_base64="7CDz+hFii/hnzm/SPcG6JVj1JjA=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXJHoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwse5VypX5Vqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3UXjLo=</latexit>

+

<latexit sha1_base64="7CDz+hFii/hnzm/SPcG6JVj1JjA=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXJHoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwse5VypX5Vqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3UXjLo=</latexit>

+ <latexit sha1_base64="PNgZrVO+JcCjedg0x/W3LUVUSRs=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cK9gPaUDabTbt2sxt2J0Ip/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemApu0PO+ncLa+sbmVnG7tLO7t39QPjxqGZVpyppUCaU7ITFMcMmayFGwTqoZSULB2uHodua3n5g2XMkHHKcsSMhA8phTglZq9USk0PTLFa/qzeGuEj8nFcjR6Je/epGiWcIkUkGM6fpeisGEaORUsGmplxmWEjoiA9a1VJKEmWAyv3bqnlklcmOlbUl05+rviQlJjBknoe1MCA7NsjcT//O6GcbXwYTLNEMm6WJRnAkXlTt73Y24ZhTF2BJCNbe3unRINKFoAyrZEPzll1dJ66Lq16q1+8tK/SaPowgncArn4MMV1OEOGtAECo/wDK/w5ijnxXl3PhatBSefOYY/cD5/AL+xj0M=</latexit>. . .

Nucleon propagator

Antinucleon propagator 

Strong interactions 
(resummed)

Nuclear EFT

<latexit sha1_base64="yCZ9BjJk7ADqhD2BlR40j8V9E0o=">AAACDnicbVDLSgMxFM3UV62vqks3wVJwVWZEqguRohvdtWAf0BlKJs20oZnMkNwRytgvcOOvuHGhiFvX7vwbM20XWj2QcDjn3pvc48eCa7DtLyu3tLyyupZfL2xsbm3vFHf3WjpKFGVNGolIdXyimeCSNYGDYJ1YMRL6grX90VXmt++Y0jyStzCOmReSgeQBpwSM1CuWXcECOMduZKqyIamc4Hvc6N2YW2JX8cEQLnrFkl2xp8B/iTMnJTRHvVf8dPsRTUImgQqiddexY/BSooBTwSYFN9EsJnREBqxrqCQh0146XWeCy0bp4yBS5kjAU/VnR0pCrcehbypDAkO96GXif143geDMS7mME2CSzh4KEoEhwlk2uM8VoyDGhhCquPkrpkOiCAWTYMGE4Cyu/Je0jitOtVJtnJRql/M48ugAHaIj5KBTVEPXqI6aiKIH9IRe0Kv1aD1bb9b7rDRnzXv20S9YH9/uapto</latexit>

hn|QI |ni

<latexit sha1_base64="j+4RRJMAXEcAv/1rM9woLnvaLAs=">AAACEHicbVC7TsMwFHV4lvIqMLJYVAimKkGoMCBUwQJbK9GH1ESR4zqtVceJ7BukKvQTWPgVFgYQYmVk429wHwO0HMnW0Tn3XvueIBFcg21/WwuLS8srq7m1/PrG5tZ2YWe3oeNUUVansYhVKyCaCS5ZHTgI1koUI1EgWDPoX4/85j1TmsfyDgYJ8yLSlTzklICR/MKRK1gIF1i6sSkbTcnkED/gmn9rbimxq3i3B5d+oWiX7DHwPHGmpIimqPqFL7cT0zRiEqggWrcdOwEvIwo4FWyYd1PNEkL7pMvahkoSMe1l44WG+NAoHRzGyhwJeKz+7shIpPUgCkxlRKCnZ72R+J/XTiE89zIukxSYpJOHwlRgiPEoHdzhilEQA0MIVdz8FdMeUYSCyTBvQnBmV54njZOSUy6Va6fFytU0jhzaRwfoGDnoDFXQDaqiOqLoET2jV/RmPVkv1rv1MSldsKY9e+gPrM8fpB2cWA==</latexit>

hnn|QI |nni

“Known” 
EFT input

Unknown EFT input

Oosterhof et al, PRL 122 (2019)

~ NLO input discussed in

Dineutron decay matrix elements 
can be matched to nuclear EFTs 
to constrain higher-order LECs 

11



LQCD and       in nuclei

τnn ≳ 1.8 × 108

τnn

nn

LQCD calculations can use the same codes (and some data) 
as  spectroscopy calculations using correlator matricesNN

