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Quantum Computing for High Energy QCD
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Relativistic Heavy lon Collider (RHIC)
at Brookhaven National Laboratory

Electron-lon Collider (EIC) built upon RHIC

e High energy collider physics of QCD: mixture of perturbative & nonperturbative
Perturbative scales: jet energy, heavy quark mass, high temperature, gluon saturation

Nonperturbative inputs: PDF, TMD, fragmentation, transport coefficient, equation of state

e Quantum computing useful for nonperturbative calculations where Euclidean
lattice QCD suffers from sign problem: real time and high density
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Motivation



Introduction of Heavy lon Collisions

 Relativistic heavy ion collisions: study
deconfined phase of nuclear matter
governed by strong interaction (QCD):

quark-gluon plasma (QGP), 7' > 150 MeV
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Particle Distribution in Azimuthal Plane
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Hydrodynamics and Shear Viscosity

e Use relativistic hydrodynamics to describe collective behavior

vV, T" =0

TH = (¢ + P)utu” — Pg"" + 2nV Hu?

2
2V = APPY u + ATV put = ARV uf AR = gt

Make it causal: Israel-Stewart hydrodynamics

e Shear stress and viscosity 7

du

F=nA
n@y

— ulu
y dimension
boundary plate
(2D, mOV"El) velocity, u
ot OU
radient, Jy

boundary plate (2D, stationary)
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Anisotropic Flow and Shear Viscosity

e Hydrodynamic calculations indicate
QGP has small shear viscosity
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Calculating QCD Shear Viscosity is Challenglng
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e Perturbation theory, running coupling
Jeon, Yaffe, Phys. Rev. D 53, 5799 (1996); Arnold, Moore, Yaffe, hep-ph/0302165

At low T, uncertainty band large

w0
~= 1 E
= C

LO ppgep =

At high T, factor of 2 difference between LO and NLO

LO Hars ]
NLO pgocp = |
NLO Hars
e Euclidean lattice QCD, numerical path integral 0-10.2' T 0 00 000
. T [GeV]
G(T) — / dm <T£Uy (wy ZT)Txy (O, O>>T Ghiglieri, Moore, Teaney, 1802.09535
dw p(w) wcosh(w(rt —1/(2T)))
GLr) / o L) Kle) sinh(w/(27))
p(w ) Problems: (1) ill-defined inverse process,
1 = lim different p(w) can give same G(7)
w—0 W

(2) Insensitive to structure of p(w) at small @

9 Moore, 2010.15704



Calculation in Real Time



Shear Viscosity from Linear Response

e Kubo formula: transport determined by real-time correlation function

0

“Tree-level” matching — llm —Gmy
n = lim —~G.%(w)

] " Baier, Romatschke, Son, Starinets, Stephanov, 0712.2451
e Retarded Green’s function of 77

G (w) = /dt e"tGTY (1) = /dtd2$ et GPY(t, )
G (t,x) = H(t)Tr([Txy(t, x), T*Y(0, O)]pT)

1 1
TRY — _ — [app prav | nuuFapoFaJ
92 p 492 p
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Quantum Algorithm



A Quantum Computing Algorithm

e An overview

0) — A
0) — — | Measurement
e~ 2 eTtg T | g7 iH? and analysis
0) — A
0) — A
\4
Thermal state preparation  Evolution for commutator Real-time evolution
using quantum imaginary if A is a Pauli string using Trotterization
time propagation (QITP)
Turro, Roggero, Amitrano, Luchi, (1T A 1 A 1T A —3 T A
Wendt, DuBois, Quaglioni, Pederiva, [A7 b ] = —¢ (6 17 Be' e +" be 4 )
2102.12260

Turro, 2306.16580 13



Thermal State Preparation

+ Initialization: 7, system qubits + 0) —[H]- i
(n, + 1) ancillas 0) ———1A
| I
Hadamard + CNOT + measurements 0) | H l |
give maximally mixed state 0) — S—1 A
I I
1 O> H H l — QIT Py,
Ps = I s Lans xans 0 &4
0) : H J\ :
0) ——&—A
e Quantum imaginary time propagation ) —

oirm, = [ BT i pe e
th — _\/1 _p6—27-(H—ET) \/]_?B—T(H—ET)

e Measure the ancilla and if | Q) returned
p=1
_ 1 o—BH—Br) _ ie—ﬁH 3
2’nsp8 Z T 5
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Quantum Computing of Retarded Green’s Function