Amarasinghe, MW et al [NPLQCD], PRD 107 (2023) 

Detmold, Perry, MW et al [NPLQCD], arXiv:2404.12039 12

Correlator topology 
corresponds to 
“hexaquark” - “dibaryon” 
off-diagonal element of 
correlator matrix Nicholson et al, PoS LATTICE2021

MW, PoS LATTICE2021



 wavefunction catalognn

• Complete bases of 
local hexaquark 
operators with 
deuteron and 
dineutron quantum 
numbers

• Plane-wave dibaryon 
operators including 
all spinor 
components*

• Exponentially 
correlated quasi-
local operators 
including all spinor 
components*

*previous study used only the Dirac basis upper components arising in nonrelativistic 
quark models

Detmold, Perry, MW et al [NPLQCD], arXiv:2404.12039

13



Constructing a hexaquark basis
Hexaquark construction simplified by 

introducing “diquarks”
Dirac spinor 

matrix
SU(2) isospin 

flavor matrix

Color state is product of three symmetric (.  ) or antisymmetric (   ) diquarks

14
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6
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Constructing a hexaquark basis

Rao and Shrock, Phys. Lett. B 116 (1982) 

Hexaquark construction simplified by 
introducing “diquarks”

Dirac spinor 
matrix

SU(2) isospin 
flavor matrix

Color state is product of three symmetric (.  ) or antisymmetric (   ) diquarks

Five ways to form singlets from diquark products

Five linearly independent color-singlet 6 index tenors

14
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Combined spin-color-flavor Fierz identities complicate identification of linearly 
independent 6-quark operators

A complete hexaquark basis

Rao and Shrock, Phys. Lett. B 116 (1982) 
Buchoff and MW, PRD 93 (2016) 

Out of 5 x 32 x 9 = 1400 color-spin-flavor operator products with dineutron quantum 
numbers, only 16 are linearly independent after accounting for quark antisymmetry

One operator (#3) is a product of color-singlet baryons, all others involve “hidden color” 
states not describable by color-singlet products Harvey, Nucl. Phys. A 352 (1981) 

Detmold, Perry, MW et al [NPLQCD], arXiv:2404.12039
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Hidden-color  statesnn
Hidden-color hexaquark and lower-spin-component 

dibaryon operators do not significantly affect 
low-energy spectrum

• Hidden-color hexaquarks overlap predominantly 
with particular excited states that may have 
novel structure

Detmold, Perry, MW et al [NPLQCD], arXiv:2404.12039
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Variational bounds
Variational upper bounds obtained 

using different interpolating operator 
sets are consistent

Ground-state energy estimates using 
different interpolating-operator sets 
show large discrepancies
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Phase shifts obtained using asymmetric 
vs variational energy estimates 
suggest qualitatively different physics 
(bound vs unbound)

Amarasinghe, MW et al [NPLQCD], PRD 107 (2023) 

Results by different groups using 
similar interpolating operators show 
good consistency
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Can we get more robust 
constraints than one-sided 

variational bounds?
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Yes
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(Block) Lanczos for Lattice QCD
MW, arXiv:2406.20009

Hackett, MW, arXiv:2407.21777

Daniel HackettCornelius Lanczos

Hackett, MW, arXiv:2412.04444

Zhang, MW et al, arXiv:2501.00729



Transfer-matrix eigenvalues

Discrete time translation symmetry enables definition of transfer matrix 𝑇

Lattice theories do not have continuous time translation symmetry defining Hamiltonian

Energy spectrum = - ln ( spectrum of eigenvalues of  )𝑇

Correlation functions are matrix elements of powers of 𝑇

20



The power-iteration algorithm
Start with an arbitrary normalized initial state:
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The power-iteration algorithm
Start with an arbitrary normalized initial state:
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Lanczos = Krylov + Rayleigh-Ritz
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Iteration step:

Start with an arbitrary normalized initial state:

• Lanczos vectors form orthonormal basis for Krylov space
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= �ij↵j + �i(j�1)�j + �i(j+1)�j+1