« Commutator from a unitary circuit (A is a Pauli string)
A, B| = —i (e_i%ABei%A — ei%ABe_z%A)

e Run different circuits to obtain retarded Green’s function of 7%

T (1), T7Y(0)] = [T%Y( Zz

sum 1] sum

[Txy () Za] _Ze—z”E ’LHtTCEy e—th I

SUIXl SuIn

1 2 thTxy e—th —17 2q

— e’ sum

e Measure in computational basis and post-processing

Te([T55. (1), Salpr) =i ) (OIS, (0) D) [P (b) — Py (b)]

N

Basis state
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Application to 2+1D SU(2) Pure Gauge Theory



Kogut-Susskind Hamiltonian

e On spatial lattice
2

H=5 3 -5 Y O

links plaquettes

 Plaquette term consists of four gauge links

(n) = Tr[UT(n, ))UT(n + 9, 2)U(n + 2, 9)U(n, 2)]

U(n,i) = e@4i(m) I
e Electric fields generate gauge transformation D
E* U(n,j)] = —6;;T°U(n,j) ~_
B E}] =if*" By ®
Z E? — ()  Gauss’s law Byrnes, Yamamoto, quant-ph/0510027
1Evertex
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Electric Basis and Gauss’s Law

* Electric basis on links: ‘] mr, mR> ‘] mL> ‘] mR>
E?[jmpmg) = j(j + 1)|jmp mpg)

Similar to angular momentum quantum numbers

e Only gauge invariant states are physical D

Impose Gauss’s law: physical states transform

as SU(2) singlet at each vertex \
-

1
E.g. two links with j = >

1>|1 1> ’1 1>‘1 1>%\O O>
2/12° 2 27 2/'2792
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Honeycomb Lattice

 Problem on square lattice: each vertex has four links —> singlet is not uniquely
defined by four j values

Klco, Stryker, Savage, 1908.06935

e Use honevcomb lattice

Mdaller, XY, 2307.00045 19



Matrix Elements of Hamiltonian and 7

 Plaquette matrix element in electric basis

{THOH = (3 ] MvIG))

b
o8 | (G Ve VIC AR TCTAEE VL B A SR S
V=1 5 b Ja E
Klco, Stryker, Savage, 1908.06935 Each . V) h ; - |
Zache, Gonzalez-Cuadra, Zoller, 2304.02527 _aC ver ex( ) as two interna
Hayata, Hidaka, 2305.05950 links (a, b) and one external (x)
92
o 7% operator T*Y = = _F*E< :
a a a
by + Ey ES =0
\4
92
Ty __ a2 a 2)
v = L (Be)? - (BY)
V3a |
20 > J




Cutoff Effect

] max

e Energy and entropy densities on 2 X 2 lattice with ag2 =1

4f - jmaX =0.5 [i 0.8 — jmaX =0.5 Ili
jmax =1.0 I’I - jmax =1.0 II
3_ T jmax =15 III 06— _ jmax =15 ,'I
—  Jmax = 2.0 K —  Jmax = 2.0

aT? + oT?

0.0 2.5 5.0 75 10.0 0.0 2.5 5.0 7.5 10.0
T T

e To describe states up to energy E with error ¢, we need at most

.ma,x — E=F- N.
! 3v/3g%¢ 99%a2" "
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Simplify Hamiltonian with j .. = 1/2

7N

. | A N .
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Classical Results



Results at Fixed Coupling for j ... = 1/2 Model

 Finite size effect

Sin((En — Em)tf)

Tl (
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En_Em

 Fit plateau value

1_
= o M P\
' H
—1r — NZ':N]':4
T NZ':N]'ZS “
0 250 500 750 1000
Ly
4 x4
0.06} AN A ML m M“Nl b1
T 'W | W T
S
oy ¥/
/ — filty) = a1+ cre Ml
0.02tf b
F’ T f2<tf>—a2‘|‘<62—|-5>6 f
— n(t
0.00 | | 1(tr) | |
0 100 200 300 400 500

5 =0.3a

&92



Running Coupling and “Continuum” Limit

e Renormalization of coupling 0.8t (a9?)min=0.50, (2g%)max=0.65
5 —~ | (@9*)min=0.40, (ag*)max=0.65
dln(ag ) _q §0-6’ g 0.40, (2g%)max=0.70
- @
dlna 0.4/
Romatschke, 1910.09550 \gj
=0.2
2 coag?
flag®) = co + c1€°2%9 0.0} | |
0.0 0.2 0.4 0.6
ag’
e Temperature dependence | = 1/(4n)
for truncated lattice model 0.2/ (29 Jmin =050, (4" max=0.65

4x4,j ..=1/2

n/s](Bo)

Py in lattice unit is the

01 % __________ g _________________________

0.0;
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How to Improve the Results

Hamiltonian lattice formulation allows us to evaluate real-time correlation
for shear viscosity extraction