Novel features 
not present in 
power iteration 

Krylov space ~ span of data ~ computationally accessible part of Hilbert space

Where
<latexit sha1_base64="RnluAUcXsVuAf87+qKDv87vUiQ4=">AAACEnicbVC7TsMwFHXKq5RXgJHFokKCpUoQKgyAKlgYi9SX1ESR47qtW8eJbKdSFfoNLPwKCwMIsTKx8Te4aQZoOdKVjs+5V9f3+BGjUlnWt5FbWl5ZXcuvFzY2t7Z3zN29hgxjgUkdhywULR9JwigndUUVI61IEBT4jDT94e3Ub46IkDTkNTWOiBugHqddipHSkmeeOIhFfeQN4BV0fNpjl3CkHw+wpmvkJYNJKotr6JlFq2SlgIvEzkgRZKh65pfTCXEcEK4wQ1K2bStSboKEopiRScGJJYkQHqIeaWvKUUCkm6QnTeCRVjqwGwpdXMFU/T2RoEDKceDrzgCpvpz3puJ/XjtW3Qs3oTyKFeF4tqgbM6hCOM0HdqggWLGxJggLqv8KcR8JhJVOsaBDsOdPXiSN05JdLpXvz4qVmyyOPDgAh+AY2OAcVMAdqII6wOARPINX8GY8GS/Gu/Exa80Z2cw++APj8wdkcZwO</latexit>

↵j =
⌦
vj |T |vj

↵

<latexit sha1_base64="RaSUx0kmGTgvrJhJ7XtyfNszxnw="></latexit>��vj+1

↵
�j+1 = (T � ↵j)

��vj
↵
� �j

��vj�1

↵

<latexit sha1_base64="CXCsXrmgZCarwM1cLsnd1DWSTCA=">AAACFXicbVDLSsNAFJ34rPUVdelmsAgutCQi1YVK0Y3LCn1BE8JkOm2nnTyYmRRKzE+48VfcuFDEreDOv3GSZqGtBy6cOede7tzjhowKaRjf2sLi0vLKamGtuL6xubWt7+w2RRBxTBo4YAFvu0gQRn3SkFQy0g45QZ7LSMsd3aZ+a0y4oIFfl5OQ2B7q+7RHMZJKcvRjyyUSOUN4BS2X9tklHDvx8MRM4AOsq0pfSWbxa+joJaNsZIDzxMxJCeSoOfqX1Q1w5BFfYoaE6JhGKO0YcUkxI0nRigQJER6hPuko6iOPCDvOrkrgoVK6sBdwVb6Emfp7IkaeEBPPVZ0ekgMx66Xif14nkr0LO6Z+GEni4+miXsSgDGAaEexSTrBkE0UQ5lT9FeIB4ghLFWRRhWDOnjxPmqdls1Ku3J+Vqjd5HAWwDw7AETDBOaiCO1ADDYDBI3gGr+BNe9JetHftY9q6oOUze+APtM8fYcmdGA==</latexit>

�j =
⌦
vj�1|T |vj

↵

Lanczos (1950) See Parlett, “The Symmetric Eigenvalue Problem” (1980)
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Optimal estimators given fixed data
Krylov-space approximation to  directly computed in Lanczos algorithmT

Diagonalize the Krylov-space transfer matrix:

<latexit sha1_base64="vYbFOFgVmeFvNFl0TiTbA59JjDA=">AAACI3icbVDLSgMxFM3UV62vUZdugkWomzIjUkVUim5cVugLOrVk0rQNzWSGJCMMY//Fjb/ixoVS3LjwX8y0g4/WAxdOzj2Xm3vcgFGpLOvDyCwsLi2vZFdza+sbm1vm9k5d+qHApIZ95oumiyRhlJOaooqRZiAI8lxGGu7wOuk37omQ1OdVFQWk7aE+pz2KkdJSxzxzmDZ3UWd4Fxe8wxG8gI5L++wcRt/SA6zq+nknBnEJO2beKloTwHlipyQPUlQ65tjp+jj0CFeYISlbthWodoyEopiRUc4JJQkQHqI+aWnKkUdkO57cOIIHWunCni90cQUn6u+JGHlSRp6rnR5SAznbS8T/eq1Q9U7bMeVBqAjH00W9kEHlwyQw2KWCYMUiTRAWVP8V4gESCCsda06HYM+ePE/qR0W7VCzdHufLV2kcWbAH9kEB2OAElMENqIAawOARPINX8GY8GS/G2HifWjNGOrML/sD4/AKTmKJg</latexit>

�(m)
k =

⌦
y(m)
k |T |y(m)

k

↵

<latexit sha1_base64="AqqMEkV9Gt+fRXmo3U3zhf4fi9w="></latexit>��y(m)
k

↵
=

X

j

��vj
↵
!(m)
jk

“Ritz values” = optimal Krylov-space 
approximation to  eigenvaluesT

“Ritz vectors” = corresponding 
approximate eigenstates

<latexit sha1_base64="15FvhBDPsL+Cjym21DM8HfmQYSQ="></latexit>

T (m)
ij =

⌦
vi|T |vj

↵
=

0

BBBBBBBB@

↵1 �2 0
�2 ↵2 �3

�3 ↵3
. . .

. . .
. . . �m�1

�m�1 ↵m�1 �m

0 �m ↵m

1

CCCCCCCCA

ij

<latexit sha1_base64="aPrK9sCVR5lWIMoYB/T9zvkFiMk="></latexit>

T (m)
ij =

X

k

!(m)
ik �(m)

k (!�1)(m)
kj

• It’s eigenvalues provide “best” Krylov-space approximations to  eigenvaluesT
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Problem: In LQCD, we don’t have direct 
access to infinite-dimensional Hilbert 
space vectors

Lanczos without Lanczos vectors

24



Lanczos equals power iteration after  
step, converges faster for 

m = 1
m > 1

Ritz values reproduce spectrum 
of 12-state toy model exactly 
after 12 steps:

Problem: In LQCD, we don’t have direct 
access to infinite-dimensional Hilbert 
space vectors

Solution: Compute the matrix elements 
 directly from correlation 

functions via recursion relations:
T(m)

ij

<latexit sha1_base64="QX5B4hi34i3FkB7zwifi2vEO6U0=">AAACEXicbZC7TsMwFIadcivlFmBksaiQOlUJQoUBUIGFsUi9SW2IHNdt3TpOZDuVqrSvwMKrsDCAECsbG2+Dm2aAwpEsffr/c3R8fi9kVCrL+jIyS8srq2vZ9dzG5tb2jrm7V5dBJDCp4YAFoukhSRjlpKaoYqQZCoJ8j5GGN7yZ+Y0REZIGvKrGIXF81OO0SzFSWnLNwpU7uB/CC9j2aI+dw5E7gBNY1dJEczyYJoa4hK6Zt4pWUvAv2CnkQVoV1/xsdwIc+YQrzJCULdsKlRMjoShmZJprR5KECA9Rj7Q0cuQT6cTJRVN4pJUO7AZCP65gov6ciJEv5dj3dKePVF8uejPxP68Vqe6ZE1MeRopwPF/UjRhUAZzFAztUEKzYWAPCguq/QtxHAmGlQ8zpEOzFk/9C/bhol4qlu5N8+TqNIwsOwCEoABucgjK4BRVQAxg8gCfwAl6NR+PZeDPe560ZI53ZB7/K+PgGTSmbdQ==</latexit>

Ak
j =

⌦
vj |T k|vj

↵ <latexit sha1_base64="puP/od26z8YejxBsTrg1/5M2/qg=">AAACFXicbVDLSgMxFM3UV62vUZdugkVwoWVGpLpQKXXjskJf0I5DJk3btJkHSaZQpvMTbvwVNy4UcSu4829Mp7PQ1gMXTs65l9x7nIBRIQ3jW8ssLa+srmXXcxubW9s7+u5eXfghx6SGfebzpoMEYdQjNUklI82AE+Q6jDSc4e3Ub4wIF9T3qnIcEMtFPY92KUZSSbZ+UrYHD0N4DdsO7bErOLKjwakZwwmsKnmSvOPE5DfQ1vNGwUgAF4mZkjxIUbH1r3bHx6FLPIkZEqJlGoG0IsQlxYzEuXYoSIDwEPVIS1EPuURYUXJVDI+U0oFdn6vyJEzU3xMRcoUYu47qdJHsi3lvKv7ntULZvbQi6gWhJB6efdQNGZQ+nEYEO5QTLNlYEYQ5VbtC3EccYamCzKkQzPmTF0n9rGAWC8X783ypnMaRBQfgEBwDE1yAErgDFVADGDyCZ/AK3rQn7UV71z5mrRktndkHf6B9/gAhspz0</latexit>

Bk
j =

⌦
vj�1|T k|vj

↵

<latexit sha1_base64="3ygHWcWEwL4rFVG8z6ClzXFG8GY="></latexit>

Bk
j+1 =

1

�j+1
[Ak+1

j � ↵jA
k
j � �jB

k
j ]