Physical limit: (1) @ — 0 means ag? — 0, requires j.. — o0
(2) lattice size — o0

(3) Operator renormalization

(1) and (2) are challenging: 4 X 4 lattice w/ j,,, = 1/2 has 65536 states
3 X 3 lattice w/ j_., = 1 has 519233 states

Exact diagonalization cannot take us too far —> quantum computing
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Quantum Simulator Results



Preliminary Results on Small Lattice

e Quantum simulator results for 2 X 2 lattice with

joo.=1/2,ag> =1, f=0.15, At = 0.025

0.002F
-0.002
= _0.050 =
8 & 0 8 &
@) @)
E E o
—O 10_ -_— EX&Ct
T e Exact Trotter
[ ] Quantinuum H2-1E ng,,=500 _0.004t
1 [} ibmq_qasm_simulator nge=10"
—0-kpa0 0.05 0.10 0.15 0.20 0.00 0.05 0.10 0.15 0.20
t ¢
4 d= 4 x 109 d=
Many shots are needed! Tlghot = = ~
e2[GrY (1)]? €2

28 (0| T5um (0)[b)| < dr

SUITl



Thermal State Preparation Efficiency

e Success probability

1
Fixed J0x = > ag

2 =1

“Glueball mass”:
El — Eo = 6.2 <

1072t

Success probability decreases
exponentially w/ system size,
but for high temperature,
coefficient is small
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Conclusions

e Shear viscosity: interesting physical quantity but hard to compute in QCD

 Real-time Hamiltonian lattice approach:

e Classical computing: exact diagonalization up to 4 X 4 lattice with

Jmax = 1/2; model results show consistency with #/s = 1/(4x) in naive
“continuum? limit

* A quantum computing algorithm

e Future goal: approach the physical limit
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Backup: Shear Viscosity from Linear Response

» Express in terms of eigenstates and eigenenergies H|n) = FE,,|n)

n= lim 7(ty)

tf—>OO

ty
i) = — / £t TmG=Y (1)
0

= S0 S T e (1)

n Mm#n
f(t) = sin((Ey, — En)tr)  trcos((En — Ep)ty)
7= (En o Em)2 En o Em

e Assume translational invariance
Tou(g) = / 23 T2V (L, )
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Backup: Quantum Circuit Gives G

N 1 Lo g
 What the circuit does:  p_ (t) — _Ute__zzzae—ﬁHe__zZZa UtT

/

e What the measurement does:

> (IS8, (0)[b) Py (b) = Tr[T54,(0)p5 (1)]

b
1 —_1—, 7T 4, 7T
= —Trle T E 50 U TEE (0)Upe 350 e 1
]. T, T 1, T
= Tl A= Tol (H)e ie e 0]
/
Tr[T54, (0)p™ ()] = Tr[T54, (0)p™ (1)
= Tr([e™ T2 TGH, (e T ¥ — T2 TTh (t)e™ 552 pr)

= (T30 (1), ol 1)
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Backup: Magnetic Interaction
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Backup: Volume Dependence of Energy and
Entropy Densities

0.257
0.207
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V)
0.10¢
0.05 — Ni=N, =3
, , , , , 0.00 , , ,
0.0 2.5 5.0 7.5 10.0 0.0 2.5 5.0 7.5 10.0
T T
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Backup: Systematic Uncertainties

e Trotter errors in real-time and QITP

Trotter error in QITP is negligible

e Integration error from Riemann sum

Ny
fsum(ty) = —(At)? Y kImGEY (kAt)
k=1

Important to determine how often to
do measurements in the circuit

T
r
—_
Ot

103 |Gf,!tlrotter(t) o

—— At =0.025, A8 = 0.001
—— At =0.100, AB = 0.025
At = 0.025, AB = 0.200
At = 0.100, AB = 0.200

0.02071

=0.015}

=
I

E0.0lO'

(

nsum

2

0.000t .
0 100
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Backup: Spectral Function at Small Frequency
 Relation between spectral function and off-diagonal matrix elements

P (w) = jl at VT ([77 (1), T (0)]pr )

= —Z N 2m(w + By — Ep)[(n|T7m)|* (e PFr — e~ FFm)

" l

Xy —BE 2
prw) e "o [Bw + O(w?)]
. exhibits peak structure 6 T
03
3|
g:g 7 @
B 6:-
5:
3 ; —— Weak coupling
2 — AdS/CFT
N w \3
1 =~ (a7
: , | | , 00 02040608 1 121416 18 2
0.0 0.2 0.4 0.6 0.8 1.0 (2= T)

Em. - En 36 MOOFG, 2010.15704