<latexit sha1_base64="CCvGIpTlag3BmVbv+f6ASrL5sDQ=">AAACHXicbVDLSgMxFM34rPU16tJNsAiCWGZEqhuh6sZlBVuFTh3upKlNm3mY3BHK0B9x46+4caGICzfi35g+BF8HAifnnEtyT5BIodFxPqyJyanpmdncXH5+YXFp2V5Zrek4VYxXWSxjdRmA5lJEvIoCJb9MFIcwkPwi6J4M/ItbrrSIo3PsJbwRwnUkWoIBGsm397yAI/hZZ9vt00Pq6RuFGT3yO1e7dId6IJM2fF2GScP7vl1wis4Q9C9xx6RAxqj49pvXjFka8giZBK3rrpNgIwOFgknez3up5gmwLlzzuqERhFw3suF2fbpplCZtxcqcCOlQ/T6RQah1LwxMMgRs69/eQPzPq6fYOmhkIkpS5BEbPdRKJcWYDqqiTaE4Q9kzBJgS5q+UtUEBQ1No3pTg/l75L6ntFt1SsXS2Vygfj+vIkXWyQbaIS/ZJmZySCqkSRu7IA3kiz9a99Wi9WK+j6IQ1nlkjP2C9fwIQGKAO</latexit>

�j+1 =
q

A2
j � ↵2

j � �2
j

…

<latexit sha1_base64="yhRe+l+MdIA6bsDNNwlSu18NsD8=">AAACJHicbVDLTgIxFO3gC/E16tJNIzGBDZkxBk18hMjGJSa8EiDkTulAQ+eRtkNCRj7Gjb/ixoWPuHDjt9gBFgqe5Kan59yb9h4n5Ewqy/oyUiura+sb6c3M1vbO7p65f1CXQSQIrZGAB6LpgKSc+bSmmOK0GQoKnsNpwxmWE78xokKywK+qcUg7HvR95jICSktd87INPBxA18bXuO2wPr/CI315wFVdCUtEcZO4rgASl3M25Cf6sPKTrpm1CtYUeJnYc5JFc1S65nu7F5DIo74iHKRs2VaoOjEIxQink0 w7kjQEMoQ+bWnqg0dlJ54uOcEnWulhNxC6fIWn6u+JGDwpx56jOz1QA7noJeJ/XitS7kUnZn4YKeqT2UNuxLEKcJIY7jFBieJjTYAIpv+KyQB0GErnmtEh2IsrL5P6acEuFor3Z9nS7TyONDpCxyiHbHSOSugOVVANEfSIntErejOejBfjw/ictaaM+cwh+gPj+wfui6FO</latexit>

↵1 =
⌦
v1|T |v1

↵
=

C(1a)

C(0)

<latexit sha1_base64="3qt3En6nT7AWyxv58KXCQkXKRVQ=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqheh6MVjBfsBaSib7aZdusmG3YlQSn+GFw+KePXXePPfuG1z0NYHA4/3ZpiZF6ZSGHTdb6ewtr6xuVXcLu3s7u0flA+PWkZlmvEmU1LpTkgNlyLhTRQoeSfVnMah5O1wdDfz209cG6GSRxynPIjpIBGRYBSt5HdDjrTnkRvi9soVt+rOQVaJl5MK5Gj0yl/dvmJZzBNkkhrje26KwYRqFEzyaambGZ5SNqID7lua0JibYDI/eUrOrNInkdK2EiRz9ffEhMbGjOPQdsYUh2bZm4n/eX6G0XUwEUmaIU/YYlGUSYKKzP4nfaE5Qzm2hDIt7K2EDammDG1KJRuCt/zyKmldVL1atfZwWanf5nEU4QRO4Rw8uII63EMDmsBAwTO8wpuDzovz7nwsWgtOPnMMf+B8/gCVGJAo</latexit>

�1 = 0

Recursive Lanczos iteration:

Lanczos without Lanczos vectors

<latexit sha1_base64="NBwDNXzxkaZcIc8blWffHU2+3qw=">AAACH3icbZDNSgMxFIUz/lv/qi7dBItQF5ZJkeqmIHbjsoJthbaWTJppQzOZIbkjlDBv4sZXceNCEXHn25jWLrR6IPBx7r3c3BMkUhjw/U9vYXFpeWV1bT23sbm1vZPf3WuaONWMN1gsY30bUMOlULwBAiS/TTSnUSB5KxjVJvXWPddGxOoGxgnvRnSgRCgYBWf18pVaEY5xFXdMGvWsqpLszpJyhjuhpsySzJaLfolgdZxhfmdPpowh6+ULfsmfCv8FMoMCmqney390+jFLI66ASWpMm/gJdC3VIJjkWa6TGp5QNqID3naoaMRN107vy/CRc/o4jLV7CvDU/TlhaWTMOApcZ0RhaOZrE/O/WjuF8LxrhUpS4Ip9LwpTiSHGk7BwX2jOQI4dUKaF+ytmQ+qSARdpzoVA5k/+C81yiVRKlevTwsXlLI41dIAOURERdIYu0BWqowZi6AE9oRf06j16z96b9/7duuDNZvbRL3mfX3Nhn4Y=</latexit>

C(t) =
12X

n=1

1

2(0.1n)
e�0.1nt

MW, arXiv:2406.20009
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Residual bounds
• Lanczos approximation error after finite number of iterations directly computable:

• Lanczos converges 
exponentially faster than 
power iteration / effective mass

See Parlett, The Symmetric 
Eigenvalue Problem (1980)

Eigenvectors of 𝑇 (𝑚)

Matrix element 𝑇 (𝑚)
𝑚(𝑚+1)

Rigorous quantification of excited-state effects!

• Residual bound provides valid 
two-sided bound on errors from 
excited-state effects

Mock data tests demonstrate

MW, arXiv:2406.20009

5 10 15 20 25 30 35

10-12

10-7

0.01

<latexit sha1_base64="YvcLQ/EYcLghAEo4t6QGTRU+LIY="></latexit>

min
�2{�n}

|�(m)
0 � �|  |�m+1!

(m)
m0 |

𝐸0 − 𝐸(𝑚)
0 ∝ 𝑒−4𝑚 𝛿     ≪    𝐸0 − 𝐸eff(2𝑚) ∝ 𝑒−2𝑚𝛿
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<latexit sha1_base64="nqFAzeLc+tslEw0WLGy3qflZ5tE=">AAACEHicbVC7SgNBFJ2Nrxhfq5Y2g0GMhWE3SLQJBNNYRjAPyIvZySQZMju7zNwVwrKfYOOv2FgoYmtp5984eRQaPXDhcM693HuPFwquwXG+rNTK6tr6Rnozs7W9s7tn7x/UdRApymo0EIFqekQzwSWrAQfBmqFixPcEa3jjytRv3DOleSDvYBKyjk+Gkg84JWCknn1aycEZLuG2jvxeLEtu0o0LToJlt4BZNz538i6WGJKenXXyzgz4L3EXJIsWqPbsz3Y/oJHPJFBBtG65TgidmCjgVLAk0440CwkdkyFrGSqJz3Qnnj2U4BOj9PEgUKYk4Jn6cyImvtYT3zOdPoGRXvam4n9eK4LBVSfmMoyASTpfNIgEhgBP08F9rhgFMTGEUMXNrZiOiCIUTIYZE4K7/PJfUi/k3WK+eHuRLV8v4kijI3SMcshFl6iMblAV1RBFD+gJvaBX69F6tt6s93lrylrMHKJfsD6+ATbKmjQ=</latexit>

C(t) =
20X

n=1

n2e�0.1nt

Note: residual bound is on 
distance to closest eigenvalue, 
not e.g. “true ground state”



Spurious eigenvalues
Decades of research on how roundoff affects Lanczos has led to an understanding of 

the “Lanczos phenomenon”

• Roundoff leads to O(1) errors in some “spurious” Ritz values that do not converge

MW, arXiv:2406.20009
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• Remaining “non-spurious” Ritz values still accurate, converge to eigenvalues

Statistical noise leads to 
unphysical Ritz values:

• Most Ritz values complex 
even though transfer matrix 
eigenvalues real + positive
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• Taking real parts at face 
value would give ground-
state energy violating QCD 
inequality MN > mπ

Unphysical!
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The physics of noise

22
Real Ritz values Hermitian 

subspace
Non-spurious 

subspace

Hackett, MW, arXiv:2412.04444

Krylov space can be decomposed into sectors based off Ritz properties
<latexit sha1_base64="Jlr8+dcnm+XDhUqxeDvk8pF/DfQ="></latexit>

T (m) =
X

k2S

�(m)
k
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��+
X

k2S
�(m)
k

��yL(m)
k

↵⌦
yR(m)
k

��

Non-spurious Spurious

• Non-spurious  Hermitian subspace  Real Ritz values⊂ ⊂

Further classification of spurious states possible:

Unphysical states (e.g. with 
complex norms) needed to 
describe data that is non-convex 
in the presence of noise

States with non-zero initial-state 
overlap (“correct quantum 
numbers”) are unaffected by 
spurious state filtering, can be 
interpreted physically



The ZCW test

• Motivates “Cullum-Willoughby test”: spurious directions should only 
depend on numerical artifacts and be independent of initial vector

Roundoff (and noise) leads to errors in orthogonalization, artificially extend Krylov 
space in spurious directions Parlett and Scott (1979)Paige (1971)

28

Cullum and Willoughby, Journal of Computational Physics 44, 329 (1981)



The ZCW test

• Motivates “Cullum-Willoughby test”: spurious directions should only 
depend on numerical artifacts and be independent of initial vector

Physically: independence of initial vector ~ zero overlap with source 
~ wrong quantum numbers

ZCW test for spuriously small overlaps

<latexit sha1_base64="lOn3d5UpyHRUeQrC9kaMvv3U9jg="></latexit>

�ZCW(m)
k =

�����
ZR(m)⇤
k ZL(m)

k

C(0)

����� < "ZCW

Eigenvalue-eigenvector identity* can be 
used to prove equivalence of CW and 
ZCW tests for small

Size of overlaps on last iteration where all 
Ritz values obey all physical constraints 
sets natural scale for 
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"ZCW

Hackett, MW, arXiv:2412.04444

Always vanish 
together 

* See Denton, Parke, Tao, and Zhang, 
Bull. Am. Math Soc. 59, 31 (2022) 
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"ZCW ⇠ "CW

Roundoff (and noise) leads to errors in orthogonalization, artificially extend Krylov 
space in spurious directions Parlett and Scott (1979)Paige (1971)
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Cullum and Willoughby, Journal of Computational Physics 44, 329 (1981)



Non-spurious energies are accurate

𝐸0 = − ln𝜆(𝑚)
0

All obviously unphysical 
proton eigenvalues 
removed by “spurious-
state filtering” using the 
CW or ZCW test
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Non-spurious energies are accurate

𝐸0 = − ln𝜆(𝑚)
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All obviously unphysical 
proton eigenvalues 
removed by “spurious-
state filtering” using the 
CW or ZCW test
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Non-spurious energies are accurate

𝐸0 = − ln𝜆(𝑚)
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All obviously unphysical 
proton eigenvalues 
removed by “spurious-
state filtering” using the 
CW or ZCW test
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Defining  as the largest “non-
spurious” Ritz value leads to 
accurate ground-state energy 
determinations in solvable 
models (e.g. free scalar field)

λ(m)
0

29
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No fitting needed
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Hackett, MW, arXiv:2412.04444

Spurious state filtering isn’t perfect — outlier robust 
estimators can be both more precise + accurate

• Use bootstrap median as estimator, compute 
uncertainties with nested bootstrap

• Large correlations appear for large  with 
bootstrap median, washed out in sample mean

m

• Energy distributions closer to Gaussian for 
bootstrap median



Asymptotically constant SNR
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provide comparable 
uncertainties to multi-state 
fits with 
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tmax = 2m� 1

Given large correlations at 
large , sufficient to 
define energy estimator 
from final iteration

m

Variance saturates to 
constant value for large 

, comparable to 
saturation of multi-state 
fit results

m

Systematic bias due 
to O(1) phase 
fluctuations

Parisi-Lepage

• Contrasts with power-
iteration / effective mass, 
which exponentially 
approaches 0 SNR
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Block Lanczos and GEVP: Es
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Residual bound 
(upper/lower edges 
have uncertainties)

Variational bound

Statistical 
uncertainties 

Faster convergence

Identical after 
first iteration
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Block Lanczos and GEVP: Zs
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Block Lanczos provides unambiguous 
signals for ground- and excited-state 
overlap factors

• Consistent with GEVP when 
the latter achieves 
reliable plateaus 

• More robust signals for noisy 
excited-state observables

Deceptive pseudo-
plateau?



Block Lanczos and GEVP: Zs
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Block Lanczos provides unambiguous 
signals for ground- and excited-state 
overlap factors

• Consistent with GEVP when 
the latter achieves 
reliable plateaus 

• More robust signals for noisy 
excited-state observables

Deceptive pseudo-
plateau?

Block Lanczos can be applied to  
correlator matrices to extract

nn

<latexit sha1_base64="SDUGCiwyXs/1u6nRjqhcClkgGzQ="></latexit>

=
X

J

h0|QJ |nn, niCJi

<latexit sha1_base64="HFzrxSVyqEJcOh/ZBrShcPS7uDw="></latexit>

ZnHnn
i

= h0|Hnn

i
|nn, ni



Outlook

τnn ≳ 1.8 × 108

τnn
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Reliably interpreting experimental searches for intranuclear  requires  
better understanding of nuclear effects on  matrix elements

nn
ΔB = 2

 decay — simplest starting point ?nn
<latexit sha1_base64="r4OKlzaMfcCeU/8qWn8L08ScIyQ="></latexit>⌦
QI(t)nn

†(0)
↵
⇠

X

J

h0|QJ |nniZJI + . . .

Exploratory results show significant energy dependence, hints that 
intranuclear  depends nontrivially on neutron energy distributionnn

Lanczos methods provide 
a path to rigorously 
quantifying excited-state 
effects and providing 
robust QCD predictions 
for  decaynn



Backup
τnn ≳ 1.8 × 108

τnn



Excited-states or overlap problem?
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Toy model: 2 operators, 3 states

Z(A)
n = (✏,

p
1� ✏2, 0)

<latexit sha1_base64="3wDYRfu2hgugE9SF72ZxsnAnh6Y="></latexit>

Z(B)
n = (✏, 0,

p
1� ✏2)

<latexit sha1_base64="xLAvxyke68n3yE+Sy8qbUFYAFmk="></latexit>

✏
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• Both operators have small overlap       
with ground state 

• Operators are approximately 
orthogonal

GEVP eigenvalues controlled by first 
and second excited state (not 
ground state) for ✏ ⌧ et(E1�E0)
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�
(AB)
1 = e

�(t�t0)E2 +O(✏2)
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�
(AB)
0 = e

�(t�t0)E1 +O(✏2)

<latexit sha1_base64="hGlImhOlEe1qlwE4okq2ur0et0s="></latexit>

Off-diagonal correlator conversely has 
perfect ground-state overlap

Apparent plateau of hexaquark-
dibaryon correlation function can 
be reproduced by a linear 
combination of ground- and 
excited-state GEVP energy 
levels

GEVP predicts slow approach to 
-0.0025(5) for much larger
t & 1/(E1 � E0) ⇡ 41
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Lanczos = Prony = …
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Algebraic methods for decomposing time series into sum of exponentials 
known since 1795

Prony and Gaspard  (1795)

Applications of Prony’s method 
to LQCD first proposed by 
Fleming in 2004

Fleming arXiv:hep-lat/0403023 (2004)

Other equivalent implementations 
possible, e.g. Prony generalized 
eigenvalue method (PGEVM)

Fischer et al, Eur. Phys. J. A 56, 206 (2020)

Lanczos and Prony produce identical energy estimators for noisy data

MW, arXiv:2406.20009 Ostmeyer et al, arXiv:2411.14981 Chakraborty et al, arXiv:2412.01900 

Hackett, MW, arXiv:2412.04444



Rayleigh-Ritz is all you need
One step of block Lanczos = GEVP

Lüscher and Wolff, Nucl. 
Phys. B 339, 222 (1990)

Block Lanczos is a strict 
generalization of GEVP

Hackett, MW, arXiv:2412.04444

These and more coincidences in Krylov space 
between Rayleigh-Ritz methods explored in

Abbot, Fleming, Hackett, Pefkou, MW, arXiv:2401.XX

Block Lanczos = Block Prony
Fleming, LATTICE2023

= GPOF
Aubin and Orginos, MENU 2010



KPS convergence theory

Paige, PhD thesis 1971

Lanczos converges exponentially faster than power iteration 
for transfer matrices with small gaps (e.g. for small )a

Saad, SIAM 17 (1980)

Kaniel, Mathematics of 
Computation 20, 369 (1966) 

• Convergence benefits largest near continuum limit where 1 ≫ δ ≫ δ

Block Lanczos converges exponentially faster than GEVP for 
transfer matrices with small gaps (e.g. for small )a
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Lanczos Power iteration

Block Lanczos GEVP

Saad, SIAM 17 (1980)

• Prony (= Lanczos) has identical convergence, but we didn’t know the rate before


